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An Analysis of Transformations

By G. E. P. Box and D. R. Cox

University if B nconsin

{Read at a Risearcrs M ruons Megtne of the Sociery, Apol 8th, 1964,
. Professn 1D, V. Linniey in the Chair}

SUMMARY
ata 1t is ofien assumed that observations ¥, Vs .-« ¥a
are ndependently normally distnbauted with constamt vanance amd with

In the analynis of d.

wear in @ set of paramcters 8. In this
umption that such a nurmal, homo-
after some suttable transfos mation

expectations specified by a model 1
paper we make the loas restintive ass

scedastic, hnear model 18 approptiate
has been applied to ihe ¥'s. Inferences about the transfaormation und about

the paramcters of the hoear anntel ire made by computing the hkelihood
funcuon aml the sclevant posterios distribution.  The contnbutions of

nosmatity, homoscedasticnty s additivity 10 the transformation are
hods 1o cather proceduses for

separated.  The sclation ot the present mel
finding 1r30sfenmations s discussed  The methads are Wusthiated with

examples

1 INIRODUCTION
nodels as exemplificd by the analysis of

Tue usual techmgues for the analysis of Jincar
ily jusuficd by assuming

vanance and by multiple regresston anufysis are usii

(1) stmplicity of stenvture ot ey,

(1} constancy of Ciror vartine,

(m) normahty of distributions,

{1v) mdependence of abservations,
In analysis of vanance applications a very unpaortant example of (1) is the assumplion
of additivaty, i ¢. ahsence of sfcraction. For example, 19 a two-way table it may be
possible 1o sepresent ()} by wddutive constants associated with rows and columns,

If the assumptions (1) (i) arc not satisticd 10 terms of the onginal ohservations,
y.anon-linear trunsformation of y may improve matiers. With thss in mind, numerous
special transformations for use in the analysis of variance have been examined in the
Weraturc; sec, in partcular, Bartlent (1947). ‘The main cmphasis in these studies has
tended to be on oblaining » constant errof varance, espevially when the variance
of y 18 3 known funcien of the mean, as with binomial and Posson variates,

In multiple segression problems, and in particutar in the analysis of response
sutfaces, assumption (13 onght be that E(v) is adeguately reprosented by a rather
simple cprrical function of the sdependent vanables vy g0 N and we would
want 10 transfonm so that this assumption, together with assumptions (i) and (m),

 approumatcly satrsficd. I some cases ransformaton of independent as well as
the simplest possible regression

In afl cases we are concerned not merely to find
assumptions but rather 1o tind, where possible,
findings may be succinctly expressed.

of dependent variables aght be devirable to praduce
modcl in the transformed variables.
a transformation whach will gustity
8 metnc in terms of which the
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Fach of the considerations (i)-(iii) can, and has been, used separately 10 select &
suntable candidate from a parametric family of transformations. For exsmple, to
achieve additivity in the analysis of variance, sclection might he hased on

() sumozation of the F value for the degree of freedom for non-additivity

(Tukcy. 1949), or

th) mmmnnzation of the # ratio for interaction versus eeror; of

(¢} manmzation of the F ratio for treatments versus error (Tukey, 1950).

Tubey and Moore (1954) used methad (a) in a numerical cxample, plotting
comtaurs of £ against (A,. A,) for transformations in the family (y + A)*. They found
that i thees partrcular oxample the miminnzing values were very imprecisely determined.

In both (1) and (b)Y the gencral obgect is o look for a scale on which effects are
adidbitine, 1.6, 10 we wherher an appareat interaction is remavable by a transformation.
O comwe, enly a particular type of intcraction is so removable. Whereas (a) can be
apphed. s ovample. 1o a Iwo-way Jassilication without repluation, method (b)
teyonres the avadability of an errar term separated from the interaction term. Thus,
W apphed to o 1w way classificastion, methed (b) could only be used when there was
some ephication walun cclis. Vinally, method (€} can be used cven i a one-way
anadysas to il the woale on which tecatment cffects are in some sense most sensitively
caprensed fn patticulir, Tubey (1950) suggested mulisvisniate cononwal analysis of
(4071 to bl st bincar combination ¢+ Ay? most seasiive 1o treatment effects.
Incudentally, care v socessary m osag ¢+ 0?2 over the wile ranges commonty
envounterad with data beng convdered Tor transformabion, for such a transformation
18 senable onty so loag as the salie of A and the values of 3 oare sach that the
1S P tion 18 Ioelong.

Vor translommation te stabitize varance, the usual method (Rardert, 1937 s to
deternmne empincally of themctiwally the refation bofween vanance and wwan. An
adeguate empirical rehabion may often be found by plottng log of the witlun-celf
vasnc e agamst fog of the coll mean. Another metliad would b to chioose a trans.
foroition, wilun a restincted fannly, to aummize some measore of the heterogenelty
of vaname. sta i as Bastletts cidermn We are grateful to o soferce for pointing
out alse the pper o Klecrhowsh (19491 i winch, i parin ulsr, appressimate fiducial
tonis tor the patamcter X the transformation of v e logiy § 2 are ohtamed. The
method s 10 compute filusial haots T the parameters m the hinear selation observed
to hold shen the walun-cell standand devittion s regressed on ihe ccll mean.

Panalilv, wilale there n much work on transformmg o single detnbution to
Aormabity . consiniinge mctheds of imding tramfornations to pusdice normahiy 19
analvas of virance problems do not scem (o have been conasdeted

Winle Anscombe (1961) and Anscombe and Tukey (1963) have cmployed the
anafyais of residuals s a means of detecting departures fron the standand asumptions,
they hane aba mdicatad how trapsioninations mght be comtiial from certain
tunctions ot the ressduals.

10 repsession prohlems, where both dependent and independent vasiables can be
teanstonmad, there are mure possitubties to e comnlerad.  Lransformation of the
mdependent vaables (Box and Tidwell, 1962) can be applicd witheut affccting the
comtancy of varnce and normality of coror distabutions . An important apphcation
15 1o contert a monotonic son-hacar wwgression relation into & hincar one. Obviotisly
ot s anchess B iey 1o Bincarize o relation which i pot monotone. but transformation
s sometimes uselul 1n such cases, for example. to make a regression relation more
nearly guadrane around its nuanum.
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2. GENERAL REMARKS ON TRANSFORMATIONS

i is in this ¢ is on transformations of the dependent variable.
mT:nTr‘a'? i‘.;::hi:stu muic':agcucminn to transformations indexed by unknown
parameters A, and then 1o estimate A and the othes parameters of the model b;y,
standard methods of inference. Usually A will_ be a one-, or at maost two-, dunem;t;lds
panameter, although there is ho restriction in ppncuplg:. Qur procedure then le :
10 20 imeresting synthesis of the pn:cdures re'ywwc:! |:sScc.1mn 1. 1t is convenien

w general points about translormations. ]
w“l::s:.ﬁx :a[: aﬁ.snguaﬁ: between analyses in which cither (a) the particular
transformation, A, s of direct interest, the detailed .su'xdy of the fact_of clfects, etc.,
bring of sccondary conceen; of {b) the main imcfcsl is in the factor effccts, the choice
of A being only a preliminary step. Type.(h) is likely to be much‘lhg fnnrc cm:_n;u::
Nevertheless, (3) can anse, for cxample, in the analysis t_xf a preliminary sct o ; .
O, again, we may have two facturs, A and l:. wh:v:l n:lam cﬂe:;si:::r:zz:“cﬂu: ecc:
it bay 8 ) c A, i i which there iy
stood, it being reguired to study the A, il any, fo e ever, we tion betasen

the factors. Here the primary miercst isin A h _ need
fix one, or possibly a smail sumber, of A's and go ahcad with the detailed cstimation

snd interpretation of the factor effcets on this particulas tmnsmmd\ed scaje. :Xe
shall choose A pantly in the light of the information provided ‘by lhc‘ a;? an :):n“y
from general consideratinons ol amphety, case of mterpretation, c'u.. ot l:\'se m;
it would be quitc possihle for the toemal analysis to show hat say Jl: is h‘ et
scale for normality and comtancy of variance, but for us to dccadc.tha: t e're.n“e
compelling arguments of case of interpretation for wmku‘lg s.|y \;ul og )'.'m h
formal onalyms will wurn us, however, }Iml changes of varume .ﬂ.n non’-lnum . m};
may need atfention m 3 refined amd ctfivient anulysls of togy T’h.‘!l 18, 1 c‘ i
developed below for finding a transformation i uscl'u! as a guide, m! is, 0 n“;
pot 10 be followed hlndly  fu Sectremn 7 \|~c ;h.\cuss’lwu;[I'ylsn;h:.;‘:ﬂdl::: conseque

i facter oficcts on a scale chosen an the aght o ¢ data. B
d';\l‘l“rg;cr::sim studhics, B 1y SOIICTHNES RCCENSaFY o take an ;nnrcl¥ :"::;::),:;::
approach to the chotee of o relanon. (o arher cases. physical ..m;s. (rlfl fhcmical
analysis, CIC., nIay SURPCS o patticulas functional form, Thus, mastudy ot d ¢ ot
system onc would cypect acacbion rate o be proportional o wmc‘ power x i
concentration and 1o e antilog of the reaprocal of absotile lemperature. Again,

i many fickis of twehnelogy relationships of the form

FRV IR LA 4

e VEry COMMUN, SURPCUINE i tog 1ransformation of all vun'nhlcs. in jsu«:"hhcas;::

the rcasonablc thmg will ulien be first to spply the transforaiogs suggeste ydi :j

prior reasoning, asd after that convider what further qulfu:alums. fany, han. n.m:l o d

finally, we may know the behaniour of p when the m;)cpcn:!’ctlu va;:aa::;'sl y\:, v::a
o inli ; crtainty. il we arc hopcful that the model nig i

to rero of infimty, aml certainly, il we a . ] 1 nught

wide rangce whe should consider madels that are consistent with such limiting propertics

of the system.
We can distingish braadly 1two types

extensive. he former have a felevant pmpct% o
i ] g e xtensive. The
Thus yicld of prodduct per batch s ex m
be coisidcrcd extensive if companents are l’cpbc\:‘d on Guilure, the
interest being the number of compencats used in 2 long .llme.| i
femperaturc, viscosity, ynahty of product, clc, are not estensive, 10

of dependent variable. cxtensive and non-
f physical udditivity, the latter not.
fulure ume of a component would
main thing of
Propertics like
he absence of
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reason (o prefer the initisl form of & non-extensive variable to any monotonic functios

extensive variables, however, the population mean of y is the parameter determining
the long-run behaviour of the system. Thus in the two examples mentioned above,
the total yield of product in a tong period and the total number of components ased
in a very long time are determined respeciively by the population mean of yield per
hatch and the mean failure time per component, irrespective of distributional form,

In & narrowly technolugical sense, therefore, we are interested in the population
mean of v, not of sume function of y. Hence we cither analyse linecarly the untrarss
formed data or, if we do apply a transformation in order to make a more efficient and
valid analysis, we convert the conclusions back to the original scale. Even in circum-
stances where, for immediate application, the original scale y is required, it may be
better l:; thiok in terms of transformed values in which, say, intcractions have been
removed.

In gcm.-r_a_l.' we can regard the usust formal linear models as doing two things:

(4} specifying the questions to be asked, by defining explicitly the parameters

which it is the main object of the analysis to estimaic;
() speaifying assumptions under which the abuve paramcters can be simply and
cilectively estimuted.

If thete should be conflict between the requirements for (a) and for (b, it is best to
pav oMt atiention to (), since approximate inference about the most meaningful
paramcters 13 clearly preferable to formally “exact” inference about parameters
whose definition is in some way antificial. Therefore in sclecting a transformation we
mgh oficn give fiest attention 1o simplicity of the madel structure, for cxample to
additnaty in the analysis of variunce. This allows simplicity of description and slso
the main effect of a factor A, measurcd on a scale for which there appears to be
M intcraction wal a factor B, oficn has a reasonable posvibility of being valid foe
levels of B omtside those of the initial cxperiment. .

I TRANSFORMATION Of THE DEPENDENT VARIARLE
We work with a4 paramettic family of transformations from r 10 P the
parameter \, possibly a vector, defining a particular transfsmation. Two important
cxamples convderad hicre are

S |
" ';‘— (ApD),
¥ =

(¢}
logy (A=0),

and
e ‘l - )
!.‘_:_‘;,_._' ("l »0),
pual @
log(r+d) (X =0)

The tramsformations (P hold for v > 0 and (2) for p > ~ \,. Note that since an analysis
of vanance s unchanged by a lincar transformasion (1) is equivakent to

f+* Az 0,

wii) -
YU gy a=on;

)

the sort of prior consideration mentioned in the previous paragraph there is ng

of it. ifence, iransformations can be applied freely 10 non-extensive variables. For.

Box anp Cox - An Analysis of Trwfmﬁmx

the form (1) is slightly preferable for theoretical analysis because it is continuous at
Aw0. In gencral, it is assumed that for each A, y'M is 3 monotonic function of y

the admissible range. Suppose that we observe an s x | vecior of observations
3% (P - Ja)» aNd that the appropriate linear model for the problem is specified by

E{y'™) = 20, 0]

where y** is the column vector of fransformed ohservations, s is 8 known matrix
. sad § a vector of unknown parameters associated with the transformed observations.
i We now sssume that for some unknown A, the (ransformed observations
A=A, ..., n) satisfy the full normal theory assumptions, ic. arc independently
j sormally distributed with constant varisnce of, and with expectations (4). The
: probability density for the untransformed obscrvations, and heace the likelihood
E i relation 1o these original vbservativas, is obtained by mwliiplying the normal
density by the Jacobian of the transfurmation,
The likelihood in relation to the original observations y is thus

! (') - 2a0) (y**' - 0)
(Qap~a” “P{— 2at )J(A‘ »

&)

[ Sri)
JAy) 1| ‘%’;— .
=2 4¥y

We shall examine two ways 1n which inferences about the parameters in (5) can
be made. In the first, we apply “orthadox™ large-sample maximum-likelihood
theory to (5). This approach lcads directly to puint estimates of the parameters and
% appronimate tests and confidence intervals based on the chi-squared distribution.

1n the second approach, via Baycs's theorem, we assume that the prior distributions
of the £'s and lag e can be taken as cssentially uniforns over the region in which the
Relihood is apprecinble and we integrate over the parameters to obtain a posterior
dntribution fur A; (or geacral discussinn of this approach, sce, in particular, Jeflreys
(1961).

We find the masimumi-likelihowd cstimates in two steps. First, for given A, (5) is,
tacept for & constant factor, the likelihood for a standard lcast-squares problem.
Hence the maximum-hikelluund estimates of the &'s are the least-squares estimates
for (he dependent variable y* and the cstimate of o, denoted for fined A by YA, is

aNN) = gt ire y O m S(A)/n ()]
where, when a is of full ronk,
s, =1-s(a's)'s’, m
sad () is the residual sum of squares in the analysis of variance of ya,
Thus for fjxed A, the maximized log likelihood is, except for a constant,
: Lona(A) = = fnlogd(A) + logJ(A; ). (8)

ta the important spevial case (1) of the simple power transformation, the second term
a@)is

(A-DXlogy, ()]
1a (), when an unknown origin ), is included, the term becomes
A= NElog(y+ A) (10)
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1t will now be informative to plot the maximized log likeli

_ . ikelihood i
for a triat serics of values. From this plot the mlxir:i'zing vlaluc 1"5:;‘2‘;?«@ o:'
and we can obtain an approximate 100(] - a) per cent confidence region from

Box axp Cox - An Analysis of Trarsformasions

Ln,"(X) o A 0.} 4 *xf.(n), an 3

where », is the number of independent components i i metic
. nts A ( '
cun::.sls in doing the analysis of variance of y'* for cach':hosch T Fain acih
it were ever desired to determine X more precisely thi ‘ ermin-
e y this could be done
ing numerically the value X for which the derivatives with tespect :v Al;{editﬂ 2eT0.
In the special case of the onc parameter power transfonmation 3 = (y* ~ 1)/,

-,I_ yill'. .4)‘ n
A me N = -Gty Elogs a2

whete 8'* i the vector of components {4 1371 I
! A v ogy,}. The numeran [
gossdual soms ol products in the anslyss of co\‘rar'nncc of y*¥ and :n“’w ' {120 the

N tlts can be C\Pl’cswd very snmply if we work with the nommhzed
where / Jtv v Then

{0 = = Enlogd®d, o).
where

.. " é 8y Y

o'\, 2 - ‘_" - f‘.‘.‘.’..’.‘_

n
\\‘hcﬂ' ATRAN :) S L.!;c restdual sum of squares of 207 Phe imavimnzed Bikehliood 1 thus
proporbenal 1o M2 and the massmum-likehfiond ostinte s wbtasicd by
munsnussing SCA, 23 waith respoct to A
1 or the ampic power traastormation

el

-_'\-_F-i'

wtV o
-

where v i the peamette mean of the olservations.
b or the power trandormation with shnfted Jocation

RLS -t

A ey e .\=))': K

ul-cr'c g+ L1 the sample geonctne mean of the (v + 40
Constlet now the corresponding Bayestan analysis. Lot the degrees of fieedom
four tostdial be v, n - rank (@), amd ket

\.l .". ’l "
PL A P SR L A2
v [33]
e the rc::.!u.:l wican square i the amalysis of vananace of 3", pote the dinhinction
betacen 0N, the mavmui-tb el estimate with divisor s, and () the “usual”
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etimate, with divisor the degreces of freedom v,. We first rewrite the likeliood (5),
ie. the conditional probability density function of the y's given 8, u*, A, in the form

1 v, sf A+ (08 a's(0-8.0 ,
PRSI (rﬂf;‘;;cxp{-‘ = Niip. 09

' where 8, is the least-squares estimate of 8 for given A.

Now consider the choice of the joint prior distribution for the unknown para-

" meters. We first parametrize so that the s are lincarly independent and hence

a-», in number. Let p (M) denote the marginal privr density of A, We assume that it
i reasonable, when making infercaces about A, to take the conditional prior distri-

' wation of the 0's and loga, given A, 1o be effectively uniform over the range for which

e likelihood is appreciable. That is, whie conditional prior clement givea A is
2(N)d6, diloga,), 198)

where, for definitencss, we for the monient denote the effects and varsiance measured
ia terms of y** by a suffix . The factor g(A) is inctuded because the general size
sod range of the transformed abservations y4! may depend strongly on A If the
conditional prier distribution (15) were assumed independent of A, nonsensical
results would bhe obtaincd.

To determine gL we argne as follows. Fix a standard reference vatue of A, say A,
Suppose provisionnlly that, for fived A, the selation between 3" and y'M over the
nmge of the observabons is cifectively hnear, say

W const 1yt (16)

We can then choose g{3) o that when (16 holds, the conditional prvor distributions
{1%) are consistent with one anothes for different values of A in fuct, we shall need
1o apply the answet whean the transformahions are appreciably non-lincar, so that
{16) does not hold. There miey be a better approach to the chance of a por distnbution
than the present one.
1t follows from (16) that
fog of = const 4 Jogrd, an

ead hence, o this otder, the prvs demty of 0} is independent of A However, the
9,’s are hincar combinations of the expectedd values of the 31", so that

an g
do,,

Sioce there are #— v, independent compunents 10 8, it fullows that g( M) is proportional
to bty

Fi:wlly we need to choose £, 1o passing from A, to A, a smalt cleruent of volume
of the n dimensional sumple space 18 muluphed by J(A: N 'An average scale
change for a single y component is the nth oot of this amd, since Ajisonlya standard
seference value, we have approximately

I o= At (18)
Thus, approumaicly, the conditional prios densily (15)is

40, dilog. 1)
{J(/\. y"(n XYY
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The combined prior ¢l t ility i
prior clement of probability is thus Is practice we can plot {S(A; )) 4" against A, combining it with any prior

d0d(tog o) ¥ isformation about A. When the prior density of A can be taken as lucally uniform,
WPMW. (19) "3 e posterior distribution is obtained directly by plotting
PN = kIS(A; 234, e2)

where we now wuppress the suffix A on 8 and o. <3

Tius s only an approximate result. In particular, the choice of (18) is somewhat ‘
arhitrary. Howcever, when a uscful amount of information is actually available from
the data about the transformation, the hkcbiood will dominate and the exact choice k
ot (19 s not enstical - The prsor distribution (19) is interesting in that the observations A
enter the approumate standardiziag cocflicsent J(A. y).

We now have the bhebhood (14) and the prior density (19) and can apply Bayey's
thensem to ohinn the marginal postersor distribution of A in the form

: where k is chosen to make the total area under the curve unity.
Y We normally end by selecting a value of A in the light buth of this plot and of
- wther relevant considerations discussed in Section 2. We then proceed 10 a standard
B asalysis using the indicated transformation.
¥ The marimized log hikchhood and the log of the contribution 1o the posterior

stribution of A may be writicn respectively as

LoanlM) = - fnlogtS(A; zya), LN =~ fr oS )y, ).

They differ only by substitution of «, for . They arc both monotonic functions of
SA; 2) and their maxima both aceur when the sum of squares S(A; 2) i1s munimized.
For general description, £, (A and £,(\) are substantiaity cguivalent. However,
it can casily happen that », /s 1 appreciahly less than one, even when nas quite farge.
Therefore, 1n applications, the difference cannnt always be ignored, especiatly when
s aumber of nuxdcls are sunultancously comulered.

There are some reasons for thinking 7,0 prelorable to £ (A) from a non-
Bayesian as well as from a Baycsian pomnt of view, sce, Yot cxample, the introduction
by Bartkett (1937) of degroes of freedom inta hus test tog the homogeneity of variance.
The gencral targe-sample theorems about the sampling distrshutions of maximum-
Shehhood estimates, and the masmum-hikehhoml satio Whisquared test, apply just
smech to I (M astad (M

1y
A’ -_'! '.‘_l ¥ l"iy_ (29

» !I(.\, ‘,A’:tn wpiim®

where AL o aormalizing constant independent of 3, choswn s that (20) integrates
T e wthh respet fo 8, an

e | ditogay | a0y 0.3, . Qn

Tho antegral 215 can be evatuated 1o give

Ctae] A D

hy'y [P
. (2m 0T by 0o

4 Two bExamperes

We have supposcd that aifer sutable tranmafurnistion from v to p'Y, (a) the
apected values of the transfotmcd observations are desenibed by o modet of simple
structure; (b) the Crfor vattance o constant, () the obwervattons are normally
distributed. Then we have shuwn hat the maximied tkehhood for A, and also the
spprovimate contnibution tu the pusterioe distobution of A, are cach proportional
w 8 negative power of the resadual sum of squares for the vanate 2 = pa s,

The “overall”™ proccdure sechs & set of wansformation paramicters A for which
), (1) and () arc amultancously satisfied, and simple information on all threce
gpects goes inte the chowe. 10 this Section we now apply this overall procedure to
two examples. I Section § we shall show how further analysis cun show the separate
costnbutions of (1), (h) and (<) 1 the choice of tic tramfurmation. We shall then
dustrate this scparation using the same two examples.

The above procedure depends on specific assumptions, but it would be quite
wrong for fruitful apphcation_to fegard the dssumplons as final. 1he proper attitude
of sceptical optimism is accuratcly expressed by saying that we tentatively enterstain N
the basis for analysis, rather thun that we assume it. The cheching of the plausibility
of the present procedure will be Jiscussed in Section S.

A Biological Experiment using @ 3> 4 Factorial Design wuh Replication

Table | gives the survival times of animals in a 3 <4 factorial expeniment, the
factors being (a) three puisons aml (M four treatments  Fuch combination of the
two factors 15 used for four ammals, the allocation (o anrsals bemng completely

nadomized.

Nubsttuting seta 1201, we have that the postenor detnbution of U

thA wibe-s \
v 7 Ry Pl

whore A nomalizing constant mdependent of A,
Flis the conttshutien of the observations Lo the posterior distsbuton of A s
teptosented by the factor

[T AVEERILELL AU

ar, on o fo seale, by the addition of a term
1,00 = = b, log s Ve, mlog id ) Q)

{8 ‘u,:/‘"( V)
Once agam f we work with the narmalized transformation 2t = i gIe ghe
testdt s enpressed wath great simphaity, tor

IR IEE T 5T T R T 1 (23)

amd the posterior density s

PY) = constr pf V< {SIA, ) b

Jor e B e L




2 Bm AND G)ﬁ—h;lmb qf Wmﬂm
We consider the application of a simple power transformation 32 « (2 ~INX Tanee?

Equivakeatly we shall actaally snalyse the standardized variate 2 « (A =~ 1)/(A7*~%) S Biological data. Calculations based on an adiitive, homoscedastie,
Tamel E 3 normal model in the transformed observations
3

Surviral times (wnit, 10 kr) of animals in 6 3 x 4 factorial experiment ) S Laa () A S(A; ) L pas(}

Treatmest 3 10509 9112 03331 119-29

Poiri® - e e s e - 06345 103 83 -12 03386 11752
4 8 < n $ o2k 18y ~14 04007 e

! 037152 11644 04623 1143

o o082 043 045 : oM 1SR 06639 102-74
03s 110 043 on " -06 03258 1HYK2 ~23 - 8991
o4 088 061 a6 03128 12007 20489 7569
033 o2 0% [1 1%

A (A)
0% 092 044 0% A rdhy re

oio 0w on  on 00 vos -o3 re
023 124 o0 o , -0t e e 091
o 00 o 0w , -03 026 - 047
024 (1234 028 01 ~-04 049 -2 L
o1 038 o2 on Zos 094 -1 007
023 o 02 ou Zos ) 46 -1 vol
-07 182

We are tentatnely entcrtaming the maodel that after such transformation B [ (N} = - 24008 % A, 2) = fogiStAan M 9291, p2) = k #f 01 o 0 K66 x 109(S(A; )M

tal the expectad value of the teansformed variate in any ccll van be represented
by additive row and column constants, 1e. that nu interaction terms are needed,

thy the Crnel vanance 15 constant,

i) the ubsvatemy are notmally distrnibuted.

The mavimezed hikelihood and the posterior distribution arc functums of the residusl
sum of squares for 2 ** after ciminating row and column cffects. $his sum of squares
15 denoted S(A. z). 1t has 42 Jegrees of freedom and is the result of pooling the
“wsthin groups™ and the “mtcraction™ sums of squares.

Table 2 gives S(V. 23 tugether with 1. (A) and p (\) over the interesting ranges.
The constant & in helot™ = p (V) is the reciprocal of the arca umder the curve
Y = cdo* determined by numecrical integration. Graphs of [, (A) and of p(N)
ate shuwn m Fig. | This analysis points 10 an optimal value of ahout X = -0-73.
Using (11) thie curve of maximized likelihond gives an approtiniate 95 per cest
contidence inteeval for A extending from about - 113 to -0,

The pusterior distrbution p,(A) is approximately normal with mean —0-75 and
standard deviawon 0 22, About 95 per ceat of this posterior disisibution is included
within the limits ~ 1 18 and -0-32.

The reciprocal transformation has a natural appeal for the analysis of susvival
times sine it 1 open to the simple interpretation that it is the rate of dying which is
to he considered. Our analysis shows that it would, in fact, embudy most of the
advantages obtainable. The complete analysis of variance for the untransformed N 1 H 1
data and for the reciprocal transformation (taken in the 2 form) is shown in Table 3. ’ ’

Whereas no great change occuss on transformation in the mcan squares assaciated F1o. 1. Biotogial date  Funcisems 1w f ) aod £l A} Arrows show approximste
with puisons and treatments, the within groups mean square has shrunk to a thied of ) 8 per vent confidence snterval for A
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its value and the interaction mean square is now much closer in size to that withis "o x, separsigly is not inconsistent with dimensional considerations. If, however,
groups. Thas, in the transformed metric, not only is greater simplicity of interpiw - we write x,/x, = 2, and round the regression cocfficients, we have the simple formuls
tation possible but also the sensitivity of the experiment, as messured by the ratios °

3 yoxagtnt
Tane3 W which fis the data remarkably well.
Analyses of variance of biological data E
= Tanie 4
Mean squares » 1000 . Cycles 10 fuilure of worsted yarn: 3} factorial experiment
Degrees Reciprocal b
of Unsransformed trunsformation Facior fevels
freedom (2 form) D e e e Cyeles to falluce, y
g X 2y
Posons . . 2 5168 627 :
Treeatments . 3 30711 2249 3 -t -3 ~1 674
Pt 6 47 | 2] . - -1 o 370
Withia groups 36 22 73 : -1 -1 (X 292
3 -1 o -1 338
of the parsons and the treatments mean squares to the reswdual square, has been -1 0 266
increased almost threefuld. We shall not here consider the detailed interpretation of - - Y tl 210
the Yactor effits. - .
s - 1 -1 7
A Tewiile Experiment using a Single Replicate of u ¥ Design : i - : : : .? '.‘,:

In an unpublished report to the Technical Committce, International Wool Textile
Organization, [rs A, Barells and A. Sust described some cxperiments on the behavious " -1 -1 1414
of worsted yarn under cycles of repeated loading. Tablc 4 gives the numbers o :: A :: ,‘: '(':::‘
cyclos 1o farture, 1. obtained i a smgle seplcatc of a 3% expenyment in which the  ° . '
factors are o [\ -1 1,022

1, tength of test specimen (250, M0, 350 mm.), . o o 6

x;. amplitude of luading cydle (8, 9, 10 mm.), i 0 *! 413

xg: load (40, 45, 50 gm.). B 0 ¥ - 442
tn Lable 4 the levels of the s are denoted conventionally by — 1,0, 1. ; 0 . " [1]

101 uselul to desnbe tirst the resuits of a ather informal analysis of Table 4. " o * 29
Rarella and Sust fitted a full equation of second degree in v, vy and vy, but the ' ' - ™
conclusins were very complicated and messy. In view of the wide relative range of o ' a ™
varution of ¥, it 1s natoral to try analysing instead fog 5, amd there results a great ) 1 i 2.000
simplification. AR linear regression terms are very highly significant and all second-
degree terms are small. Further, it is natural to take logs also for the independent :: - ", :(’)‘_;‘:
svatiables, i.c. W think in terms of selationships like ° ) “s66

yoc vy xb. @ . +1 Y] -1 1,140
. . . . . 40 1 (] 884

The cstimates of the f7s. from the lincar regression cocfficients of log 3 on the " o1 360
log v's, ase, with their estmated standard errors,

A=4961020, A,=-5272030, By=-315:030. fn this case) there scem <irong general arguments for starting with a log trans-

Sie B~ - ﬂ,. the combination log x,~ log ¥y = log(v,/v3) is suggested by the formation of all variablcs. Power laws are frequently effective in the ph_ysical me\'wes.
datar as of possible importance. tu fact, vy, is just the ractions! amplitude of ‘lb  alo, provided that the signs of the 8's are right, (25) has sensible himiting behaviour

loading cyck: indevd, naive dimensivnal considerations suggest this as a fot 1, 55 »0, . finally, the obvious normal theory model bascd on transforming
factor, although there are in fact other relevant kengths, so that dependence on 3, | (%) gives distributions over positive values of y only.
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Nevestheless, it is interesting to see whether the method of the present papee
applied directly to the data of Table 4 groduces the log transformation. In this
paper, transformations of the dependent varisbie atone are cousidered; in fact, sinck
the relative range of the x°s is not very great, transformation of the x's does not tave
a big effect on the lincarity of the ion.

We first consider the application of a simple power transformation in terms, 8¢ 4
before, of the standardized variate 2% = (¥A=1)f(A7*-?). We tentatively suppoww
that after such transformation :

{a) the expected value of the transformed response can be represented merely by

a model linear in the x’s,

{b) the error variance is constant,

(c) the observations are normaily distributed. .
The masimized likelihood and the posterior distribution are functions of the residual
sum of squares for 2'M after fitting only a linesr model 1o the x's. Since there are
fous constants in the fineas regression model this residual sum of squares has

27 -4 « 23 degrees of freedom; we denote it by S(A; 2).

Table S shows S(A: 2) together with L, (2) and p (M) aver the interesting canges
and the results are plotted in Fig. 2. The optimal value for the transformation pars-
meter 1s A = - 006, The transformation is detesmined remarhably closely in this

3

TAmE S
Tenle data. Coalewlations based on normal lincar model in the
tramformed observations

A A ! mast M) A L)) [ Y )

XL 3 4310 2592 -020 o 20 (3] ]
[2.11) 29978 el -040 0-5474 26t
DY 1 5968 817 -060 1103 4316
[ X 0] osi1s an - 080 2119 3422
(1% }] o411 so 48 -100 s 23579
oon 02519 6110
A PutA) A rad)
020 o0 ~-010 466
013 oM -01s 2%
win 042 -020 on
aos 158 -02 0n
000 118 ~-0M 0nos
- 008 $-od -038 o0

L oaaf At = - 135 log &%X, 21 = (S, N PP 1 4 9.
PAAL £ Lela® = 0530 % 10 S{SEA ) S

example, the approsimate 93 per cent confidence range extending only from -8
to +006. The posterior distribution p () has its mean at —0-06. About 95 per cent
of the distnibution is included between —0-20 and +0-08. As we have mentioned,
the advantages of a log transformation corresponding to the choice A = ) are very
great and such a chuice is now scen to be strongly supported by the data.

* formation, taken in the 2 form, is shown in Table 6.

Box ann Cox - An Analysis of Transformations

The complete analysis of variance for the untransformed and the log trans-

244

) ° }
A
Funttony {030 and p(2)  Arrows show approtimate
w¢ per cent confidenee imerval fos A

Fwo 2 Teandle data

Tantg 6
Analvses of varance of 1estile data

Alean squares » 1000

Dexrees 1 ogarithniic
of Untransfoemed transformation
freedom €2 ham)
Lincar . P | 49162 2,1744
Quadeatic & 7041 81
Resutual 17 39 9

The transfobmition climinates the need for sccond-order lerms in the regression
equation while at the same time increasing the sensitivity of the analysis by about
thaee, as judged by the ratio of hncar and ecsidual mean squares.

For this cxample we have abo tricd out the procedures we have discussed using
¢ wo parameter trunsfurmation 3 = i(y + ML)~ 1}/, of in the 2 form actually

0 e P3N » 1Y
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used hore 249 = {(y + Ay — D)/{ A gmy+ AJA-2. Incidentally the calculation sad
print out of 77 analysis of variance tables, in i g
gencra) cquation of sccond degree, and caleu

took 2 nun. 6sec. on the C.D.C. 1604 clectronic compu!

results can be ublained from the authors, but are pot given here. lnstead approximaw’
contoors of - 11-31og S(A; 2), and hence of S(A; o) itself, of the maximized lkelihood
and of p (A, A). are shown in Fig. 3. 1f the joint posterior distribution PRy

were nonmal then a segion which excluded 108a per cent of the total posteriot 3

prababidity could be given by
L0030 - LA &) = xita).

The shape of the contours indicates that the normal assumption is not very exat

Nevertheless, the quanhity 10 obtained from (26) has been used to label the contowts
i 1. 3 which thus roughly indscates the posterior probobility distribution. For this 3

esample no appreciable improvement results from the addition of the furthes
tramsiormation parameter A,

7,

! [4

-8 (1]

A

Vool data Transformateon to (e A% Comtones of pa N
woth approtunats fRsaentage of pustctin Juslsimtion cshinded

-0l - 0%

| V) labelled

& FURTHIR ANALYSIS OF TIE TRANSIORMATION
51, General Provedure for Further Analysis
The poneral provedure Jiscasacd abuve seehs to achieve simultancously a modd
with (a) smple struwcture for the expectations, (b} constant vanance and (c) pormal

Tusther analysis s sometimes profitable to «v the scparaie conlr-

distabsiens
Such analysis may mdicate

tutions of these three choments to the wansformation
(1 T sanple a model we are justificd in using;

(i what weight 15 given 1o the conuderations (1) () s choosung X;

i whether dulerent transtormalions are reatly neaded to acluce the differesd
aljectines and henee whether of not the valiie ot A dhosen aig the overall
provedsie v a compitible compromsse.

OF vune, ymte often careful mspection of the data will et () (1) adequakly
tor practical poipewes. Nevertheless, a further anatysis is of micrest.

Box AND Cox - An Analysis of Transformations

.We sim a1 simplicity both to achieve casc of understanding and to sllow an
diicient analysis. Validity of the formal tests associated with analysis of variance may,
virtue of the robustness of these tests, often hold to a good enough approximation
with the untransformed data. We stress, however, that such approximate validity

by itself enough 1o justify an analysis, sensitivity must be considered as well as

’ sbustaesa. Thus in the biological example we have about one-third the sensitivity on

# original scale as on the transformed scale. The approximate validity of significance
%t on the original scale would be very poor consolation for the substantial loss of
faformation involved in using the untransformed analysis. in any case even such

‘ welidity is usvally only preserved under the aull hypothesis that all trcatment effects

250,
For the further analysis we again explore two approaches, one via maximum

Mkelihood and the other via Bayes's theorem. Consider a general model to which a
|- bouatraint C can be applied or relaxed, so that the relative merits of the simple and
 of the more complex model can be assessed. For example,
4 isctude interaction terms, the constraint C being that the interaction teems are zero.

the general model may

WL (A and 1, (A} C) denote maximized log likehhoods (or the general model

k. aad for the constrasnced mundel, then

In-nu(“l(') Im.q"\” gl'mai(hl(.)'—l'm.n('\n~ n

Here the sccond term on the right-hund side is a statistic fur testing for the presence
o the constraint.
More gencrally, with a succession of constrainis, we have

l'm-n“"“" (.t) = mn\(") i 'l‘lnu\"\l(‘l)“ l‘u--t('\"
Pl e M CL G = L A Y (t3)

o the throe terms on the night of (28) can be examined separately. The detailed
pocedure should be dear from the cxamples fo follow,
To apply the Bayusian approach, we write the postesior deasity of A
. alap)]
(A C) = p(AY % = e
MO = M= g
sbere p(C) = £ {pAC] AN s 0 constat independent of A That is, the posterior
deasity of A under the constramed munlel is the pasterior density under the general
sodel multiplicd by a fuctor proportional 10 the conditional probability of the

@

- eoastraint given A. Succesuve factotization can be applicd whea there is a scrics of

sweessively applicd cunstrsints, giving, for example,

L A DALY S
AL = piMx x
MGG = pth TR TA T

shere G| Cp) - FARGHLClis a further constant independent of A, Note that
weare converncd here not with the probabilitics that the constraints arc true, bul with
e contributions of the constraints to the Bnal function MALCL G

\]

(&)

§ 2. Suncture of the Expectation
Now very ofien the most inporfant question 1 how simple foem cian we use
for ELF 12 Thus 1n the analyss of the rofogical example m Section 4, we assumed,
aong other things, that additvity can be achieved by transformation. In fact,

ek oS

i

i
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b
IMEFICHON teFls My OF may not be needed. Similatly, in our analysis of the textils
example we took a lincar model with four parameters; the full second-degree modd 3
with len paramclers may or may not be necessary. 2
Now let 4, #7 and N denote respectively the constraints to the simpler lincar modd ‘3
(without iteraction or sccond-degree terms), 1o a heteroscedastic model and to 873
modet with normid distabutions. Then, :
[ AN AL NY = Lt (ALH N $ U (AL AL N = L SO HL N
1.t the parameter 8 i the expectation under the gencral lincar madel be parsitioned |
19,.6,3 where 8, = 0 is the constraint 4. Denote the degrees of freedom associated
with 8, aind 8, by ¢ and vy If
s the comples nuxdel, the number in the simpler mended is thus », ¢ vy
A belure, we work with the standardized varable 2% = 2V~
resstisal sums of squares by their degrees of freedom, we have

(A0, = 0,11, N) = —~ Inlogls, (A, aval,

If we identify

PPN

whereas
LM H Ny = - fnlogls, (A 2hnl (8]
of squares from a second-

Thus, w the textile example, S, refers to the residual sum «
from a first-degree model

depree madeband 8§, tefers to the residual sum of squares

Qurte generally

S

whore S 44 2 denotes the extea sum of squares of 2" for
8, aond s o, duegives of freedom.
Thns with 323 amd (33 thie decomposition (31 becomes

(=S (DtS,, (A0,

stong @, adjusting for

b V8, - OLILNY - L AL N - ol s 34

RN

EITIN
‘, ]

whawe

.(.-‘.IYII"

M,

e n - Vv 0%

e stindard £ rate, mthe analyas of wanance of 2% for testung the FEStRCtion ©
the sunpler miodel.

b guation (393 thus provades an anal
acveunt oty of hamwscedastienty (1)
the adhtinenal requirement of o smeple

yaw of the overall concnon inte 4 part taking
and normatity (V) plus o pal eprescating
timear mandel, given that 17 amd N have bees

achieved
i the corresponding Bayesun analyas (30 gives

P8, - DN - A H Ny <A (8, 08

DNV,

where

14 P ll. : "_\1"‘0’ = “{ AN/ A
aken vver the distabution (M 11N
there 1s nes componend for these
aude of 1360 1y the posichor
f the standandhized variable

the evprataton bong
Note that since the coombition 8, - 0 1s ven,

paranmciers i the prios distnbution, so that the feft-hand

Jdenaty obtamed previousty assuming 4. Thus, in tcrsws o

74, the left-hand side s

on

FiX R} ("" .

et

P B

(m:”.‘.

v, 15 the number of degrees «of freedom for residoal

on’
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*n the normalizing constant is given by
(‘r-:'i B ij '\qu, + n(‘\; gl “wnand A,

and 8, buth free (o vary, we obtain the first

‘:Iinihrly. in the gencral model with 8,
% fictor on the right-hand side of (36) as

PN N - PANC, LS, (N an ¥, (38)

|,,,,1.\ns,_(.\~, 7)) *-dA
Thus, from (37) and (I8), the second
A RN ll:"'_

o

factor on the right-hand sikde of (36) must he

39)

Now the general cguation {16) shows that this fast expression must be proportional

w0p(8, = O} \, I N). 1t 1s worth proving this dwectly. To do tlus, consider a2 teans-
formed scale on which constant vananey and noimabity have been attained and the
L windard estimates 8, and a7 calculated  Loe the moment, we necd oot indicate
i aphicitly the dependgnce on N oand = We denote the autns of the reduced least-

| squares cquations for @, chaunating 8,. by b, su that the covanance mairix of 6,18
4. The clements of b and b ' are denoted by, and bi Also we write
"* b by and 1t Tt the matrivmseise todp, 3 Thenthe jont distribution of

n N

B ds

.\\I"'

1}

wiCoranh, 1954, Dunneil and Sabal, 1953)
L Yptae
ol - ‘l y LN

¢ the parmmetess nor the chacrvations.
abver the poscener

l'

s menhe
and fot oge o thas s
1y, whete now the 1, v the random

shere here and fates the vomstant vy
Wuth undform praor shistibuins bor the iy
b gnbution of the santibes o, ﬁ:_b‘ls"'l-

mnadles.  Taanslurpng fiom the 1y to the Uy,
®, 8,yme, By v

e A
v, 8T !

‘s we have that

3

I'(e.'la\.”. Ny const - W) o»."‘ '

slence o
8,06,

[0, 01 ILA) urnsl-(b‘,)""il’ $ )

S
. .o
Comst Y e T
“Pa,vey

If now we testone in our notation the dependence on

19) proves the reguirad cennlt, the appropraateness ol lh'c

Thus (363 provides an analyss of the overitl densty 1

scount only of homoscedinticaly and sormabty, and 8 second part. (39),
e mfiuence of the sumphiymng constramiis measurcd.

40

A, compirion of (40) wih
comtant 1 casily checked.
to a past pA]H N taking
n which

2

A
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Equation (39) caa be rewritten :
vy ~h 100 3

const x {S,(A; 2)} 4 {l += AA; l)} . ()
4 he”
Now, by (34), the corresponding expression in the maximum-likelihood apptoachhf
given, in a logarithmic version, by {
- wog{l +2RN; ;)}. o |

L4
occusrence of the term i@

The essential difference between (1) and (42) is the
large comparéd -

S.(X: 2) in (41). In conventional large sample theory, v, is supposed

with 1y and then in the limit the variation with A of the additional term is negligible, 3
plotting the standard F ratio ss §

and the cffect of both terms can be represented by
fanction of X, In applications, however, wyfv, may
tewtite cxample ryfr, = 6/17.

well be appreciable; thus in the |

Hence (41) and (42) could lead to appreciably different conclusions, for example, % '

of we found a particular value of A giving 2 low valuc of F(A:2) but a relatively

high value of S, (A: 2).
The distinction between

exprewad as follows, 1n (31) there accurs the ordinate of the posterior distributios

of 8, a1 8, ~ 0. On the other hand, the Fratio, which determmes (421, is a monotosic ;
mass outside the contour of the posterior distributios

function of the probability

passing through 8, = 0. Alternatively, a calculation of the posterior probability of s

small segion near 0, = 0 having a length proportional o a, in exch of e &
componcnt directions gives an expression equivalent to (42). The difference betwees -
(41) amd (323 will be most pronounced if there enists an catreme transformatios

producing o low value of F(A; 2) but a large valuc of S, (3. 2), corresponding 108

large spread of the posterior distribution of

answer tending fo favour this transformation, whereas (41) woukd nat.

S.3. Application 10 Textile Example

We now illusirate the above analysis using the textile Jata. The calculstions s

cet out in Table 7 and displayed in Figs. 4and 5. We Jiscuss the conclusions in soss
detand here.  In practice, however, the most useful aspect of this approach is the
oppertunity for graphical assessment.

the. 4 shaws that the curvature of Loa{A|H.N) is much less than that o
1 (A 4, 1, N) previously given in Fig. 2, the constraint A here being that ke
sccond-degree terms are supposed zero. The inequality

LaasM N = Lou (A H N < {xita) 9
thus gives the much wider approximate 95 per cent confidence inferval (~-048.013)

for A indicated by MN in Fig. 4 and compared with the previous interval, marked
AIIN. Since the constraint has & degrees of freedom the sampling distribution of

AL A} A HNY = L AL LN

for fixedd normalizing A is asymprotically x3. Alee
function of £, can be tested exactly, Thus we can devide
inclusn of the constraint is compatible with the data. fo Tig

for which X's, if any, the
S, F\, discloe o

{41) and (42) from a Bayesian point of view can be 3

8, Expreasion (42) would give &8

8
roatively. (44). heing a monofonic |
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. saity over the interesting range of Aclose (0 2er0, so that we can use the simpler model
- Ahis neigh

bourbood. ‘The range indicated by C in Fig. 4 is that for which Fis less

“fan 270, the 5 per cent significance point.

Tane 7
Textile data. Calculasions for the analysis of the transformation

A

Difference = ~ 135 x

Laad A1, HON)  LougdMHN) -

tog (1 + WF(A; 2)} Fh 8
§-00 24-52 413 -19-89 9-52
080 29-67 H Y - 19-47 915
060 w7 35-65 - 1748 7150
040 4724 659 ~ 1338 480
020 ShedB 6399 - 751 209
000 6V 10 6602 - 29 068
-020 6811 66 89 - %78 15
-04%0 20! Y iy - 1346 484
-060 4116 62 b8 - 1952 919
-080 3422 Sor44 -2222 14-8%
- §00 bR 4% 1% --22%9 1203
A AN N PN HL NY Ay pdALA BN
on (1Y% 012 008
o1 Wik (1%} w8
o110 042 069 062
00s (K1) 09y N
000 418 119 kB 1)
- 08 S hd 1-47 IR4
-0 400 176 263
-0 21 196 120
-020 (%2 206 2}
025 ) 2m 0w
~030 and (R} 18174
-013$ ool t-59 ool

The Bayesian analysis follows parallcl lines. In Fig. 4, p (A1, N) has a much

pater sp
kpalr

deasity pA| 4. 1. N).

awming
There
umplified
satistical
. gosterior
pasticular

for which A is at all reasonable,

possible A There is an important genc

Fig. § shows p (A} M, N) with the component
i, N) from the constraint. When multiplied together they give the overall
A value of A ncar zero maximizes the posterior deasity
the constraint and is consistent with the information in p M HL N,

is, however, nothing in our Bayesian analysis itsclf to tell us whether the
model with the constraint is compatible with the data, cven for the best
ral point here. All probability calculations in
inference are conditional in onc way of another. In particulas, Bayesian
distributions such as p (A A H . N) are conditional on the model, in
here on assumption 4. 1t could casily happen that there is no value of A
but to check on this we nced to supplement the

read than p (A4, JLN).

N L T
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Raycsian argunient (Anscombe, 1961). Here we can do this by a significance te®t
bascd ot the sampling distribution of & suitable function of the observations,

F(A; 2). Vor Xaround zero the value of

Jimsts, 30 that we can reasonably use the posterior distribution of A in question.

_qn

PAIAHN)

Fui 4 Testile data. Functions l_.()hndp.(.\lumkv different mandels A asdditivity.
1 homegencity o vaname. N: normalny. Afrows HN, AUN stew appronimate 93 pev
cent vonflence intervah for A Arrows C show range fiw whwh F for secomt-degree
serams 16 sl signitant at S pet cent fevel.

$.4. Homaogeneity of Variance
that we have & groups of data, the expectation and variance being
lct the varance be of and let S%
-1 degrees of freedom.

12,0 - . =v“=,.

Suppowe
comtant within cach group. in the ith group,
denate the sum of squares of Jdeviations, having v, = #
Wiite Xy - m Sy = -k, Thus in our hinlogical ecxample, &
", - n,,-'4amlr=f.!6.n.-48.

Nuow suppose that a tramsformation o Y enists which pnduces nonmahity sisnol-
tancoidy mnall groups. Then in terms of the standardized vanable 2%, the masimized
o Bhclibood

(A[N)y - - !ﬁn,lugt.\'“'(.\, nn. 4%

N

5

1964 BOX ANt

- where S(A; ¥) is the su
2 akulated from the standardized vasiable z'4.
F(); 7}, in fact, well within the significance -

(Y

l_‘ 3
noouy 2

Fn. 5. Toutile dats

gatus, 12N D

We now comsuler the

2 transformation cxints amoeltancously achieving nqtmuluy
Thenif 5, = S5 i the woled sum of sguarcs within groups

1, (AN - sniogtS AN .
Thercfore
HHESYA, nnh
I-.,,.,“:\' H Ny m-n( \l N)tlog --ﬁ'ﬁ':-;i/-”o,i:—

T (MNY H1OR 1A 2) an
say. Here the sccom! factor i the 1og of the Neyman Pearson i, enterion for testing
the hypothesis af= ... = oi. ) )

in the correspomling Basycsran analyss, (29) gives
MM N)Y p(.\[N)-lu,,[-(uf ~ ol AN (48)
where
PR NT. & R { L

For the geneeal model i which of. .

» Cox - An Analysis af Transformations

m of squares S™, considered as a function of A and

R

Camponents of posterig destribution . - Variance

Avgera gives $ pey cent pgnifiame evel

w0}, LC. ook a1 the possibility that

comstramnt Hoof - y
and constant vanance.

{46)

Lo} may b hifferent, the prine Jisgribution is

I'n-‘ A [F AT AT u‘)] e

P k] A
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and
MAI Ny = p.(l)cn(sﬂ(x; z)} -, “9)

with

¢V Ip.(l)n‘s‘"(); ) dA.

For the restricted model in which the variances are all equal to of, the appropriate
prive distribution is
pd MDY (dlog o))~

and
PALILNY = (pdN e (A 4. (%0
Henee, on dividing (50) by (49), we have that the second factor in (48) is
ISP 2 f_.!]_i'_'e..uu_n. o)

I T e
where (Bartlete, 1937)

q . o % -
AN D) = vlog {_S_,Q_.:-)} ~-Znlog {'—q—'—("-‘-f-'“

[ o !

» the nunbification of the 1, satistic for 1esting homogeneity of vaniance, seplacing
sample stzes by degrees of frecdom.

1 rom o pencral argument, (51) must be proportional 1o e} = . < o} AN
Thes can be verified directly by finding the joint posterior distubution of af. . ol
tramsforming 10 new vanables o). odjnd, . allaf, integratmg out o2, and then taking
uny safucs of the remaming argumcnts.

S$.S. Appheation 10 Bivlogical £ vemniple
1n the ological example, we can now factorize the overall cricron nto three
parts. These corcespond o thie possehilitics that in adiditsen o notmalny within
el group, we may be able to gol consant varisnce and shat it say be unneccssary fo
include interaction terms 1o the model, ve, that addhtivity 1 achervahle,
T ternns of manmized fhclihoods,

(AN = L AN Vlogl g

LPR

. 9 1]
. inlxvg{l N <
"'

whete 1,0V, 71 s the crteron for testing constancy of vagiane gnen normality and
Fov g3as abe anitenon for absenice of anivtaction goven pormhin and constancy of
VALY

The corresponding Bayesian analysis 1§

HO LM Ny pM Ny Ky phod -

e tesulis are set oot s Table X and i Figs & X The graphs of 1, (3] N) and
AV B 6 show that the wformation about ) connng foam within group
as far apart as - 1 and 2 bong acceptable on this

ol LNV A, 18, OLLN D (5D

aesnality 1 ety slight, values of A

1964) Box AND Cox ~ An Analysis of Transformations

- basis, The requirement of constant variance, however, has 8 major sffect on the
" choice of A; fusther, some information is contributed by the requirement of additivity.

Tame8
Biological data. Calculations for analysis of the iransformation

Loar(M A, H,NY L AL N)

Laar(AtN)

M(A; )

FiA;3)

40 12533 (8L
30 12850 1-48
20 6297 69-16 13078 9213 1-83
10 9N 98:24 1319} $0-34 1-88
[ 31 103-83 109-58 13215 1390 1-62
00 11381 11796 1398 099 22
-02 11644 1204 13179 1743 107
-04 11858 12211 131-59 1449 095
-06 11982 123 13135 1221 090
~08 12007 124 60 13104 116 094
-10 LD 12330 10 69 109 1-09
-12 iy 12238 10N 19t 1-33
-14 114 RO 12076 12985 1364 167
-6 KL 1SS 129-37 162 2
-20 10274 112 50 12827 2366 3-01
-2 -y) 192 46 12668 3633 412
-30 7569 w10 124 84 s21t 493
A pAN LN Ny pUNH.N) PUAINY A pUIA NY kyplALA H N)
10 0338
[[3] 0006 0198 003.
00 oM ool u 342 0ovs 028
- 01 o [1Y113} 01124 017 039
-02 (1210 01127 0304 w42 060
-0} 02187 0 26t 023 092 098
-04 0492 [ 020 1 %y 104
-03 [R5 0754 o240 14 1235
~06 1462 108 0218 445 138
-07 (33 1320 o 196 6n 138
~-08 (X 53] 1430 v 827 127
-09 1419 1 Wh 015% 88 104
-10 a2 11 [TYRY] 4 47 08l
-t 0-40.8 [1X A H] 0o FRL uss
-2 0 g . (i8] oo $nd ['B}]
-13 boa? 0 [131: 3 196 020
-14 anty LR HonY 246 o1n
-8 H-008 aumn . 3058 14 0006
- 16 (133 U] Hnoy? [{T110)) 0 00V
-17 . 0

Vrom Fag. 7. which shows the detailed separation
Bayesian components, any transformation m the regon ¢
compromise.

Lt « PONILNRD « N0

et St

of the maxmam-ltikelihood and’
tap b gaves a compatible
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Since the groups all contain four ohscrvations
—2logl(M; )= s M(A D)

= aad the graph of M(A; 2) in Fig. 8 is cquivaleni to one of £,{A; 2). Since on the null
ypothesis the distribution of A(A; 2) is approximately xj,, we can use Fig. 8 to

pliMy

. ln.' 6 Wologwat Jdara,  Functions {0, and Y umles Jhiffcrent manbcls.
abdrionny M hanopenesty of vaence N normalay  Artaws NN, 4NN show
approune 9% por cent Lontulence mnscrvals fow A ’

] L 3 4
s
F0A, 2). fo5r anterachion agamst esror a2

Tue 8 Hishowat dare Vanseice s,
a function of A

fomtion of A Bartkci’s cancsivn, WA, ), for cquabty ol el sathines a%
sopriNg Dotted hines gave 8 pet cont ugiticance ionis

#ad the range in whach the datit arc consistent with homascedasticity.  Similarly
U f the graph of F(A; 2) mdicates the range within which the data arc consistent with
sdditivity. The dutted fines indicate the § per cent signiticance levels of M and of F.
: The minimum of (A, 2} is very neat A= ~ 1. Wis of interest that the regression
oefiicient of log(sampic varznee) on log{sample mean) is nearly 4, so that the

reciprocal transformation iy Nuggesicd also by the usual approximate asgument for

B sabilizing varsiance.
; 6 Analysis oF Restouarst

a conncction between the methods of the presenat papcs
yais ol residuals, The analysis of sesiduals is inteaded

1
[PSTRNT Y We now examine buclly
and thase based aon the anat
he fne painting vut 8o erear in the

1 We are greatly wndebicd 10 Profeswor ¥ 1 Andcom
spprotimation fuf a1 &S we arigmally gave it In the present mudificsd versusn terima osiginalty

o ’ seglected o thas Scolen have hecn nschiuded to oot the diicpany.

3 3 [} L] ] 3 3 3
L) 4

I . 7. Dudogical data  Components of posterior distbution.
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prinanily to examine what happens on one particular scale, although its use (o

indscate a transformation has been su

| f ggested (Anscombe and Tuk

:r.mu:l'n‘?gl o an observation p, le.t Y be the deviation §~§ of lheu ﬁ:l!:d'gfljze ;: ?fo":

the ’?f rlrlw:cn and let r =y~ § be the residusl. 7 the ideal assumptions are satisBied
p wi distributcd independently. Different sorts of departures from ideal

T,y = X' ¥ feom nE(r') E(Y’). In addition to graphical analysis, a numbder of such

functions have indeed bee i
Anscombe and Tukey, 1963).u proposcd for particulir study (Anscombe,  1961;

Specifically, the statistics
Tu=Yrt, To=Xrd, Ty=¥tY, T,-Yrrt 9

were put forward as measures respectivel i ngenedt
here a3 mea ] ly of skewness, kuttonis, heter i
varsance and non-additivity. Tukey's degree of frecdom for mm-addiliv(ily (Tu{:;‘

1940 mvolves the sam of FES COFECSPe 11} 4] cemsndered as a contrast 0‘
] {15}
! sy cspondi B W ’“ O [

Su NG HOW that we consider y po 4 ! .

| i C the family o i ing
{ 1 f wer tramsformations and, wiit

. [ 11T '. make the cxpansion

4
=1
2t = —yoTwh HA- D4 JA- 1A= D0 ) )

= -y b $aad Ping 4 O, ($3))
where n, wfw,=wdunda-1-2
Now, £ W and £ mi
Y amld 200 are determined b i >
oty e e d by the residua! sum of symases of 29,
. . .
woaw, b Tl Dwtafw-aw s §aler him; (56)
1 * ko to y N )
! \\': 1 l‘h.' terms up to the foarth degree in w and then diferentnte with respect to o
¢ have that the maumum-Tiketihood estinsate of « is approsnmaicly )
i WA m-wa,w,
Inou, w4 dw'a,w, 61
Iowe witte ¥y = v e fLovg o (y = :
(‘hl': \-s;n'\ Vo= Foag e (= 02 vy = (v - 9 and denote by #L g, 1y the valoes
hii l‘l\u My hthing v, vy and vy to the model, the above approvmation may be
capressed in terans of the anginal obscrvations as

L LTt L A L e

e, ¥4 4y 8,8, REY [URRETN O M AR A T LY T

" ‘l n.\c\‘ the .rclaliun’hclwccn this expression and the 7 staintios, write = F-§.
Wenvg v-dord Y +d Beanng mmand that 2, ¥ - 0,2, ¢ Y7 - 0,8,1=0,

1y - 0 where §denotes a vector of ones, terms such as y, 3, ¥, can casily v cxpressed

srn ";f“;‘ o sums of powers and products of 7. ¥ and o ta particular, on wnting §
oi Y2 we ind the numerator of (S8) to be

UG WHT 4 My 1 Ti) - (Toa# 3Ty 3 4 Tyd o W20 23S (9

To tlues onder of approumstion she maximum-hkchibood cstimate of « thes
inohes all the T staustnes of onders 3and 4.

assumptions can he measured, i iati i
therefore, by sudying the deviations of the statistics 8l Here questions such as non-additivily and non-constancy o Sehegly i (59,

Box aNp Cox - An Analysis of Transformatiohs

As a very special case, for data assumed to form a single random sample

PO a3 (7l Uik 115 Tk
W, P+ - D= F)

e transformation is attempting only to produce normality. Correspondingly in (59),
Ta=Ty=Tay=Ta=Tn=4 since ¥ =p-§=0. In fact if we writc my =5,
my= At Xy -5 2.3, . ) and make the approximation J = {mg/m,, we have
that

t Imgmy 90}
g - 3 {lm. = 3mf+ ":" '3+ i :-’;,-:\
i . W m A (60)
H mg i ne
6 o “7(:::, i)+ 12 —i:;—! t (vmﬂ

For distributions in which m,, sy, g and s - Andare of the same order of magnitude,
the terms in curly hrackets e of one order higher in Va1, than are the other terms of
the numerator and denominator. 11 we ignore the higher-order terms, we have

Ly
A
[LH

A useful cheek suggested by Anscombe is to consider the x? distribution for moderate
degrees of freedom and the Porsson distsbution for #ot oo sialt 2 mean. For
P we find = ), whenee A ). corresponding 10 the well-known Witson: Hilferty
wansformation. Lar the Possson detrbution, o~ 4 whenee A~ §

7. ANALYSS 0F FIIECTS AFTER TRANSTORMATION

In Scction 2 we suggestesd that, having chowen a suitable A, we should make the
wsual detailed cstimation and inlerpretation of effects on this transformed scale. Thus
m our {wo cxamples we recommended that the detanled interpretation should be in
terms of a standard analyss ol respectively 1y and log v. Simcee the vatue of A used
s selected at feast partly m the hight of the data, the yuestion arises of 8 possible
aced 1o allow for this selection when interprebing the factor cifects.

Yo investigate an appiopreate allowance, we regard A as an unknown parameter
with "true™ value A, say, and suppose the true factor cffects to be measured in terms
of the scale A, If we wore, for imtance, 1o anatyse the fuctor cifects on the scale
correspomding to the mavion-likclihood estimate X, we might expect some additional
error arising {rom 1he ditfegence between Xand A, Wenow investigate this matter,
shhough the present formulation of the problem is not atways completely realistic.
For cxample, in vuf hiotogical cxample, having deculed to wurk with 1y, we shall
probably be interested in Lector effccts measured an this scale amb oot those mensured
in some unknown scitle corresponding to an anknown “tri’” A, On the other hand,
if we are interested an whether there 18 mteraction botween (wo fuactors, it is possibly
dangerous to anawer Hus by testing for interaction on the scale A, since \ may he
wlected at keast in part o nummize the sample interaction. A more rcasonablc
formulation herc may often he. o some unkpows “tiue’” soale A, nre interaclion

terms necessary m the model”

L e PN NG
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¥rom the maximum-likelihood approach, the most useful result is that significance “

tests fos null hypotheses, such as thai just mentioncd about the absence of interactios,

can be obtained in a straightforward way i arge- i
‘ y in terms of the <hie
syuascd test. Thus, in the textile example, we could test ll‘:“:‘ul‘l hyp;:m ﬁ :

second-degree terms are absent for some
_ ; unknown “true™ A,, by testing twi
::;T:_mncc u.f the maxima of the (wo curves of Ly a(A) in Fig.‘:asyx' ;l&emth.: ::
xima occur at different values of A, In this particular cxample wc?i is hardl
necessafy. e wlemn d
1t wauld be possible to ohiain more detai
: . tailed resu i
s'::r:lpk m\'urrmanon matrix for the joint estimation ::: ‘A‘?;’z‘:\:‘: 's".?::fm
ore specific results can be obtained from the Bayesi ysis, .
only those. The general conclusion wil O ey of Fing s
terms of X rather than A, the resid u‘a; ldcg‘eube M:} ?rcedomu“w for'l::detz:? o!f:::d‘yﬂmu o
. lh.c punl:::’ of col;nponem parameters in A. This sesult applies p{ovided that t:z
patlaion a7 effects arc measured in terms of the normalized variables 24
o ocafly uniform prior densitics for 0, logo and A jor
dermy o B0 . and \. Then the posterior

‘-!(!"'-30)‘(1‘"—!0)! [T
. ({1}]

ftv. sqA; 2)) 4 dA

- ‘A"['\Sl':';l:;l‘:llc :-valuatlnm ;f the integral in (61) is duonc by expansion around the
;i a of the mtegeands. The maximum of the mtegrs t

o ) cgrund i the denomina i
the nunimmun-bikelihond estimate X, amd that of the numerator 18 acur Aw lc::‘ :s‘:
w aear s anesmne-lhetibood value. The answer i that (611 s amm;nimalclsy

“1‘21 . .’)’ (‘|:| — ‘o“ fi0 2
R TR
This s evictly the passterior density of 8 for some kaown fined A with the degrees of

frecdom seduced by .
T slerne (623 trom {611, we need to evaluate mtcprats of the orm

(4]

N

1- “:q(-\)} N,
v\du-v{- v l:wgc. anid glA) s assumed positive and to have a vanguce minmmum 8t
A - X wathoa finae Hessian determinant A, at the mingnum. We can then make 8
1 aplace cypansion, writing '

- ¥ - MN-q)
I = jcxpl —§|“‘q("‘-%'ﬂ!:' g‘.'(_;_d::f_ ‘: iy

gt e b
ar
A‘V
tor I‘lus we evpand the second bgarthan (crm as far as the quadiatic terms and then
n\t:q.l.m over the whole r=hmenstonal space of A In our apphcaten the terms
AL onmcrator amd denonninates e cquatl to the first onder

(64)

w* Coninl

[No: 2,

* gt s better than the usual type of asy
“expansion about A gives that

Box ann Cox - An Analysis of Transformalions

ion to the posterior distribution p ) of &

Finally, we can obtain an approximat
mplotic normal approaimation.  For an

PN = Tt SE )
jxm; )

const

e
R A -Arbr - i)“n (65
\ v,s‘(i; 7)
Here )
b= &R, dd. {66)
with &(3) being the nx v, matria with clements
zlzlli
[t VOO TOR T o PRI 21 3

@Ay
The matrix b detctmines the qundratic terms in the expansion of s{\; 2) around i
Thus the quantitics (.\,-Al,);':c(k; z)Jb''} have approximately a posterior multi-
vatiate ¢ distnibution amd
a-rea-R
v, s

s postetior I’ distibution. I fact, however, i will usually be hetier to examine the
have Jone in the numerical examples.

postenor distabution of X directly, as we
K. FURTHER DEVELOPMENTS
oss detatl o number of possible developments of the
methods proposed n this paper. Of these, the most impaoriant 1S probably the simul-
wuneous transforimation of independent and dependent variables in a regression
m. Some geacral yemacks on this have heen made in Scction 1.

Denote the dependent variable by y amd the independent variables by Xj .. 2
Comsider a family of rransformations from i fad
he whole transformatsn heing thus indexed b
nol pecessary that the family of iransformations of sy 3, into Al
o should be the sanw, although this would ofien be the case.

We now assume that for some unknown (A xy,e
assamptions of lincar segressinn theory
Tog bikclihoud for given (Ao« . &), vhaining exactly as m (¥)

I AAixy. XY=~ Floga¥d; xy. L) logJty .

BUTAY

We now consilcr 0 much 1

(67

Luy is the mnumnm-likclilmod estimate of ¢

where %M. &,y
the standard mulnple Fegresmon analysis of the transformed varable. The corre-
sponding capressivun from the Baycsian approach

PN mye o} AT TS LI et I"’ log (X, y) (68)

1oy and vy, % o X3t Xt

y the paraineters (A xge o ) His
and v, into

% the usual normal theory
hold. We can then compute say the maximized

)

~idual variance in
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The straightforward extension of the procedure of Section 3 is to compute (67) or
(68) for a suitable set.of (A; xy, ..., x) and 10 examine the resulling surface especially
ncar s maximum, THis is, however, a tedious procedure, except perhaps for /= |,
Fusthee, graphical presentation of the conclusions will not be casy if I>1; for /= |
we can plut contours of the functions {67) and (68).

When Ais fined, i.e. transformations of 1he independent variables only are involved,
Box and Tulwell (1962) developed an iterative pracedure far the corresponding non-
fincar least-sgquares problem. In this the indcpendent variables are, if necessary, first
tranvforived (o aear the optimum form. Then two terms of the Taylor expansion

of 4 e are taken. For example if w47 = v and the best value for x, is
thought 1o e near 1, we write

W=y - logy,. %)
A linear regression term B, 13- can then be written approximatcly
Bint Biley- Dy logyy = Bix +y v log v,

say I the linwar maodde] involves bincar tegression on x,, ..., v, and if all the transfor-
nanens of the independent variable are to powers, we can therefore take the linear
regresson i v v yylogag ooy loga, in order to estimate the §'s and s and
heoee ab the w's. The procedure can then be iterated.  Transformation of the
dependent vastable wiil usually be the more crtical. Therefore. a reasonable praciwal
procedure will often he 1o combine siraighiforward investigation of transformation
of the depemdent varable with Bos and Tidwelt's method applicd 1o e independent
saraies,

s posable also to comsuder umplifications of the procedoe for determining a
transimnstion of the deposdent sanable. The mam labour m straghtfviwaed
applivaetion ot the nicthod of Sectum 3 s 1 applying the transtormation for various
valacs of X and then computing the standard analyas of vanunce for each set of
transtorined datis. Such a sequence of similar calculateons is straightforward on an
electrnme computer. 1t s perfecily practicable also for accasional desk calcutavon,
afthough probably ot for restine use. There are a numbkr of posable simplitications
hased, Tor cxample, on espansions ke (69) or cven 159), but they have io e used
veory vinttomly,

e the present paper we have concentrated largely on transformations for those
standard “tined-eflects™ analyss of variance situations where the response can be
treated as o continueus vanable. The same gencral appraach vould be adopted in
deabimg with “random-effocts™ muwdels, and with various problems in multivariste
analyss and i the analysis of hme series. We shall not go into these applications
here

An important amission fram our discussion concerns transformations speofically
for data suspected of following the Poisson or binomeal distributions. There arc two
ditheudtnes here. One is purcly computational. Suppose we assume that our obser.
vatonn, 1. follow, for example, Poisson distributions with mweans that obey an
addmive v on an unhnown tansormed scale. Thus, tna row column armgement,
Honceht be assaned that 1the Popasaon gwcan in sow i amd coluwmn ¢ Bas the figm
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where A is unknown. Then A and the other parameters of the model can be estimated

1 ikeli ble to develop
3 likelihood (Cochran, 1940). It would probably be possible
m‘i:l‘:';‘p;r::‘ximtiom to his procedure although we have not investigated
{ this matter.

o Lo . in Section 3
essential distinction between this situation and the one.eonstdmd‘ Sectior .
8 (:l'tl here the untransformed observations y have known distributional propertics.

- The analogous normal theory situation would involve observations y normally

distributed with constant variance on the ;m::zsl’on:ted mle'.m b:tm '\:'n ';rm o‘::!
jon means arc additive on & transformed scaic. s h
2wlnuon‘h“ in this case would invalve, at least in principle, a mm;h.tfomrd qon-h:;::l:
Jeast-squares problem.  However, this situation docs sot scem likely to arise often;
i itis ina riate in our cxamples. . .
m‘;‘:'yi;v:::n‘:nrp (xmmphlc complication of the analysis of data connected wa;h
Poisson and binomial distributions has been paniculaﬂy.slu-ssed by Bartlett (1947).
This is the prosence of an additional component of vana‘m;::e (;f unk'l‘\ownl::l;n; “:;:
i i ial variation. M inspection of the data shows
top of the Poisson or binomial variat inspectiun of e A the methods h
sdditional variation is substantial, it may be adequa 2
‘or i i I} ofien be reasonabie to consider
Section 3. For integer data with range (0.1, ..) it will ol reasar o consider
sformations. For data in the form of proportions of ™'s Cesses
gt:vmtr e :nd “failures” are to be treated symmetrically, Pml‘_cssor J. W. Tukey
Bas, in an unpublished paper, suggested the family of transformations from y to

y-a-nt
For suitable X's this approximates closcly to the standard transforms of proporiions,

the probut, logistic and angular transformations. The methads of the present paper
could be a'pphc.l with this Tamily of transformations.
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Disecussion on Parer sy ProrFessor Box anp Professor Cox

"lk;\\'fu}ul: :‘h ' ::’n: Muy { begin with a definition (frqm the Concise Oxford Mictionary):
P E ' ! o persans who take turns in sustaining a part.” 1 must admit to having
SNt senie bine i trying to deduce which person was sustaimng which part of this most
mteceshnd paper. §du mot think the exercise was very successful, and this testifies to some
sotannd b ation on the part of the authors. o °
1t seenis 10 me that there are two basic prodlems b afl conscienti dat

anahsis tta dorrow Professor Tubey's term). One is how o chcl:-k that the data a no:
sontamnaed with rogue olwervations and what action 10 take if they are. The o:t:r i
horw s ook that the nuxdcl being used to analyse the data is xuhﬁl;\nllally.IhC right on:
Lonkaing tanough the vorpas of statistical wotings one mast be <tiuck, | think 'b how
relstivehs hittle effony has been devoted 1o these problems. The ovmwht'lmmg pI‘cllzndﬂ
At st 5 Biteratiee consits of deductine exercises from a preors sarting pomnts Now.
YT - there ant always be same assumptions made o preors; 10 data analysis !he.
';.'":":“jh um’-.,: i that they shoptd not be nwch stronger than previess evidence Justifies,
’m. et b e twe problens, that of gross errors or rogue olncivations, we are M
shrcathy Concmed with now, bt the question of scale for by, ulm'h' s discossed
'hv:n-. w T enbameatad o the socond Onc sees pot infrequent!s semarks to the etfedt (Ml
e devien oy eapeianent dotermsaes the analys:v $ate woukd be caseer o€ s were
o Lo ttn adarmation iom the design we must add the analvat's POOT Judgenments,
:i:cr-ﬂ-.-."fuwn o Mcplnes Wall them what you will) abeut guestons of addiiway,
ull;)u\:\ .‘\-.. tyind the hle  Bacquently these prose assampiocns .o e unpishiftably umn‘:
.;-:l.( ‘u ) .,.:. i:.:...’.; ‘.:u\'lllult that the wale adopted will give the requned wdditnsty, cts.

o i oB 0y Pagw s Bies i sty showing us how fo weaiaen thos e assumplinas
KYITLUNRE SN T :! ta to spread foa themnelves m thew mafico s Pae Jata analyst s two
Protdoe e dhoachy mtenwimed, howeves | for 1) togie cinaetsatinons e p;;wnl thew

resndse + o o desnate the g
RN b cnichial sum of 5 g 3
ey o ) ) of squdees, amd niov thas senondy affeut the
ti. . R
) " ey v hehihon st and v Bayes theotem ron sufe by snbe and pove
st e b Gl akten be sery ssmitsr T oang et ety hops Htand P ot iaatam of

tenatse s Poramd womndes shother the apincatame of The otiscis ot o the prue protas
mh‘u . tealy Tmterestsg”, as the authore state, bt abvo dicgst They resmack ton
nOIR e There e some reasons foa thinkeng FLe V1wt abie te 2t Y from s non.
Ravese - on wcil as oo o Rayesian pont of view ** 1 agree anl :;:::;x'muw i O;d-ﬂ

that o . orabie adeddication of the ikchhond approach may he ln;md w [;u-du ‘c el ih;
esult The cealing point n that fixcdd offects are unrcalintiy 16 4 onbcd 35 \.c‘m: scuie 8
AN CPOCT 10 A0 CYPTTHREOL, 11 18 Common expenicnce that a furiluwr c\pcnm;m will
prae s athicr estimate of the effevt windh often stitfers froom 1l arngnal estimate by
Orore e e atCinal skt ersors of the caperinwents wen W kb o b eyt H we
coesh e ieahE soth thas i ad. then Lo a sIngle notemat conpic of 1 we anght oblam

toma e,

w;hcu‘ - Nig e Sy und e = N a®) 1 we now deo an coroponad ansfog neston of
the dervr - By whore Hoos ananthogonal mators of Anown coettoents Baving s Bt tow
waith o ooiente w8 then thie tog bhehbiowd os gaen by

focena Y in 2, el 2F da Hleg o’ -;:f A
T

wher, s e b U eatly we cannol estinaie Bounless oo hpevain which m gencial

s Bascaer, W any Bagd Pt ardaonn B owe ane £ v vd Yy abng

E7SE N YRR TI T S L
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This L A) following equation (24) is repluaced (apart from an uaknuwa consiant) by
LiA). By extensions of this argument we obtain Bartlett’s criterion fur testing the homo-
geaeity of variances instcad of the 1., criterion, and the tikelihoud crierion for a restsicted
hypothesis on the means (equation (3$) becomes the same {apant from an unknowa
constant factor) as the Baycsiun one. Thus some of the apparent cferences between the
two spproaches may resultl fram the restrictions implied by fixcd eflects in 2 model, these
being cquivalent to asscrtions of zer0 varance in repetitions of the expenment.

Taken with the work of Tukey, Danicl and others, on the detection of rogue obser-
vations, the resuits of this papes should icad before long 1o substantial improvements in
compuier programmes for the analysis of experiments. “First generation” programmes,
which fargely behave as though the Jesign dif wholly deline the analysis, will be repluced
by new secund-generation pragrammes capable of checkang the «dditionat assumptions
sad taking sppropriate action 1 s haidly necoxsary 1o slivss «hat on advance ifas
would be.

1 suppose that the converse of “two persons whu take 1ains 10 sustatning a pan’”
would be “onc persuon who takes THNS IV sustaIng Two parts”™  duch a persua 15 often
the propascs of the vate of thanks, the parts being those of congratuiator and Caw,
the latter has heent hnown ti ovcrwhelm the forsner, but avt, | 7ope, xday. We must
aft be gratcful for the Cear exposition of an important probicin Cr the praciaal vaue
of the results obtatned and Tor the possibihtics opened up fof fui.¢ s sstigat.ons its
2 seal pleasure. thercfute, i e I propase the vote of thauks t.ofay

Dr §. Hartwian 1 wenld b 1o Suggest a pon-paramictin apy vch 1o Bovand € s
problem  Suppose in the sth capoinieit we ohsesve ¥, utnicr e 2 Hons 1, 8nd that sty
deurred to find the probabebity discabntion of ¥ given ¢ for sanas v The vy gereral
ponciple that scoms tie apply 15 o smulanty poaciple “What w  hapien under preent
ewcunstances will prohahly be sinulat to what happened under « rulac vrcurmsiances 0
the past™ or more sumply “Ike equals hkely™  The Meteoiologn - tHhe does scem L be
scting according lu this prnaple m its leng-range forecasts, wherg the prowadure o 0
look at this month’s weather, beeh i the secosds for a smilar o -ath, we whai happened
Be followsng mienth then andd jrednt the same thng will hap o nedr month, new
they woold say, te predint what 1, will be under condittans v, ok cmong 1he (v, 1)
foc an x, cline 10 1. then predut vy = ¥,

ft does scem possible to adler 4 nen-parametne method for @ cdici:ng @ new y at g,
# keast squarcs thewry thin would he the fitted vatue ¥,  The generst provedute o3 10
amouth from the vanwus readings 15, 1) a0 the neighbourhond 1 6, vahses of y deing
grven greater or less wonht accarding to 4's Csumilanty” oy, hew the weights are
10 be chosen, or huw the ©'s are (o be combaned 13 an open yanton the least squares
saamer 1% Y.~ Yoo, wheie the wesghts v, tpossibly negative, at e very. and reatly
abways addimg 16 vhe) wre tlvibated from the lingar musdel

Box and Cov ate ansommg that for some sransforiued st~ observations fiy  the
modet 13 valnd, and theit smoothed value would be given by

LY, a La, [ty

A Cron-paraniing approach would be 1o order the uine e v ¥ and
seiect ¥, such that
Yo = ¥,
e Ve
Essenteally, 7.1 the median of the dulnbution consssting of o v e with probabity o,
tprable nugative vales conluse thus anterprelatimy  Fho just salne of ttas prxedure
mthat ¥, shouhld pot e Soe Lt fiom the value obtained by e v ant Cons provedure
unce the median ot the iy s will e apprasinately Caual the ~ean of the e )s,
Dut this grewediic v anvariant wndet wnr menotonic transtun con - the eDxcivatn

§
¢
¢
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1 hine tread thes with Box and Cox’s 3® experiment, when x, is at the centre of the
cube 10,0, The weights a, will depend on the linear model; for a completo facturcisl
muoxdel o = § a1 0, 0, 01 and O elsewhere so that no smoothing takes place; fot the sccond-
degree patynomeal madel a, = 7 at the centee, 4 at the midpoint of a face, | atthe midpoiss
of an adge and - 2 at a vertex; for the first- and zero-deg ials, a, = ] every-
whete wnt the amoathing 1 cxcessive,

The smnothed valucs with varwous similarity coefficients (we may regard a, as the
refevame of the ith obwervation o ¥,) and vanous methods of combnation are

(]
poty

Degree of
Pty meomsat Mean Meran log Medhan
0.1 Kol s6d &6
2 724 610 ()
(B3 1] 620 620

Nopating werghts ate o nusance, and, also, we wonld hike the waularty coefficients 0
dectease with distance  However, least squares is the only general way of gencrating the
cowetln nuits at present

1 wemder o the mterquartile range of the dutribution over the v, with weights a, would
be 4 teawenable (transfornsation meanant) measure of dipersion of 4 new vbservation y
about 1, bn general this wiuld 1end to be Targe of 5,'s which were obwersed undes hghly
sbbat conditons were o long way from the predcted Y, ot o

A grehimiats anabvan of 1he abave 13 pe based on the arder statntins wouhd be invdriast
umder monotesmic transormation, snd s wonld seem an approptiate method of hnding
& Drashotaniion 10 whinh an ofduary “metrn” analyws mignt be perfucned

1 Bhave totand this paper cxtienwly ntormative and stunglating sned it grves mc grest
phiasune o sweonnd the vote of tranbks te Protessars Bot amd ¢ ot

The ot of thairks was pul b the mectng and canecd unaninwonsly

Fhw.besifon g watren contiuninon was seand by Profonoe: 1 4 Neidall
P W fiass The sesalts cepotied by Professers lon sl o leardy
fOpr e ot sningantat s tore and ol these comueried et the avicad afialysis of data
Chenlt e pleised tee hiera Sl ey B CRIE, DOth Bou s ot The ma ankd adiled
e whnch Hiew e Gis o 1y, amd bocause thoese icsofts wory ohstged Dy using
Wt alfouad prascglo of witctioratt T as of Bhe scar 190 T sisaVity Sasarsnglines,
A Behioand cationatier, BLeyesatt snberetie e aid o pr e disintiuions asatant
winter ot dd fansiie groups Tl L fact imakes s watabode that imtcgent Jhose
of medes of expresson §or the ebaersed 1esponses witl heoenw hoth anatly aceepable
A Wt aepdd L i thie fong tun conseguenees for the e o slat will be
Ve alesat sbie
Wbk this s o asetad sfeps torsatd, ot i, §thimk . s eant oo L oserestinnale g
comctusneneas  Froneihe porst of view of the o whes dovsimien! hne data 1o analyse,
Phose tosiliy ave nerehs Turther guanlame abuut g siuatton ondy veasenably dhowe 1o the
ae et dhiy Liees P tn, of coutse. no poaclty 1 slatisins, bt some aspects of the
PIOACHE sbiscisaton Wbk smpoitant o re emphasize some thags that shonhd he Lanubar
Bov afl of is Tiy sl anihoss’ discussion, 46 0 it to neaddy il of e prosenty av.alable
Ihears, i the aproas hes are at beast tornally Resed vpon g made! el ving noymably -
or, o b st athes sas, Guassstamty § tank that 1 o stecased By the discassion
Seatoon S abore e v ashed 1o ook Sat at the evidence froa aannad Cansanify, then
At the cv el ot an additrondd asamptien of constany oo vab:tnee ue the preserie of
Crauasiauty and, LAt i ovadenae frean 3 faniher assuingiees o ohlitivity i the
prossiee of it Gthen assumpioens Nes fong as we afe peniig fo wah with lvp:hl‘ apevifi-
aebbnn D, winae eonfy g 0N DALENCICIs Lt B atloowee! for earice, 1t 1s huand te soc how things
wr way tha the Bul Lram 1he peont of vacs oF e i with the
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actual data, it would make much more sense to ask  possibly in vain - for an analysis in
first the evid derived from assumed additivity i the sbsence
of other assumptions, secondly (in thuse situations where this was appropriate) the evidence

ided by an additional assumption of constant varisnce in the presence of additivaty,
aad thirdly (in perhaps a few casen) the additional evidence provided by assumed
Geussianity, in the presence of hoth additivity and constancy of variunce. ( If additivity
~of, more gencrally, parsimony is w1 1ssue, considerations of constancy of variance snd
Gaussianity of distribution acc wsually negligible, at least s far as the choice of a mode
of expression is concermed. 1 adiditivaty is not al msue, constancy of variance usually
3 dominates Gaussianity of distobution ) 1 all of us can have enough good ideas over & long
3 mough period of tme, perhaps we can come, eventually, 10 a thoury which corresponds
R ¢ wore direcily to what we desise 1t unay well be that, with the eaccption of very rare
¢ msances. the dilferences v prstne associated with such an approach would be -
- sppieciably different from those suggesied by the present approach. The widespread
E wadency for addiivily, vonstancy of variance and Gaussianity of distribution to come
and go as a group offcts us scha hope 1t would be nwe 10 know whether or not this hope

S )
“NE We are all used to hasing mavamum-hkelibomt estimation combine different hite of

K evidence with quite approprisic woights,  Accordingly, we may hope what sfus is sull the
e in the presant sttuatoon, but 1 niust repurt that the relative weighung of the evilence
provided by 1ateracinen sumis of squarcs and €rror sunis of squdres does not feel asif 0t
were being quite faurly waighted wioi one merely looks, as in Table 3, at the tutal of these

two sums of squares. Perhaps the dveompasttion inte the thrce parts srentioncd above, and
the additivity assumption, might produce &

concentsation upon the past aaensated with
much heavier waghting ot the intcraction sums of squares. Agamn ot wuuld he interesting

v 0 koow whether ot nol this v true
.3 16 MOSt CHIrCUMSamCs ok 1% gong to be mure mterested in reaching additivity than
b @ manmzing the futmal wastavily of the main cifects. There will be, however, a fow
‘ atances where the sexerse i e 1 am nal Jear, from the discussion of Table 6, 10 what

oent the results of apphymg the propaned appioach rgosously and withuut thought
ol dtfer from 1he resadts ol taucd by wehing matmum sensifivily # ihere shiwld be
differences whah poesint s the aneunt of Jate 1 mcrcssed withuet Tant, | think one
will have, 1 the Jung cun, o foodk une carctully nto the chowe ol diteien, where a
dexitien 1o Rk nece not sy e etiminale decision 1o adopt o diffcient vnternion

Chkatly Hov ond Can bave s elo e e forward in the sisegest of approt-
Matians whidr gve ey buetior and I amwers e an inparam peoblem of pracine

The folluwing wirtich centubation was read by the Honoiary Secictary

Professr R 1 Peasretn fhe qathons lave come up with the interesting sdeus we
would have capeutud ot ol deserve ans congratufatnns fur g paper which will
Be widely apprectasad Py b e Tull use of adcen computation.d facshises and
the two systeins o anhvicne whih are cntrently competmg ot cut attenitn. An
mpression left by teading thets paper is that the data should he fed mio a lage and
powesful machne which wilh very squichly diaw all the pecessary graphs and pont out the
Best analysis of sanance avarlabic in the ciraunntances.  Thone avcustomied to the Dlisstol
aase of the standard anafvein of varime calvudations witl e 1o e convinced that ssch
Batd wotk s cally netessary, il will ask for assusance that too s rosponsituliny has
a0t been delcgated

$0 much has 1eaently boen s
e avthors atc mn reatly Hayeaans
arguments withaout cves hecusmiig fs
dutaitrutions, bl onty ove? the et
o prefoictee fos a Havesean prowedsse o the g

ik oon Bayestan procedures fhat s tehef to find thot

0 2l Bul have been wory mgenions i using Bayesumn
Ly commutted To them  Thus they vall for umform
o whese the hhclhilunsd s appieds ible, wnd they justify
oumds that the contudenee cocilicients
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of Duas W W 1OUE that w the further analysis separating out A and H ey sugiest that 3 e ty SR hce
the twe? prawedures may ead W appreciably different conlusions. but the circumsts - Wi more . { ow mnleading W might ‘occasionatly 19, R :
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up aganni many more of these peculiar things. For example, 1 think that to get seasibly
spaiticance teste 10 Hayesian theory we are going to have (o use prior probabilities whidh
depend on the number of observations. These again will be pseudo-probabilities, i

senwe pweado-prior two. So this is a very i ing first ex
eventually, 1 think, shed some light on what probabilities really are. My view is thill
they do not express belicfs. They are a convenient figment introduced to do somethisg
we Jo not seally understand yet, but by examining exampies of this sort T hope that o
day we will achieve understanding, U

plc of something which will:§
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fmportance of the first of these, as indeed we indicate in our remarky at the end of
5 2. 10 the format analysis of Sectiun 5 we have considered N, #N, AHN as three
in that order. If one is to employ a paramtric approach one Mmust, it seems, start
" el some distributional assumption aithough, of course, if desired this coutd be broader
. dae that adopted here. Furthermore, these is no reason in principle why 4 should not
W boen taken before # in discussing the biological example. Wo would then have to
' a8 additive model with scparate within-cell variances. The sough justification for
Siakiog that the procedurc given in the paper genuinely separates out the effects of
H and A is that Af(A;2), on which (47) and (51) depend, is » valid descriptive

ot valuable paper, and to ask one question. Would the authors ever consider msing

¥t A v oncgative? Such a trans( o

ly has strange austhmetic propestios.

createdd by the fact that y may aot be uniquely determincd by the value of 3. But would
the 1tamsbormation ever make sensc statistically ?

tamfosmation of the type {1) when same y's are negative, or one of type (2) where 5ol 8

It gaves o real answer of A, is integeal, and | think onc can always vvercome any probloms

ilsaire of heterogencity of vatance independently of N. Likewtse F(A; 2)is a descriptive
B jaanre of non-additivity independently of H and N. if we siarted from a nou-normal
e, we would get a different measure of heterogeneity of variance, but except in
Wlireme circumstances it is unhkely that it would be minimized by a value of A very
m from that minimizing AM{A; 2). An analogous remark applies 10 F(A; 7). Under
am-normatity the weighting of the different requirements will be diffecent, but it is hard
g e how a radically different valuc of A could emerge from the final analysis.

" Concerning Professor Tukey's point about the appropriatencss of the weighiing given

The following written contribution was received afier the nccting.

Profossor B 3. Anscosmse: The authors are to be congratulated va 3 most remarkabls
paper  The basic sdea 15 lughly onginal, and the tackhing of hosrendous difficulties &
breath-tahing. The examples are stluminating. and the prelimmary “rather mformal®
analyas oof the teatile example s statisisy 10 the grand manner  but, indeed, the whols
paper s that

Becaue of my own cfforls with residuals, | have been patinaddarly interested by
Scutron 6 1o my 1961 paper ) gave a fornula for roughly estunsting the power teansforms.
tion that would semove Tukey's type of removable non-addunaty, and also one for
cstumating the power tramsfrmation 1hat would remove an eaponeniial Jependence of

8y the likelihood in the binlugical example, the truth seems (o be that m this examplc
% ghw-additivity is not in fuct the major contubution in determining A The sizes of the
Ban squares in Table 3 scem rather 10 bear this out than to contradict it. Concerning
Tables 3 and 6 a striking thing is nut unly the removal of non-additivity, or correspondingly
& Table 6 the simplitication of the maodel, but also the large increase in sensitivity of the
' axperiment. The result achieved by transfurmiation 1s an Jact equivalent 10 threefold

 ftvease in experimental etfort
In the paper we were at pams to stress 10at, where the procedures do scem relevant,
e fommend using them 1 o tlexrhie way, and that the assumptions on which they are
Mased are 2 tentanve working bases for the analysis rather than anything to be adopted
bly In pactcular, i the disussion of the texhile example we Jdehiberately gave

et vaname on the mican  The futmulss were based cssentiafly vn the statitics &
By 1, and Ty, tospectively, i thas paper T dnd sot siso gove o fosmula auncd at remonag
ke i o e ortor dintishution, based on the statintne hese dessien) by 7y, though |
Bave g i stnh o Totmals, s the aadation of ey 1961 paper the formuls gocs

pel Qe i Ml

M pos Bokamd Cov's A0 the oneral) sample mean. 1 the resnhial roct mean square,
and ¢, atnd g, e analogaes of Fisher’s gestatistics 1 16 wac my thought that one would
calubate one or nwee of these expresaons, and Of mure than enc) hope they would
somenhat agtee Nov doabt, with factonal daia showing pronounced effects for st least
twos Lattors, ome would atlach pomvary importance to additivity. With only one effective
factor, there wouhd be o guestion of additivity, and one wouhd attah primasy imporissc
to constancy of variance  With no effective factors, and in parhicular with a simple homo-
geneous sample, there would be nothing tie warsy about eacept shewness.

Now Protessns flon and Cox have shown that these three separate estimates should
tvers nearly) he averaged m 3 cortun praportion to yicld 4 best estimate of the poser.
Thes sesult, fur the relabively smple calcnlations based on restduals fiom a keast-squars
anatias on one sale, patatich the subtle decomponiion of the Liehlond function o
three pasts 1a Section §.

Profosor Con replied brclly at the mecting and the authons subsequently rephed
mote tully m wntng as fallows

We e very gratetol to the speabers for their encouraging and helpfud rentarks.

One mgpartant gencral ssie tancd By Protessors Tokes, Mlackent, Rartlett snd
T Sanphond cancesns priotetes for the crtena of camphicty of the modet and specrfically
ot whfitinds, 1 hamuogeneity ol vanance, 7 and normabity, & We cortamly ageee o8

st the “comman-sense analysis before the more clabarate one  As Mre Kerridge has
wery nghtly stressed, the s ufea gy an extresncly sample one . m partic ulsr, the absence
of meratve cakulatums i cosiderable practical advantage. We hope that this wil
sassure Professor Placket! thal we ind ol adsecirting upnevessary chiboration  Mre Nelder
s stated extremely cleacly the aeed Tor o iore searching cunmnition of “assumptions™,
We have not spevilin atty investigated the puing ramed by Professer Bartiett concerning
the adequacy of the chi squared approsimatinn for conlidence mtervals for A However,
e hne we have followed in tinding a chiser approtimation 1o the postein density of A
faads t0 posterior mtervals Iased on the F distirhution amd a sunthi approssmation might
. e found fur confidenee micevals  The use of Lyt d) instead of Lo d V) was suggested by
sszlogy wih Bartlett's (1937) proceduic of applying the hikehhoud-ratir procedure after
witadle contrasts hive been remaved by wamtormistion.  The dutficulty when A s unknown
et the {{ tore ¢ the patamcters 8 depemd on A, so that the argument
. wat best approsimuate  We were must mtercsted in M1t Netder's remiarks on this peint

L. aad Bope that he will develop i ideas further.
> The mammuin-likehinind approach and the Bayesian approach have debtherately been
pven as entirely sepacate but patalict developricnts  Professos Plachent suggests that we
mmtdy the Baycsian approach onty because it Teads 10 “better” confidence mtervals; this
#9801 0. Several speakers have commented on the special pt ior dntnbutsan (1Y) which
@volves the obnervations. As we remarked in the paper, it is posuble that there is an
shermative and better approach 10 this, one way may be to muke the prior distributions
for the contrasts depemnd on the genera) population mean. Howcever, the observations
e (19) only 10 a mikl way in estabhishung the overall kevel of the observations, usually
e overall geomettic mcan 10 aur speail cases. 1 1s essential that same altawance should
Se made for the fact that the privt distirbution for the magmtuite of the contrasts depends

8 the overall magnitude of the obscrvativms
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In answer 1o Mr Beale's question, we feel that, while it 1s probably possible 1o develdp.
the theory for non-monolonic transformations of the dependent variable, we cannot thiak:
ot any suuations where such transformations would be physically aflowabte. i

We are gratcful to D¢ Siuth for his reference to Naylor's work. However, Naylot
seenis i be conswdering stuations where the transformations are, over the retevant nl..
peactically hincar functions of ane anather. In our examples the relstive range of variatiol
of the obsesvations is high, the transfarmations are very non-lincar and this is of course
why ue are able to obtain fairly sharp discrimination between the different values of A,

a the quantal response case, the transformations in Question hecome cssentially differest f

snly 10 the tashy of the sesponse curve, and observations there woo i :
itfcrences 10 be detectable and of practical importance. I be required for e _
We are vary sntcrested in Piofessor Anscombe's remarks on residuals. Funhey
vomparisans of the analysss of residuats with the methods of our paper would be of valos, |
We wie micrested 1n De Hartigan®s problem and formulation However, this socms

caentilly ditferent from ours, parsty because in our applicaisns we are primarily interested 8

11 Lhanges m response, rather than in absolute respomes, and partly dhecause one of ow
Prnuny obiectives s to find 3 wale on which the factor effects s aoinctly characteriaed

On Local Inference and Information

By D A S Praser
tnweruty of Toronte

{Reveived June 1961 Revised Februasy 1964)

SUMMARY
Two techmgues lor hwal unhiased estimation have been developed in recent
papers {Foaxer, 19nhda, by In thas paper these techntques are used Lo examine
some aspevts of nfercime and nformuition  Both lechmgues show n.
adequacies fur transhitim-mvai tant mosdels, and this despite the development

Py 4 tew parameters. Fven if the distssbutional assumptions were so be pluased nos-
ottty (whwh we wonld i any case not wish 1o do), we aurst have pasametens
10 order te ddesnibe w1 bt Gonely the Changes in fespaise 1 o compien system.

of the second technngue o the basis of conditionat sulficiency which is basic
to translabion msatned  muslelh fiference  amd  mformation are then
exanuncd brwtly foor tambion-mvagiant  nunkels and aome  moditied
Jetimbions of informiabion aic proposed  The sesults are then evtended to
othes mundcis and lead 1o detnnbons o loval strudturasl probailitics on the
parameter Space amd tor a revidust bikebibood funciion,

Resemences iv THE Discussns
Poran 1L 9198 A guick methor for chooking & transformation™. e kaomerer s, S 171.3%
Nariee AP e T4 ainpatieens oF fegression titred by s, hketihood 19
st Coumeen trandormastaons of Diternpiat Jata”, dmna hum Genr, Lend | 27 234 240, p
T 0 + L Ar UINBIAS DNESS
b Stanstical Methads and Scrwennpu Inference § nhicr (1980 invasigates estumation
s aaghbourhood of o paramato poant B, Fe presents a detustion of consistency
dat s applcable to discrcte dinbutions and finds, for 4 neighbourhood of 85,
e esimate that v haally conustent and of nuisunn vanance. The ordinary
cacep! of unbiasedncss v Jos sestintine and a sionlar analyss (Frdaser, 1964a),
aing the covanance nwyguahity s a € e Rao manncy, produces o focally- unbrased
s atanate of mummun satee. Lins s el sesticied to disceete distaibutions and
" geeds onty Cramér Ran repabinty comdions
In beeef summary bt 6,0 Ly beoa sample from g distibation with density
M| having a real paronctor 2 amd Gensado estamation s ocigbbouhood of 8,
The mununial sullcnt satistin » :
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ohere ¢ invandetermmate AL 4 L st adenivatine approtmation, an equivalent
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