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An Analysis of Tran'iformations 

By G. E. Jl. IJnx and D. R.Cox 

Unh•"ilr ••I U nt'drttilf flj~llrul Collrrr. Llniw""'"fLAJnd"" 

lllc.W ~t a ltuoA••·n M• no<>t>'l Mtf11NI; of the Snnuv. Aroit 8th, 1964, 
t•,..tc""' 1>. V. Llhutt v in the t:lwu I 

SuMMAIIY 

In the an:.ly,is nf ,t.tta 11 i~ often as.~umcd that ohsc:rvatinn~ ,.,. ,., • .. , y. 
are tndc:pcndc:ntly n••rmalt) d"lllhulc:d w1th .:nn>tollll \'anarn:e and with 
cllpn;tatron' spc.;if~c:d hy .o 1nodcl ht-.ear in a set uf patamctcrs e. In this 
paper - male the ~ rC\tr ... uve o>r..•umpuon th01t such a nnrmat. homo
sad~SII.;, hnc:ar m•Kkl " apprupriale after some: )Uital>le transformation 
ha.• hecn at•ptced In the _y· •. lnlcrc:ncn abnut the transfn•mauonllnd about 
the parameter~ <~f the hnc:or """'cl nrc made by ~nlllfllltlng the likelihood 
funcuon an•l the ldc•.tnt rn\ICfi\JI dhtrobullnll. The t:nlllllhUtll>tJS or 
nurm;ahty, "''"'"".._.,t .. ,t..:oty and aJJoll .. ty In the uan•founauon are 
separated. lhe ocl.•'"'" ul the prc..:llt mcrh • ..ts h> carhco rrucetlures for 
fmdcna uan'f"'"\;'4"'"' " '"""'""'' ·1 he nlCth••d~ .111: tllu•ttdtcd wilh 
eumplc~ 

I INIIUit>IJ("fiiiN 

Till uwaltc~:hm<jUC' r ... lh~ aualY'" "' hn.;ar rnmlct ... ~ ncrnplihcd by the analy~is or 
nnan.:c an,! h)' muh1pk 1q;rcntt>n o~mal)'"\ arc usm1lly ju~llli.:.J loy assuming 

(I) \lmph.:lt) 1>f >IIU•tllft t"t rfr). 
(nl cc•nstan,·y ul Cll•'' \illlan~c. 
(m) nurmahty of ,h,tllhutu•n•, 
{lwl indc:rcn•lcn~c uf ub~rvaflull\. 

Ia analy~t~ uf vanance art•l~<:olllun• •• \'cry nnf"•rtant c~amplc uf Iii is che a~~umplion 
of additi\"lty, I C. ahso:nt:C "' mh:racllun. h•t c•aiii!'IC, Ill a t~o-way table it may be 
pouible '" rcprl.'"-"111 I.(J) hy a•l<ltli\'c ~:un~tanls a~••..:tatl.'d w11h rows and columns. 

If the "'-'""'"""I" hi 11n1 ;m: nnl sall>li.:tlln tcnn!i of the nnginal c>hservations, 
1·• non-linear tran~f.,rnc:tttun of1· may irnpru"c mailers. Wllh tln~ in nuntl, numerous 
tptttal tran~fillmat11•n• for use in the am•lysi~ of variam:c have he-en c"amincd in the 
lrtcraturc; sec, in parro.:ul.or. ll.trtkll (1 11471. The main empha!ois in these studin has 
&ended h• be "" ••htOJimnJ! a '''"'rani error vauam·e, c~pc.:i;tlly when the variance 
fll ''t~ a kn••wn fun•ll••n .. tthe mean, as wllh bmomial :rnJ l'ooi5So>n variates. 

In mulllt'le rcgre,,iun J'~o.hkn", an•l in partit:nlar in the :tnal~is of response 
ptfac~. auumpltun Ill nu!_!ht he tllilt /{(t•} is a•h:<Jualdy r•·rrc~ntcd by a rather 
timplc: ernp~rk:~l fun(lhlll .. r tho.: lml.:pcn•Jcnl vanal>lc~ \ 1, '•· ...•. \ 1 and we wt•uld 
.ani 10 tran~f••nn '" th:rl tin' ;c\\UOIJ'th•n. tn(!t·rh.:r \\ith as~umrtrnns (ii) anti (iti), 
IS t?prOtJmatcly ~~t"h.:ol. In !><nne ,-.,o;cs uan~f,~r~n;lllnn uf imkrcndenl as well as 
of dcptndo.:nt \'ariahlo nu11hl 1>.: tl.:,lfal>le lu pruJu~.: tho.: snnplc~t l"'~~tblc rearcssion 
model in the: lfan~f,•rm~·l v.tnal>lc•. In all t:i154'\ we ate .:••tll:o:rttC<I nul merely In find 
a lransfurnt;tll<>n winch w1ll l'""'Y a~~umptinns hut rathc:r to hn•l, whtre possible. 

a mctrrc in tcrn1s uf .. tu.:h th.: lmdutg• m.ty he- su.:cim:tly C:lll>rc:~ed. 

•.• ~ 1: 
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l'ad1 uf th~ wnM.Irratiuns (i)· (iii) can, and has been, used separately to sclecla 

~ull;thk ~an•hdatc frt>m a parametric: fantily of transformations. For cumpfe, to 

a~:hiev~ : .. l.lito•·ity in the analysis of variance, selection miaht h.: hascd on 

(ill muunu/;ollnn uf the F value fur the deJrcc of freedom fur non·additivitJ 

(luk.:y. 1\1-N). ur 

thl mmmu1a11un ••f the F ratio for interaction versus error; or 

(\:I lllaunnt:ni .. n uf a he F ratio fur treatments versus error ( fukcy, 1950). 

lul.,·y :nul M .... rr ( 19S4t u,;cd mctht..t (a) in a numerical example, rlottina 

Ctlllh•Uh .... r "!!ilinC'I (.\,.·':I fur tr:tn~formataons in the family (t• I -\)•·. They found 

lh.oa on lh,·or ranh.ul:u ''"'"'Pt.: the nnninuzing val~~ were w~ry impro:ciocly dcttrmined. 

In I"''" (.11 and (hllhe l!Ct\Cral ohj«t i!t to look fo>r a ,..;af.: un whk:h e1T.:..1s are 

aol.ltu .. ·, H:. h> ..._.., "'IKtho:r an aprarcnt tnleraclion is removable l>y :a transf.>rmation. 

C ll , ... , .. -.·. "n!v a J>allicular tyrc <>f interaction is so rcmo\lilhl.:. Wher.:-o~s (a) can be 

arrl .. ·••· .... namrt.· .... a '""''"'"")' d;~..s.dicalion without rcrJ...ah.•n, mctlk,.j (b) 

f>:•fllll<"' I he ;ovaoJ;,(,ifny nf z.n crr<lr term .c:par;,ted rnlm 1111: llller;tCIInn term. Thus, 

,,. ''l'l'h•·•l h•" lwn-wa:v "'·'"ilicahnn. 1111:1h"d (h) eoukl only be u ... .-.t .-hen tbl:re w.s 

•••m•· •o:t•lo,-,.,,,,,. '"''"" •:ell\. I in .. Jiy. mcabod (c) can be u-.c.l c•-cn m a one-way 

anal)'"'" hn.l ''"'-.. :ok """Judo lrcaiiiK:nt clfccu. arc in s.•mc ....-nw m.>"' ~nsitivdy 

•·•rr.·--,·.1 In t•.uu.,,l.or. lul.,·y (1'1~11 ""~.,.,tc.J multwau.u.: .:.m .. n..,al anal~s of 

l1. •' 1 '" lin. I I he lm.:;u Collllhtnall••n ,. t .1,.~ nk>~t scn•oh..-c '" IJCalnK:nt effects. 

"" "'""'·'"~· • .u.: " , ... ..,.,.,..,U) "' u"nl! r i .1,.- u~cr the ,.,.,,. r.m .. ~ conu11only 

rn,••unt,·n.·.l '"'h ,t.u .• 1...:-u•g """'"•d~r...~t fur u.ansf.,rntalh•n~ tut ,.u,h a U••n~r.,unaaaoa 

I~ "W:It,thlt.• ••nfy "' •••OJ! •• , tiK• ".;l)tt(" nl .\ ~lnc.J It~ \"aJur" n( .I ,If(" Mtefa lh:at lbe 

lr.tn,._,f,ttflMih•U I' IIIUIIt•h .. tl(". 

r .. , fl,,,,r .. ,"'"''"n h> •tahthtl!' •·:tro.,.,.., .. 11..: "'"·'' m.·rf,,,.J(fl,trll.-11. 19-11) i~ to 

~kh.·rnun,· ,·n•pun.-~•11)' .~r lhcntt:tk.:.elly the rd.a"'"' 1,1wc~n \":ttl;u"". :.en .. t ttt\•ttn. An 

nol•·•ftMk nnpn•.:.al td;oh"n n~:1y ufl<'ll 1-...· l~•untl l>y rln1t111,: I·•~ .,f tl~ wttlun..,~ll 

\OUMI'l.e ·•!!·Un .... r h•J! c•l the t:t.·lt ,,.,._ ... :.n . .'\n••thcr m<llh~ ••tttltl !'It: lu4.btJelSC a Iran,. 

furtu:tt•nn. \\rcfun :t r .. ,uu,:tt·,l f.tttuly. ''' nuntnutc !I>•'Pl<' Rlt."~hur .. • ••I tJ,,. h.:rero,CntiiJ 

"' '-'"·" .. , .. ,,,, h ·" n .• rtku·, ..,,,,.,. .. n We arc j!r.th·f,.l t.• ,, ~<·fi!'IC'C for p>inuna 

nul·''"' lh,· 1'·'1""' ··1 "'•·•·tL•'"'L' I 1'149)111 \l<hK:h, lllf>.trt~<ul.n, "l'fl"''""al~ li..lu.:ial 

'"'"'' '"' 11 .. fl·"-'lll··•··r .\ m th~ U;on,r ... ·maHun ,,f ,. h•lu111 r 1 .ll.tl~ .. hraniC'ol. "(he 

mo:1ho.,l " "' "''"'""'•· h.lu\l,tllmuts I~·• the r:~ramc1.:" mthe ln,.·.or h·btiom nhwrvcd 

h• h·•l,l "l~t·n the \\lllun·t~ll ~l.lllotar.J olc-o.tltun" rqtrt:Mot:.J ""tho: ,·dJ n>c:;m. 

lrn.1lh. "luk th.-o.: " nu1do \\uri. un tran•f,.tnllnt: a "n.:l.: ,f,.,tn...,Jiio>n It> 

n.•rn~o~hl\. ,.,,"''""""' no.:lhuol' ol hn.ltni! lfiln-.f,,rn.,,t"~'' '" ,,,;.,,.,,_.._. n••rn1.1hty 1n 

ana)~·,,, t•f \ ;UI.llll"\'" r•uhktu"' ,tu nul ~~1U IO fta"'C hc-,•n '-"t.JitM\tt:h'",f 

\\'lui,· ""''""•Ito: ( IW•II :an.J An...:umhc and 1 uLcy (I 'If•.' I l>.no: .:mrJ.•,-.:•1 the 

.tn .• l\ ... ,, ••f r,.,,,lt •. at ... ••"' ;a tnc •• n, ,,f .. t"·•,·,·tut~ ,l.,·p.,rlnr« fr•,nt ,,..,_. ''·'"'l.utt ;'''luurtiuns. 

lhC'y h;I\O: ,,J,,, llhhcalcol h .. w lr;tn'l••fiU.tllnR• mtt!fll lk• \"o•l"tllh.l<"•l lrnm CC'rtain 

lundt.-n' ul lhc.· r,·,kluah. 

In rq:r.·'""n rr·ohL:n ... "'here ho•th olercndent and •nckrcn•!•""' vanahlcs can be 

11,,.,,,;., ..... 1. rht'll' ;u,• n~t•rc l"'•~ihtlt!tt:\ h• hr ..-.~n ... Jo:r~ol. lr.tn•f••rmallmt ,,,.the 

tmkt'·nok-nt '·"'""'' ... Cll·•~ and lttl\\cll. 1%21 can Ito: arr'"''' '""'"oUt aiTc(tin(! the 

,.,, .. ,,.,n .. ·) ,.r \an;uu.·.,• ""'' n ... nnahty uf err"' e.lbtuhutiun" t\nuna"••to:uu "rf'ltC.lliun 

.~ h' u ••n ,.,. a tnunntunic nntl·ltnl"ar h!'fFr!\~on n:lahun inln a lu"-"ar one. ( )b•.Jiu\lsly 

n '' u'C'''"'' I•• 1r" "' IUt\.'";ui'c ;, rd.ot114Nl \\lu,;h •~ tat•t mt•nuh•ntc. hut a uan~f.,rmalic"'lft 

I§ ••>lllt'IIIUI'• u~fuf tn 'IK:h C;t§C'S, f••r e\atnfllC'. l\l Rl:ti.C' a rt't!r<-..\lo•n n:Jatinn mote 

nc;orly tfll:>olr:u...- :u.>un.J its nla\nnum. 

,) 

.• •. ,,:; ..... ,.j _i;ff':~~~?:,~!;::yif,<:>2~~~~s :~7f:;'0,;;~~~;¥IS;"J!
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2. GF.Nt.IIAI. RutAIIKS "" TIIANSfoRWATtnNS 

T1le main c:mpha~is in this paper is on transformations or the dependent variable. 

11le pncral i•lc:a is tu r~trict aucntion lo lransformations indexed by unknown 

p111mc1ers A. and then to cslimalc ~ anol the l>lher parameters of the modd by 

lllndard mcthtllls of inference. Uwally A will he a one·, or at most two-, dirncn~ionat 

flrsmetc:r, although there i~ nn r~-strictiun in principle. Our procedure then leads 

10 an interesting synthesis of the procedures reviewed in Sc1.1ton I. It is convenient 

to make first a few general p>tnts ahout tramformations. 

First, we tan di~tinJuish ho:twccn onalyocs in which either (a) the particular 

uamformalion, A, '" of <lirc.:t intc:1c~t. the detailed !oludy of the factor effects, etc., 

llcing ofsccon.Jary cuncern; ur (hllh.: main interc~l is in the fa"'"' ctli:~'ls, the choice 

of A being only a preliminary ~lcp. Type (h) is likely lo be much I h.: more common. 

Nevertheless, (a) can an..:, fur c'(mnple, in the analysis of a preliminary set of data. 

Or, apin, we may have twu fa.:t .. h. A an•l n. who'C main eiTC\:Is are broadly under· 

stood, it being required to ~tu•IY lhr: A, ifony, fo•r wb1dttherc: •• no interaction between 

die factors. llcre the prim01ry mlercst is in A. Inca~ (b),lmwo:vcr. we shall n«<<tn 

hone, or possibly a ~m:~ll numhcr. ul A"• and gu ahcad "'ilh the tlctailed estimation 

and intcrprcullil>n ,,f th.: li~<·h•r clT~..:b nn lhis rarticul;lf tr;m~formetl seale. We 

lhiU d~t~osc A J'llllly in lho: ltj:ht "'"the infnrmatit>n rrovi.tctl by lhc data and partly 

from RCncral c•lll>idc~;lth•n~ nl ""'"'""'Y· ea!oC' uf uucrl>ro:t:llinn, etc. For ins1ance, 

il would be qu•lc JI()~Mhlc lt•r the l••1111.11 analy~a. h• ~huw thai s:ty b· i~ the bat 

tale r,., normahly and \:un,lan(y of ~ariam-c:, hut fnr us tu JC'cidc lhal there are 

cornrclling argtllncnh n( ~-~~~ ur inlert>ret;ttiun for worl.ing ~"Y with lt•t.U'· The 

formal analy~·~ \\Ill Wllfll II\, h••Wf\"CI, lfmt \:hiiiii!O:S <tf O:IIJ:UI\;C :tll\l IIOn·ROIRUtlity 

lilly nerd au.:nlh•n 111 a rclincJ ami .:tli.,cul anuly~is nf log,. "fh;ot "· the methoo 

dtvtl••rcd bclnw fur hn.lutj! a lf;u"f••fln;'''"" i• u'-C'ful a• a gui.lc, hut is, of course, 

Dillin be fnlluwctl 1->Jn~olly lu S.·~ttun 7 we ohlol:u-. hricRy snmc ul I h.: con~qucnccs 

of intcrprchntli f:a.:t.•r ,·IT.:.: I• "" ;1 ...:ale du•wn "' I he light ,,f the d;•ta. 

In ret~rc~~i·•n ~tu•l..:•. '' " "'"1\"tnnr• tlC'<"c•..ary tu talo.o: an cnurcly empirical 

•rproadt It> tiiC' •·hnrw ul a rd.•lt•'"· In ttlher c:.scs. r"~""'''' l:aws, thmcnsional 

an;ai~IS. ell:., n1:1y '"j:f~•l ,, f>.lllto;ul.lr funcho>n:tllunn. llllt', Ill a l>llltly of a chemical 

Sy\ltm one WtlUI.J 0:\ftC\"t IO:,to;llull talc t•> he J'llll'nlhull;lf In \Utile power o( the 

cot~~."tntralh•n ami tu ,,,.. ;anlll"i! nf the ,, ... 11'"""' uf ah-..lnt.: remrtraturc. Again, 

ill many fiC'I•I• ult.-, hnul··l!~ ld.oli""'hir• uf 1lw r.,rm 

)' 'J ,~1· '':' 
are very cnmmnn. '"111!'"'""11 a '"II tran•furnMtJun uf all vanahlc~. In •uch ca§C's 

die rea~oonabl.: tlung ,.,IJ.,fl.:n be lu'l In :orrly I he tran~furm;uinll~ ~uggcsh:rJ hy I he 

prior rcasomng, ami afl.:r ''"'' '"n"•kr whoat further moolf'<'aliun,;, •f :my, are needed. 

fiaally, we may knuw the ho:h;l\iuur .,f .1' when the in.t.:pcnd•:nt nriahle!> .\1 lend 

torero or inliRIIy, :md \:t:rl;oinly, ir wear.: hn(!Cftllth.•t the mndcl m•ttht arrly over a 

•ide range, w'.: ~hnulcl.: .. nM•k• mntlel~ that arc cun~i~tcnt ,.ilh ~tt\:h limiting prorrrticl 

of the !O)'Sielll. 
We can •li~tinJ!"''l' hru;t<lly awu tyrcs uf <l.:rcndrnl variahlc. ntcnsivc and non· 

ntcnsivc. 1 he former ha~c a relo:v;ull Jnnpcrty .,f t>loysicalaot.luivily, I he latter not. 

Tbus yield uf pro~<lu~t rtr hal.:h •s Clllensavc. Tho: f:ulure ume nf :1 comf">ncnt would 

lie consi•fcrcd Clltcnsiv.: if Cnmponents arc reJ>lac~.J 4ln f;1ilurc, the main thing of 

ialtmt hcing tho: numhcr nf cumr,.•ncnts u§C'd in a long lime. l'r.,pcrtics like 

temperature, vtscn~ily, quahty nf rr•~<htet. etc. arc not euo:n5ivc. In the absence of 

:- ... ' 't t~·~..J·f; 4 ... ~~ '!t 

•• •. ,A ... 

/ 
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the 5o1ft of priot comideralion mentioned ia IM previous parapaph there .is- 110' 
reason to prefer the initial fonn or. non-exfcllshe ftriabte to any mcmotonic ftmctioc· . 
of il. lfo:m:e, transfurmations an be applied f~eely 10 non-alenlift ftria1llel. POt 
exlen~ive varia hies. huwewr, !he populatioll mean ofF is the parameter ddcnniftitll : ' 
th~ lnn~·run behaviour or lhe system. llaus iA lhc IWO eamplcs mentioaaf above, 
tlw: lulotl yield of pruduel in a Ions period and lhc total nUIIlbu ol compcmeau tiMif 
in a \'Cry '""' time are deacrmined mpecaively bf the population mean of yield.· per 
h:tlch and tilt' mean failure time per componenf, irmpeccne of distributionat (ora. 

In a narrowly tcchnulnp."lll sense, thcftfote. we arc intcrcsled in lhc populatfoa 
mean of .•·. nttl uf !l<Hnc fum:cictn of y. H-we cilllcr analyse liflearJy the ........_. 
fnrn•..-•' data ttr, if we do apply a translornaatioa in order to make a morcdlcieftt ll1id 
"ahd analysi'l, we ~-.mven the condusiocb t.ck to the original scale. Even ia circuaa
stam.~ whc:rc:. for immediate applic:atintl, lbc oriplal Kale 1 is required, it maJ be 
i>o:lll'f r.• think in lerms u( transformed values ia which, say, intc:rac~ioal have beat 
rem.•~cd. 

In ~o:ral, we an rqard the usual formal linear models n dniftJ two l•i"P: 
(il I ~~~:ifying I he questions to he asked, by dcfiaina explio:illy the parameten 

.. toidl it is tho: main obj«t o( the: analysis to estimate; 
(hi ~"'"'fying a~~llmJ>Ii•ms undl:r whida the ahove paramct('r; can be simply and 

clk .. "l••·dy c:'timaiN. 
If there ~h .. ulcl ho: conftic:t bctw~n the rcquircmcncs for (al an.l for (b), it is belt to I"''' mo>\1 ancnfl••n •·• (a), li~-e appro1unur~ inf..'fCno:e aht1ut the most meaniiiJ(.S 
J"lfamct~·rs I~ \:lo:arfy prefaahle IO f11rma1Jy "eu-:t" inf.:rem-;: aboul parai11CICI'I 
"h•...: detinlli••n j, in s.\flle way anifio:ial. lbercfnre in selecting a transfurmatioa we 
nn~tht ,,r,,,. Jive lint alh:ntion lu simplicity o( the nm.kl Untttllre, for e1amplc to 
ad.hltuly in the analysis of nria~"C. This allows simplil:ity of •kriptiun allll allo 
llw m:ain ciT.-.·t uf a f;u:·hlf A. nr.~~uro:d on a Kale for which cho:re appean; lo be 
no• inl~""'''"" .. nh a fach>r It, nftcn has a reasonable l"'"'''hiltty nf llcing valid f« 
lc•d• ••f II nntsi•lo: th•I5C nf lite initi.1l c:~reriment. 

.l Ttt.,~tliiMATIOfil ur nil! DEPF.filtiOIT V"IIAitll: 
\\'c wo>rl. with a rar;~nwttio: family of transformallons from .r Ill y'11, tile 

par;mu•U.'I .\, J'IIWhfy a \'(1;fOf, ddinin8 a particular tran4urDlall<lR. Tllloo imporiiiJII 
cuto•rl•·• co•n•~<lcr~.l h.-re an: 

and 
1
, ... ·- 1 
-- (AtfO). ,.... .. ,\ 

"'81 (l ... 0). 

l
(t•-t ·~···-1 .\ (.\, .. n,. 

r'AI- I 

l••~t(t· + .\1) (.\1 • 0) 

(I) 

(2) 

The u:m.,f·••mal•••n~ (I) hold f••r .r >0 and {2) for J1 > - ·'-· N<1tc tlMt ~ino:e an analysil 
nt' '·"'·"~.: •~ un..:h.tnt«"l by a linear rraniltNmalic•n (lias c:qau~alo:ntto 

.JA" .. ,,.• (AJfOI, 
I•··I.F (.\ .. 0); 

(l) 

Box AND Cox - All AI'IIJI}'IIJ of T'IIIU/tll'lffiUillnt l. 

form (I) ia lliJbtly prefc:!lble for theorctk:al analysis because it is continuous at 
In acncrat. il il assumed thai for each A, ,.A., is • monotonic fuiiCdoa or y 

lho admissible ranae. Supposo that - obscne an ")C I vector of observadonl 
(1 ..... ,,.),and that the appropriate liaear model for the problem is speci&ld by 

E(J'U) •If, (4) 

' wflere r•• is the column YCCtor of lrtiiU/omttd observations, • is • known matrix 
1111 t a vector of unknown parameters associated with the transformed observations. 

We MW assume that for some unknown .\, the transformed observations 
Jt'l(l•l, ... ,n) satisfy the full nonnal theory assumptions, i.e. arc indepcndcDtly 
IDnllllly dislributed wilh constant varianc:c o1, and with eapectaliona (4). The 
palllbilit)' density for the untranslormed observations, and hence the likelihood 
II rtllnlon to tlttst prlginDI uhsnmthllls, is obtained by muftiplyina the normal 
asit)' by the Jac.thian uf the tran~formation, 

1bc: likelihood in relation to the oriainal observations 1 is thus 
I r c,u•--at)'(y<lt-at}\ . 

(2•)1~.,.,cllp - 2n• IJ(A, y), (S) 

wllcrc ·1J, .... I Jt.\; Yl" II ·-J';- . ·-· ·'• We :.hall eaamine tw•• ways 1n which inferences ahout the parameters in (S) can 
IIC made. In Jhc fir:ot, we arply "lJr&hudoll" largt:•llollntple nununum·likelihood 
*ory to (5). This apprnach leads di~tly to point c~timaces of the parameters and 
10 approxtmatc tn&s an.t ~:onfklc:ntc interval• based on the chi-!KJuarcd distribution. 

111 the second approadt, '"" Baye~·st hcurem, we a$sumc thntthc prior distributions 
olthe fl's allll log" can be taken as ~ssc:ntialty uniform uvcr the region in which the 
lilefihood iS 8J'II'I'«iaNc: an.l we integrate fi\'Cr tbC parameters t-' obtain R posterior 
llitlribulicln f"r A; fur 11\!RCtal •li-.;uuiun vf lhis aprrnadt, see, in llllrticular, Jeffreys 
(1961). 

We find the maAimum-likelihoud estiiiUIICS in two slCf'l. First, for given A, (S) is, 
CICept fot a C<J11518nt ro~ct .. r, the JikcliJKood fnr I standard feust·SQU8fCI problem. 
1tcace the muinlllm·hkchhnud cSlimatn of lhe O's arc the least-squares estimates 
for lite dependent variahle J~" ilnd the estimate of u1, denoted f<~r lhed A by &I( A), is 

a'( A)-, ..... ,, ... ,, .. S<A>tn (6) 

wltcrc, when • is of r ull '"""· 
a, ·l-a(a'a}- 1 a', (7) 

sad S{A) i• the residual sum of squarca in the analysis of wriance of yilt. 
Thus for ~led A, the mu)mited loa likelihood is, except fur a cnnstant, 

l.m••(.\) • -lnlo.)8.1'{A)+IoJJ(.\; J). (8) 

Ia the important 'lliC\:ial case (I I ••f the simplo: power tran~funnatK>n. the second tcnn 
ill (I) is 

(A-I)l:luu,. 

Ia (2), when an unknown origin -'a is inehnled, the term beeon~n 

(,\1.;...1)l:I"I!(Y1+ -'a). 

(9} 

(10) 

U,; e f'.,.h.Jl]t"l,n • 
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h \\ill now be informative to plot the maiimized loa likelihood L,.. •• (l) apimt A 

for a trial sc:rics af ~alucs. From tlriJ plot the mnimizing value l may be read of 

and".: catt uhtain an ;~pproximatc 100(1-G) per cent confidcMC reJion from 

L,. .. (l)-1.-s(A)< b~ («), 

• 
w~rc •·· i~ 1~ numher of independent components in .\. The main arithllletC 

c:dn~t~ts m doing the analysil of variance of ym for each chosen .\. 

If 11 \\·~:rc c\·c:r dc:~irc:d to determine l more precisely this could t>c done by dctermio

'"1! numc:nc;tlly the value l for wluch the derivative' Wtlh respttt In .\ are all aro. 

In the: •tx-cs.tl c:t1oc: .. r I he: one parameter ~r transfonnation , ... , = (y~ -I)/A. 

tl ,.~1'1 DUJ II 

J~ ,.,..,(.\, .. -, ...... : ..... +;rt l:tog,-;. (12) 

\\ l..:u:- •' .. " the \lXh>r uf COIIIJl"ftenh !A In 1.,. r,!. The: 'numc:rah>r tn ( 12) is till 

,.., .. lt101l ~"'" "' pr ... htc:l' in 111.: a~I)"MS uf co~arun.:c of Y"' an.l ..... 

rh.· ·'""'c ,,·,nih ,·an he c:•prc:s...:-d very simrly if "'e ......... wnh the: norD13Iiud 

tr.,u,t~•l 1\MII,,n 

•••• = yt"iJ''•. 

"loc:n· J Jf I. p I hc:n 

I ~.,PI~ - Jnl,•goi•t.\, 11. 

\\ lu.·r"~ 

,; .. f.\. It ,t_••·a__,~4~' ~ .~{ \.IJ 

n n 

\\hCf\.' .\t.\. I}:- thr.: n.-,h.tu.aJ ._Unt t\f ~Uilf~S tlf Z~ u rttC ln.onllllf/"'t.l hlu,"ftllnutf 1'\ lhut 

rt•)l\t•Uh•n.al ... : \(.\. IU ,. an, I I he Ula••n•uut·lt .. cl•h••t"tl t;'\hHMt&. ., ,,bt.Uh\.',J .., 

llllllllllllllli-! .\f,\. II \\flh re'J'k'C:t lu ,\ 

lo•r tlw ''"'l'k l'"""r tr.on~lurmau.m 

:' ,, .:-
.•·' - I 
,\f" •• 

\\Jn•h· i· ,, 1h..: J.!l"•""'-""'' tnt·.,n ,,f lht• ••Nn:nion\. 

'"' lh.: I"''"" '"""'••rmah••n 10r1h •hofl<."\1 ,,,·;olh•ll 

_, ., h- t -\l'·- I 
:\,:/!111(.\" + ·'=·~ •: ·,. 

'"1,..,,. '""'' • 1;1 ''the '>.tmpk ji!C•>rn,·tn..: mean .. r the lr ~ ·'l:f, 

( ·"""'I,·• "'"' th~ C:oOfrO:'I'""'hnl! ltl}-.:"tan analy~cs. l..:t th.: ·k~rce' ,,f fr«olo>m 

f.,, r,·,r.lu .• l h,· •.• " · t.rnL (al. ;oo.t l.,r 

,.~,~,. r~·.,··· -"«·'• --- .: --.. , .... 
(I)) 

~· .,,,. rl''"fu.al IUl".tn ~au••rc lt1 lh\: ;tnal)~i' uf \';uian..:..: .-.( ) 1 •·• tluiL" I he ah,lnlt:lhJft 

lx·t'\''"'·n :.··(.\t. th'"· n~.t\mnun·l•l..d•lt ... ttl\1 .:~1itn•••~ •uh ,h..-r'4't ''· ..... ,'"'(.\\the ··u,uar· 

0 

illi11111e, with divisor the degrees of freedom "•· We tint rewrite the likelihood (5), 

U. the conditional prohability density function of the y's given 8, u1, ,\, in the form 

""·It aa A) --' - {- .. ,st<-'l+<t-t.r.·~te-i.>}J<A· l <t4l 

ru ' ' • (2n)t~ a• cxp 2a' ' y ' 

wllcre i 1 is the least-square!l estimate of 8 for given .\. 

Now consider the ch••~ of the joint rrior dittribution for the unknown para

lleltR. We first parametrize w that the Irs are linearly independent and heocc 

•- .. , in number. Let p,.(.\) d~,otc the marginal prior density of.\, We assume that il 

il rtasonable, when making mferc:ncc:s about .\, to take the c:ondition11l prior distri

tlution of the Irs and log a, given A, to be err~-c:tively uniform over the range for which 

the likelihood is appn:ciablc. That is, the: clluditional rriur ckment given ..\ is 

g( ,\),It 1 Jtloga 1 ), 
(IS) 

•llerc, fur dcfinctc:ncss, we: r .. , the moment denote the etfc:cls and variaru:e measured 

it terms of y'" toy a sullil' .\. The factur g(.\1 is included bec:au~ the: general size 

IIIII ranJC of the: tran)fnrrncd ,,~r~alron! , . .., ntay depend strungly on .\. If the 

alllditional rrror d~lrlhullun (I ~I IIVCI\: a ... ,urn..:d independent .. r .1, nonsensical 

mcalts would be nhtain(•l. 

To determine g(.\1 we arl!ll>= a~ fullu ... ·s. l'r1 a ~litntlard refcrcn.:~: value of.\, say .\1• 

5.pposc provi~iotrally th;cl, f.,, r .. c,l .\. the rehmon ~»:tween )'' •• and y"•' over the 

t111JC or the ol>o.ervatrun' i• dT<.'<:t .. dy hnc;tr, 1o.1y 

.•·''' =- ,.,,n~t t /.,)'''·'. 
(16) 

We can lll('n c:l""...c; .rf.ll '" th.al "'h.:n (lbl Jt.,J,h, the clln<httom.tl rn .. r dislribulions 

(IS) arc .:nn~i•tcnt ''"'" ""'" ;,nothcr for •hfl.:r.:nl •aluc~ of .\. In f;o.:t, we shall need 

10 aJ'f'ly the an"•c:t \o\loo·11 lhc fr;rr"ft•rttMiro•n~ arc arrr.:dahly llO>O·Iinear. !10 that 

116hl•>n nul t. .. l<l. There ""'Y he ;1 hcllrr "l'l''"adttuthc .:hnllc ,,f" i'""' dl\tnhutiun 

... n the rrc:li&!nl ·~11:. 
It follow~ from llf•l th;•t 

lu~ ,,; :. .:''""'' t 1ng .,~, 
( 17\ 

ud hence, t•• th" "'""· fhc P""' J.:n,uy of"~'' intk~n·knl .. r .I lfnwevcr, the 

t.·sare hll(ar c:umhm:tlr•"" .. r 1hc n.p:.:tl'<l values uf I h.: , '"'•· '" ch.lt 

,/11, 
JO:, = 1,. 

S!Gce there are II·- o·, rn•lc:pcll<lellll.'t\Mp.>IICIIh In 8, II ft•IJnw• that .((.\I is JlfO('Ortional 

"'~~~-··. 
Finally we nec•l ht c:h""~ 1,. In ra~'ing frnm .\1 h> .\, a ~mllll element or vnlume 

oftltc: n dimc:n!liun;ll !'tOUIIJllc ~ra.·c '" muhrrhed hy Jl A; yliJI.'.; y). An avcr11ge Kale 

dlangc r .. r 3 ~in~, . .:nmp.•n.:nt j, the, ... f•~t•t nr fhts ami. ~11\<.:C: .1, i\ unly a standard 

n:rcrc:ncc: ll:llru:, we: ........ arrr••llirnatdy 

'· ~ :J(.\, yll' •. (181 

Thus, arpro\lm:tlcly. 1loc: c:~>ndttrnnal rrrur dcn~ily II Sl i\ 

J8. tlll~>g ••• I 
,J,:c,;w;;-·;;;:;; 

..z • r.:·..J;.r,.JJ; • 
~- ........... -... ~---~.---:;~~ 

'V 
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Tho: ~''"'"mc.J rrior dement of probability n thus 

J8d(loga) , 1 ,\)d..\ 
(J(..\; Jli'"·•·•'•P.. ' 

"""'" we "'"' •urprcu the suflh. ,.\one and a. 
llu> '' unly an apf"ollimalt rtsulr. In particular, the choiCe of (18) is somcwblt 

arholr.try. ll .. wc-.·r. whrn a u:.cful amount uf informati(ln is actually available fCOJD 
lh,· "·''·' "'"'"' 1h~ u;m~furmaliun, rho: hkehhood wiii.Jomin:ale and liiC exact cboicll 
<•I 1l~l" n.•l<fllteal The pr11.:.r dtstnbution (19) is inter~tms in that the observ.UO. 
c:nta I he "PI""''"'·''e stan.Jardtling ,·oclfKJtnl J(,\; )'). 

W,· "''"' h:n~ the lokc."hll\><1\1 (14) an.t thco prior den~1ty ( 191 an.J can apply Bayes's 
tl.,-,,r,·m h• •'"'·"" lhc nur~mal postenor distribution of .\ in tht: fo>rm 

• IPfylp.,(.\) 
A --. ·------*' !Jt.\ .. s·;~'" ...... . 

(20) 

"'!u.·h· A 11 '' .1 n•'rm .. tlrtJn~ ,·,,n,r..tnc entl~pcnJ~nt ,,f.\, '"h"""" 'u I hat (2tllJnlc&rara 
•·· ,,,~. ~' trh h.,,.,.. .. ,, ht ·'· ~.::.J 

/1\: ,, " f .. "''·'tc"l r· ,,..,~, !8 ... z. -'1. 
• I 

J J,,· Hth"~'·': '~ t 1 "·:•n fl( ""\,tht.tlh.'t1 tu pi\t 

r••l '2''·l'ci•·,t /(.1. ·'' 
It\:' I •. '!~ ,.;:!~ ... -,,:•·· t ~ .... 

~Hh-.t.:IIL.n~ a:h• t:n1. "C' h.l\l' U:.!t t!u~ f"•~tertt.tl' 4.h"'lf•f\uh.~n t'f ~ " 

A !:''''· :t"li'·-
11 ;;2(-.it;i=.- p.,(.\l, 

(21) 

"la, ... h. A,'' .• •w•rn,;thttr1)! ,,."n(,ft~nt tn,l,·f'\'lhknt •1f \. 
I loti' lht• ,, ... u.hul~t•n ,,f the oh~t\;tlt••n,. 1-t 1h't! r·'~h.:th•f Jt\I!Jh,U:••R ..,( .\ d 

~t..·rh.''"·nlt.'tl ft) tlu.· f.u.h,r 

!}f.\,···:··"!''( '•:•·· 

'''·flU_, I~'!! ''"·'k, b) tin· .h.f,lrt1un uf ·' h·rnl 

1
1
,1-11 ~- i•·,l••I,!J:(.\1 I {o· •. ·lf)l..•~}(.\. J) (22) 

... h·,:r.t 11 
I Jn,·~ a!!;un tf to\C ,,,,rt.; wrlh the nnrm:~lrtc•l tr.tn,f.•r:n.lllt•n ~"' = .••":J''•, lbe 

rt.•'-t•h '" c\rr._-,\C,! \•nth t!r.:at ~m•ph~o·lt). f,,r 

/.(.II t• • lo>g ~.\, Zl (2J) 

.lah1 !!h,' ~""''''''"'' t.k:l'\lf) h 

~ .1) ~ wn't • rJ \'! • IS4.\ • .rll •·· 
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lo prattice we can plot (S(..\; z)) 1•. against ~. combining it with any prior 
iafomlation about A. When tht: rri11r density of A can be taken as l•!Cally uniform, 

·,~ die poaerior distribution n obtained dirn:tly by plnuing 

p.(~l • kiS{A; z)j·l•·, (24) 

•llere J: is chosen to make the total area under the curve unity. 
We nonnally end by stk'\:ting a value of ,\ in the light both of this plot and of 

tdta relevant considerations di!oe:uss.:d in S.:ction 2. We then J'lllCced to a 11andard 
llllysia using the indicat, .. t transfonnauun. 

lbc mnimiztd Ill& hkehhond and the Jog of the conuihutiun to tiiC posterior 
4iaribution of ~ ~ru~y be wrillcn respectively as 

L,..,(.\) = -lnlog!S(~; zl/n), / .• (.\) = -l~,J,>g(S(~; Zl/~,}. 
Tlttey differ only by suh<;tnutinn of,., r .. r n. They arc both monotonic functions of 
~.l; zl and their m:uin~:l ho•th •l<.'t.:Ur when the sum uf Mtuarcs S{A; zits mmimized. 
For ,encral dncriplhlll, 1-, ... ,t.lt an<l /.1,(.\1 arc ~uhstilnltally C•JUtv;,lcnt. tfowevc:r, 
it can nstly ha(IJ~Cn tb;~t ,.,;, •~ "l'flr.:<.:t.thly lc~~ than,.,,.:, c:•·en "'hen "•s quite large. 
Tllcrcforc, m aJlt>ln.:all•••"· the ,fttlcrcnt.:c." ~nn••l al"'aY" he tgnurc<l, c~pccially when 
a aumbcr of nu><kl" arc •unull;mcuu,ly c"n"<krc:d. 

Tbtre arc ,..,m.: rca!'<>n' '"' thlll.,tntl /.1,(.\J f>rckra"l.: h> /.,,,.,(.\) fmm a non· 
~n as well as frvm a Ua)C$1illl I"'"'',,, "c"'. -.....:. fm ~"""l'le, the introduction 
., Bartktt ( 19)1) c>( dq!rcc> ,,, fr.:col .. m tnltt lu~ lc>t l~>r thc h·•n• .. gcnctly of variance. 
'Be ,eneral larg«:·!l.11111'h: thcurcm• .,l>t•ut the "''"'f'lin~ d"tnhuuoon\ of muimum· 
ild1hood nttmatc\, ;uul the ma.,mum-hltchlm•"' 1al1tl du·'<!Uar..-d tc~t. apply just 

DIIIIKh h> I,(.\)"' h•l., .• ,l-\1. 

4 1 wn l·"~•n·• n 
We ba\·c WPI"•-.c•l lhat .&ifcr "''tahlc tran,l"'"'"''"" r,,,,., ,. l<l )'"'. (:1) the 

tlpetled nlucs ol· the tran•f,.tmc•l ulr..o:l\alwns arc .r..:~rohc.l hy .t mndcl of srmplc 
tlnldurc; (b) the crwr \;lll.tn'.: " ~··nMotnl; (.:1 the "'"'·n.tllt>t~< arc normally 
atltibuttd. Then we ""'"c: •huwn thai 1hc ma-im11c<l hkd•h•""' f.,r .\, an.l also the 
IPI"'OlilmiiC C<>lllltblllltofl lu the (lt•~ll.'fltlf oh~trt"utroon uf ,\, arc Cildt proportional 
10 a ncptivc flt>WCI ,,r the rc•ttlnal ~~~~~~ ,,r MJUilrt:s for the ~arrale :"' •I"" I)"•. 

The "overall .. rro..:c.lurc wck\ il SCI of ~ran,fnrrllali~>n rarann:lcrs .\ for which 
lal. (bl and (~I arc •tnmhotncllu•ly !lllll~lie•l, an•l '"mplo: mf.trmatinn on all three 
uptels gun intn the {hutu: In tlus S.:criun we n"w aJ>pl) th" ,,,·cr.tll rroccdurc to 
twO namplcs. In Sc~ltoon ~we ~hall'"""' hnw further an;tl)'i~ can sho•w the separate 
Cilltnbulions uf (al, (hi ami h:l Ill the: choice of t!r.: tran,formauun. We ~hall then 
tlttslratc this ~paralit>n u•ing a he ~.lme lwe> .:umrlc~. 

The abo\'C procedure dcpcn.J~ on spccilk a~~umption~. hut il would he quite 
WfOfll for fruitful arrhc:olae>n.h> rcl!ard the ;t,sumpuon~ a• tina I. I he proper allitudc 
ahccptical optimism i$ accurately c•pres.'\Cd t>y saying that we tcntattvcly entertain 
dtc buis for analysis, rather than thai we assume it. The .:hedmg nf the plausibility 
oflhr present pr<"-"ttlure will be Ji~us..:,l in Scctton 5. 

A 8/ti/••Jtiral F..rprrtmrlll u!inR o J, 4 l'uu111ial /leSIK" "11/t Rl'pllroti<»J 

Table 1 gi,·cs the ~ur\'tval umn uf animals rn a 3 • 4 fdd••rial e'pcnmcnt, the 
factors being (a) three r~>iS•lllS an.t (hl ft>ur trealmcnb ht.:h cumbtnalton of the 
twO factors 1~ U!>t:•l fur fo•ur ammal~. the llllo..:auon In antmals hc:tng comrlctcly 

raadomtzed. 

1' ~ t .. : '.,j .]": ·.,J :,.!": •. 
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We coosidcr the applicatioa of a simple power transformalioll 1'"' • (Joi-I}IA. · 
Equt~lo:ntly we sball act•Uy aaalyac die ~iud variate ;IAI • (J"'-1)1(.\j'-1). 

Tdllll 
Suniml li~r.t:s (1111it, 10 lv) of llllllffllls ill G J x 4 /tJCttWitll ~xpgirMffl 

TrrM-
/*M\41ft --. ·-· --· -------- ---

•• B c /I 

!Ill Ct-12 1)-~1 u~s 

ll~S HO o-~s ()·71 
IH6 CHill 4)-61 (~bf> 

n-41 o-n 4)-76 o-t.:: 

II 11-\6 092 o-" ~~~ 

Ol't 0.61 011 I ill 
0~ CH9 IHI 0.71 
on 124 040 o- J8 

111 o-z:z ()-10 on 0111 
1121 CH1 o:s 016 

011 0.)1 CJ-24 n-u 
I)!J 02'1 o-22 on 

\\',·.arc t<·nt.llnd) C'ttlcfl.aintng the nw.ld that aflcr s...-h aran•f•••nwli<m 

'·'' the "'"'...-''"'1 \alue of the tr:~n~r.•rmcd vari;ote m :u1y 4·.:11 ~"" be rerc-r!Cftted 
t>~ o~.J,hh•.: "''" an<l.:olunm •••nlilants.,t.c. I bat no in&cr.tt·U••rtlr"'" aR' needed. 

I hi 1111: l:ff••l •;&fi.UW.'\' IS .:un~t.Jnl, 

hi the "'"'''"I""'" .arc no>tnl;IJI)' •h~lnbulcd. 

lh.: ma,•nn/'''1 hkchh .. od oand I he ptKterior diSiributu>n :1rc fm...-a ... ns or the residual 
sum of "'uarc> for z'" ;.,flcr eliminatintt mw and ct•lumn ctfa:l\. I hi' sum of squares 

1s Jcnut\'1.1 S(.\. 11. It has 42 Jcgn:cs <>f frc:cdum and is th.: rc.ull .,r pXIIinJ die 
''\\!thin J!fOUft\ .. and the "Interaction .. sums of squares. 

Table: 2 ~ti~es St.\~ li t•tgetbc:r with I._.(A)IInd P.(.\1 twcr the tnlcmltOI nmaa 
The: ~-.·n~lant I. in I. .,.t.uo = p.(,\) is the rcapr<~al <tf lht: ilft"~ under the WM 

Y • r••" Jclc:rmincd by nultlefic-.11 integr.ation. Graphs .. r t., .. ,(A) 11nd of p.(l) 
arc ~Itt,. n m hf:. I This an;olysis point.s to an optimal value ••f aboull • - G-15. 
l1>onf! 1111 1 he: .:ur"c ,,( maumo1cd likclihoctd gives an 3f'l'l••,imate 9S pet cal 
t:o•nliJcncc: mtcr,·al fvr ,\ cucnding from abuut -1-13 to -0-)7. 

I be f"~cnvr di$lrtbut~<•n r.t).) is •pprnaimatdy normal wnh mc:tn -0-7S IIIII 
stan•borol .Jc,·ialh>n 0 22. Ab.lUt 9S per cent of Ibis posterior d1$1&ibulion is ioduded 
\\Uiun the hmors - I Ill and ·-0·)2. 

1 he r<"t:ipr<'QI lr.Jnsfurmalion has a natural arrcal (,,, the analysis or survn.l 
trmn su .. ;c il I) open lo the sample interpretation that it is the tat~ of Jyilrf "'hidlia 

'" l>c u•nsidcrcd. Our analysis shows lltal il •••uld. in r.~ ... emb.Jdy most or 1M 
aohantai!O ol>latnahlc. The comrletc analysis or vari•n.:c f•>r the untransfOf'llllll 
dara an.! r .. r rhe rCICiprocaltraiiSf<trmation (lakcn in the 11 form) i• shown in Table J. 

Whrrca~ "" great change occurs on traasformatiun in the mean squares aaocilllld 
w1th ~"'"''"':and rrcatmcnls, the within 1roups mean sqU:Jre loas ~brunk loa tbircl of 

J 

TAU.82 
Bloltt~kti/Jtlto. CalcN/athRtl boMI 011 011 odJltl&>t", homosrAilutic, 

lftJNIIIfl mmld ht llw ll'tliNfottMd obsmrollou 

A seA;., ,_(.l) A S(.l; a) L_.(Al 

1-G ·~ 
91·71 -t-o G-)3)1 119·19 

o-s Cl-6l45 tlllll -1·1 O·lS86 IIHl 
().() G-42l'J II HI -1·4 o-40117 114·16 

-cu &llS2 Ill>~ ··1·6 1Hf>2S 111·41 

-&4 tH4ll 111·\1' -l-o 0·116111 102·14 

-o-6 O·l2S8 119-IIZ -H l·llll 19-91 

-o-1 o-JllS 120·07 -)-() 2-Q48Q 7H9 

A P.IA) .l I'. fA) 

-
o-o 001 -ttl 1·12 

-&1 tHI2 -&9 1·42 

-&2 \IIIII - 1-G ll-92 

-CH !Ill> -H &47 

-&4 0411 -I 2 &Ill 

-o-s 0114 -H o-o7 
-&6 146 -IS UUI 

-&7 Ill 

a_{l)•-:Z41osd'IA;I) •'••1·\IA;all ,.•IJ2·91;p.t.\l .~i.,1 t1 " • Uli66•I0· 1•1Sil;a))-11. 

110 

,_,., 

... 
'-"' 

. .. 

. 1 ·I . 
Fte.. 1. PH>I•~11I ·•~•• I'""""' oM ,_,tAlandp.t.\) Anow• 1ho,. appro•imaq 

'I~ p:r .:cnl 'onliolctKC IIIICIVII ft>r A 
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its ulue and the in&nae~ion mean square is llOW mucb doter in lizc to that witflia 
eroup!'. Thus. in tbe transformed metric, not oely is .,eater aitnplicity or ~ 
tatimt ro"iblc but also the stmitivity of the apcrimeot. as measured by the ndol 

TAIIU! 3 
Ano~rws of'~ 11/ b/~111 datt.J 

,_ ,_.. 1000 

/hvt<n lt«i,_, ,., 1./at'lltf.,.,., 
,,_,., __ 

,,,.., (z/«•) ... __ 
2 516-S 56a·7 

Trnlntcnlt. ) )07-1 211·9 
r. r. 6 4t·7 1·5 
Wrtllllt 1'""1'1 )6 22-l ,.. 

,,f the f'CII§(tn' otll<J the frealntcnl\ ntean 5QU3rel tO the rewual ~Wire, has beca 
in..r~aw all11<>'1 thr.:-.:fold. W.:- sballoot here com..Jn the dc:CadC'd tnterrrctalitlR ol 
tit~ la.:t.•r ciTt-.:1~. 

.4 T.-.tilr /:"'~'"'""" uoin~:.: .'iitt~;l~ t:qrliratl' "' ,, .'P l>t-sign 
In an unpublished repollto tltc Tc.:bnical C••mmitlcc:, Jnternatiunal Wool Tcstile 

Or,anllati<m.l>u 1\. H~trella and A. Su\t dell:tihcd someet~rmtrnlsoalhc ~lla'riow 
uf wt>rM.:-•1 yarn under c:ycln t>f rc~atcd loadinfi. T ahh: 4 J:IW' the numhefl ol 
.:y.-J~, •·• fadurc. r. otltainc.l m a smglc rephatc of a JS e•~nmc-nl in whil:b dill 
ra~turs arc 

'• length .. r •~• \p«in~n (250. )CIO. )SO mm.l. 
·':. amrfitude ''' l•tading cy.:lc (ll, 9, 10 mm.l. 
,,: lti:Jd (40. 4S. ~1m.). 

In 1 ""''' 4 tht· I•"Vcl• .. r the , ·• an: dcntlh:d t:OII\'Cilllt•nully try - I. o. I. 
II '" uwful h• .lc~nhc line the rewll~ uf a rathC'r anf .. rmal analy)Js of Tallie 4. 

1\nrclla anti Su't ftncd a full cqnaiK•n of ae;;ond dctrec: in ' 1• '• and . .-., lmt die 
,.,,..,.lu~tt·n~ \\t'rc wry comrli.:atctl :mtl messy. In \'Kw uf ch.: wtt.h: relative ranae ol 
""""'i••n ••I' _. .• it ts nacuraltn Cry amiiY$inJ instead lng y. an•l rhC'rc rauhs a pi 
~imphiK:ation. All linear n:grc~Mun terms arc very highly siJ!mf~t·anl an•l all Sft:OIICI. 
tkgrce trml!l arc ~mall. l'unht:r. it i5 n.:uurall., rake l••gs also for tlac: imkpendatl 
\'anablcs. i c:. h• clnnlt in terms of relati,mshi~ lilr.c 

f<X \'1'--i'-*· (25) 

The otimatt"ll ,.r the {r$. rr .. m the linear regression codfnnts ,,f 1•'8 :;· on tilt 
lo!! '·,, arc. "nh their estimated 'tandard errors. 

II.,. 4 96! 0·20. :1. =- s 27!0.30, ~-- 3 IS! 0·30. 

Snl\c ~. ~ -~ .. the cumltination logx1-log . .-1 •lng(\ 1''·2) i~ su~FSfcd by tk 
tl.tl:t as •• r , .. Mihlc imrc•rtallt~. In filt1. fJ.~. is ju•l lite ffilCIIt>llal amrlitude of ... 
luading c:yck; n'lllct-.1, nah·c tlitn.:-nsi<~nal considerations "'~-col this as a poslilllc 
fa .. 1ur. alth•>~•gh lhcrc are in fact ttthcr relevant lt:ngths. !!<• thai dcren.Jence 011 •1 

Boll ANn Coli - A11 Aulym fi/TN~M/ormtilloM 2l.t 

llll xt sept..., is not inronsistent with ditaenaioaat cot~tidcratlona. If, however, 
• write xJx1 • a. tmd round the upasion coellicienta. we have the aimple ronnula 

,«~~ 

Ricta lits lhc data remarkably well. 

TABI.B .. 

Cyrlt's 10 fuilurr of KYNJINI }'Gnt: l'f«tor/ul ~11f't'tlnwnl 

Ft~uor lfttrls __ CTtks lo {tllhl,, 1 .. - ···-·----... ... •• _ ___ .. 
-I -I _, 

674 
-I -I 0 )70 
-I -I t I 292 

-I 0 ... HI 
-I 0 0 2M 
·I 0 t I 2111 

- I • I -I 170 
-I t I II 118 
. I •I II 90 

II - I -I 1.414 
II -I II t,IYK 
II. -I t I 6)4 . 
II I) -I 1.022 

" II 0 t.2n 
0 0 +I 418 

0 t I -I 442 
II ·• I fl 1\Z 
II •• t I 2211 

tl I - I ),flllr 

11 I 0 1.184 
t I . I t I 2.000 

•• 0 - I 1.568 
II 0 0 1.070 
II 0 t I S66 

t I 
. tl -I 1,140 

t I t I 0 884 
t I t I +I )lo() 

Ia this case) there seem 'lrong general ara"ments r.~r starting with a los trans
bmation of all vari:thlcs. Power laws are frequently effeclivc in I he rhysicallciences; 
abo, providctltha1 the ili~tns of the /1's are ripl. (2S) has sensihlc hmiting ~aviour 
for .f.,.ta •O,<Y; tin:tlly, the um.inus normal theory model ha~tl on transforming 
(m gives distri!Jution' O\'tr JIO~itive "alucs of y only. 

~ "' t .. hJ:.J'I-..J.lJ"'!"' 
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Neverthclcs&, il is iatcratina to see wbedler the method ot die pment 
applied dim:ll)' to tbe data or Table <t produces the loa transf'ormalioa. 

paper, transformations of the dependmt variable alone arc ccmsidcftd; ia fact. 
the relative range or the ..... is not ¥CrY peat. transl'onnaticm or the x's does DOl.,. 
a bill dfcct on the linearity or the rqression. 

We linl consider the application of a simple power transformation in terms. M 

before, of the standardized variate zu' • ~-1)/(lj" -•). We tcntalivcly IUppolt 

that after suth tl2nsformation 
(a) the Cl('C':IaJ nlue or the traasf«med response can be represented matiJ ., 

a m•llkllmnu in the x'a. 
tb} the errnr variance is constant, 
M the oMervalions are normally distributed. 

The mallimizcd li\dibood and the posterior clistributioll are functions of the rcsm.l 
iUm Of squares f.n :Ut after fitting .mly 8 linear mocld ltl I he .a's. Since there Ill. 

four c;onstants in the linear re~ mocld this raidwl sum of squares lau 

27-4 • 23 dqrees of freedom~ we denote it by S(l; 1). 

Table S \b.•- sc A; zt together with L...(AJ and p.( A) over the intcreslint ranp 

and the rc~uh' arc ploucd in fi&. 2. Tbc optimal value f<Jr the tran~formation pllll• 

nKtcr 1'1 .\ ~ - OU6. T1lc: tran~or~Ntioa is dctcrmi!Kd rcmarhbly cl~ly in dlil 

TAll£ s 
r,.,,,,, •• l.lla. CnlntfcltWIIJ bauJ 01111fN'ntQI/in.··" llf()c/C'I in th, 

"lltr~l,.,rrwJ flbHtnllions 

.\ .\t.\,1) l...,l.l) A 

,,..., SUIR ~~-n -0 20 
o-110 2·9971 ;..; t.7 -040 
1)6() 

·~ 11117 -060 
0411 tl8t71 4721 -010 
IIlii 0411S \1>41 -I ClO 
IJIVI om9 6110 

-·-----------
.\ P.t.\) A 

ll:!tl 0112 -010 
nu Ofl'l -ou 
tthl IH2 -020 
OilS lSI -o-zs 
tlilll 4111 -0:\0 
u-os S·~ -OlS 

'-•'l' -- IJ·5 k'lci'l.\.ll • ISlA; a11·,.• t 44 49 
~'·'"' .. ,,,., .. • US-&0•1U •tllA.&lt 11

'. 

.\(.\, ll '--·lA) 
-----

0 l'•ln 61 II 
0·5471 5261 
tiOIS 4l16 
: 11'16 )422 
''1'1), ZS·~ 

I'.IA) 

41\A 
H6 
1171 
1119 
.. .,. 
001 

rxamrk thr ;opprullimalc: 9~ p:r «nt confidence range cxt.:nditog •mly from -0·11 

lu + n tl6. ·1 he JIOSicriur distributitm p.(At bas its mean at - Q-116. Ah.1ut 9S per CCIII 

ul lh~ dr..uat>uu•m is includw between -0·20 and -t-0-011. A\ we have menttoncd. 

rhr a,l\'oanlat:to:\ uf a los transformation corrcspondinsto the choi« A = o are tCfJ 
,real ;m,t ~•o.:h .t chtti~-.: is now seen to be stronsly supported hy I he data. 

) 
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1be complete analysis of variance r.w tho untransfonncd ancl the los trans

~:fnw.km. takal m lhc z f,,rm, is shown in Table 6. 

• 

'-·l•J 

50 

•J•I 

co 

0 

Fou 2. Te•hl~ .tala ..-..,,.,, .. n, l,,.,tll an.l P.lll Arr"'"' •huw •rrruaimate 
't~ rcr ''""' t.:unlidcltt;C lftlcnal tor A 

TAHI.f. (o 

.-IIUI/rll'l rif I'OTIIInr·l' rif /1'\11/1' rlmu 

~~.~ ..... tqNII,, A IIIQ 

lh'r~'"' I ll#ll•lllt~Hic 

••I l/nlfiiii•/..,,....J rrllltt/twnHitltln 

Jr,..-J,m• 11/olllll) 

linear 
. 

' 4.9t6·2 2.174 4 

Quaoltalio: " 704·1 I· I 

Rcsodual 17 1HI 11·9 

The transfc»!"m;llinn tliminalc\ rh.: need for second-order lcrms in the regression 

t~p~~tion while at lhc same umc: mcn:a~mg tlac 5ensitivity of 1hc analysis hy about 

111m. IS judga.l by the ratio nf hnc:ar and rc~idual mean squares. 
For Ibis Cllampk we ltavc al>~o tric•l uut the pruc:e•h•n:s we have discu5scd using 

lktwo parameter lr,mM'••rmati~tn J'' 11 = ~h· t ~~··- 1Jilo1 or in the: : form at:tually 

ro , ,. .. ~-...J~,.,....J!Ji • 

v 
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used htre : 111 .. ((y+ Aat'•-I)/{A1sm(J+ A.W·-•. Incidentally the calculation 

J'fint uul of 77 analysis of wriancc tables, invoMna in eadl cue tho - · · 

~ncral l'qualtnn I)( second dqree, and calculation of residwah and 

touk 2 nun. fiJi«. tm the C.I>.C. 1604 electronic computer. The fi 

reMJit,. """ be ubtaincd from the autbort. but are not&iVCll here. Instead~ 

conttltln ••f -II·~ lof.S(A; z). and hence or S(.\; a)ibelf,oftbc maximiud likehliGiaif 

an.t ,,{1'.1·'•· .\,I. are shown in fiJ. l. If the joint posterior distributioft 1J.\a.lJ 
wc1.: """""I then a rcsion .,.·hicb nduded 100.. per cenc ,,r tht total I!IMiftiiilr:.>' 

prubahllity .:ould be: gi~>en by 

I..(l,.lJ-L.(A,, Aal = dt11). 

lhc ~hare ,,f tht concours mdic-..tlcs that tbc normal assumption is noc very eiML 

N.:,,·rt hck". 1 he 'luanhly ll•b ohl;uned fre>m (26) bas been usc.J .to label the c:omo.a 

111 I Itt. J,.h..:h thus ''"'J!hly an.lt.:at.:s th.: poslerit'lf prohat>ilily <li~tribucion. Fortlia · 

~\.IOit>lc ntl 31'l'fO:Ciahlc imrrovt=mcnt rcsulls from the a.J.Jition of the funJIIr 

rr.tn,fttfltl.l1htU f'af.tRlCI~r .\.,. 

,.. 

'• 

,, -01 . .. _ .. 
.. 

'... \ 1 ~ \t.L,: tl.lfJ Ttan-.rurtn;JIH"'\ ,,, c t t "'-'' ("•""''''"' .... r.t.'·· '··labelled 

"•lit .1t'l'1••'1Jll.&1-: ('(1'-C'UI.I,C ,,f ~1('11Uf tJt,Uthut••'U l"\-.ltttk-\1 

~ h:UIIIIt ,\NAI HIS CJf TilE TllAN~t ... ~l.\llflN 

~-I. (,.•nt·ml r,,,..,.,/111'~ foor l"urtlro-r ..ftJcrlt·c,. 

Th,· !!•·n,·r;~l rr•"-·~·huc ,Ji-.('""'''' ahuve ~M."\:Ls "' achit\'C' sunultancously a modd 

"alh (.al ""'l'k 'uu.-turc l~•r the •••tl<'\:tations, (b\ t:un~tant 'l'au:n\t:c an<l (..:) oonnal 

,h,tul••n"''" I uuho:r :an:•ly"i~ i~ !o&•mt=times prulitahlc ''' "'-"<' the scraro~te cOIIIr). 

t'""""' ,,f lhc'l: lhr,·o: .:kmo:nh tu the uan~fonnato•>tl Su.:h """'Y'"' may mdiCitc 

cu In•\\ '""1'1•· ~ n~<>Jd "C af<: JU<tilit:<l in U~lllll; 

'"' "h.11 \\O:Ij!ht "t!'"""''' the C•'"'"lcrationstal "'"''"'"'~'"!!·\; 
C•••l "'"··•l• .. ·r ,f,tl~R"tll ltan,f.•nn.;tlh'"' ;trc n•ally ,,,""e,f .. ·,l ''' ;~,·h•<"''"' the ddfm.i 

·'''fi.'""'"' .anti h.:nt:l" ,,h,·tl ... ·t •'r 11''' ~~~ \,tlu .. • ••1 ,\ du•,..:n lf'tng th~ nwml 

1"•"·..-,luoo: 1• a ,·,oaup;otahl.: t:•"111'FOPliK. 

1 If'""'""· •lu•tc ••flcn ,·:or.:ful in,p.·.·t,.•n of the .lata w1ll ""'"~' hl (1i1) a.kquafdr 

lo•l I'IXtlt:al r"'l''""''· N\"VC:IIh•·• .... ~. a further ;sn;al~i· i• ••• mh:rc•t. 

Box ANI> Cox- A11 Analy.sll ofTftllU/omllltiiJIU 2l 

. We lim It simplicity both to achieve ease of undentandina and to a Dow an 

V1lidity of tho formal tests assoeiated with analysis of variance may, 

robustness of these tests, often hold to a good eaou&b lppro~mation 

untransfonned data. We stress. bowcver, that such approximate validity 

... . If enouah 1o justify an analysis; sensitivity must be considered as well as 

l)ililltaeu. Thus in the biological eumple we have about one-third the sensitivity on 

[a.GriplaJ scale as on the transformed scale. The approllimare validity of lipifu:ance 

' lilllll on the ori&inaiiiCalc would be: very poor consolation for the subscantialloss of 

l~tion involvc:d in using the unuansform&:d analysis. In any cate even SIJ(;b 

it usually only prcs&:rved under the null hypothesis that all treatment effects 

laO. 
Par the funher analysis we again explore two approaches, one via mnimum 

rlldi1lood and the other via Baye>s theorem. Consider a general model to wbic:b a 

;;-.aiot C can be: applied ur relued, so that the relacive merits of the simple and 

tl'dlc more complell mo•lclcan llc: assessed. For eumplc, I he general model may 

ildQ iateraccion temt~. the: Ctlll~traint C being that the interaction terms are zero. 

If L ... (A) and 1,.,(.\1 ("I denote n•aximized log likehhooJ!> for the general model 

lid fOf the constramc.t mo ... ld, th.:n 

l.,.,f.IICI I ..... Pit tl.,., •• <AJC>-l,,.,(.\11. (27) 

11m lbe sc:contltcrm on the ri~hl·han•l si•lc is ;a statist"~ fur tc>ling fur th~ pr~s&:nce 

fllhe constraint. 
More gencr:~lly. wnh a <u.:...-e-.o"n uf con~trainl•. "'' ho~\·c 

1.,, •• (.\fC',. c,1" I ,,.,(.1) t tt.,,..,(,\fC,I-I.u,.,(,\1) 

•II-,"" ,c ·' 1 c,. c.1- t., ... ,c -'I c,11. (28) 

-.1 the thrt:e tc:rno~ on tho: rt~ht uf 42111 can be c•atmin.:.l scramtely. The detailed 

fiii'CIIure shuut.l he •kar hum lht= c•ampk~ to follow. 

To .J(1J>Iy the Uay,-,.i,m ~rpr••a.:h, we: write the ro•stcriur <lcnslly ~>f ,\ 

• p(Cj.\) 
~~·'I(),.. p(,,,,. -;;<c:r· (29) 

•kfc p(C)"' f.lr(q.\11 1\ ;1 \'u11M:IIII indcfl"ntiCIII t>f :1. lJa;al is, the posterior 

Dsity of A untlc:r tho: cun>tram.:•l mudd i~ the rn~tcrior dcnMty un.kr the aeneral 

8IJCiel multiplied l>y a f;u:lnr JlfUJk>rlinn;tl In the cnmliti•>nal probal>ilily of the 

CIIIISUiinl &iv~n A. Suct:~~·•vc facturitation can be applied when there is a s&:rics of 

MtbSivcly 3f'l'li<:d c:unstr;aint•. JliYing, fur nample, 

rCC,J.\ I p( c:, lA:.!_!~ 
p(~fC,.C)l ,._ p(Al" p(C,) "p(('Jc,) • (301 

ekrcf'(C1 JC11 · t:,lp(C,J.\.C1)1 is ll further l'llnstanl in<lcJ>cmlclll uf ,\. Nutc that 

eurccorl\:crnc.J h.:r.: n.1t wuh the prtlba~bilatic" that the cnnstr;oinls arc true, hut "''th 

* tOIItrihultuns uf tho: .-.•n•tr.unh tu I he lioml fun.:tiun J>{,\f ( '1, C,l. . 
~ ~- \lwl'turl' •!f 1/11· f>('t'rlnlimt 

Nnw very ufl.:ll th.: mu•t 1111J"Iflill1t ttlle!oliun 1\: lu>W •imt•lc a foortn can ~c u...: 

II Elr"'l? lhth 1111hc """'Y'" ur the: l>oni•IJ!i..::al caamplc an Sc.:uun 4, we assum~d. 

IMIIJ other !Iaing.,, that a,l,htl\ity can 1>.: adncvr•l toy tranltf<lrOlation. In fact, 

,...~ " ..... <~" 
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rnh·r:tucon 1crn1s n1:1y or may not be needed. Similarly, in our analy5is of the 

.~ .. :tmJll.: we look a linear model with four parameters; the full se.:ond-dqree 

wuh len t>:cr;~m.:h:r~ n1:1y ur m:1y oot be nc:ccssary. 
N••w kl A, II and N denulc respectively the constraints to the simpler linear moclcl 

(\\ctlu•ul rnlrr;&cli<>n or sccond.dcgrcc terms), to a bcterosccdasth: modc:l and 10 I 

"'"'kl \\tlh th•rmai.Ji,.lnbutiom. Then, 

I .... ,t·' I·"·"· N) .. , I ... ,.,( Alii. N) t {I., ••• < AI A,ll, N) -l.,., •• (A!II, N)). 

l.clthc fl;lr;&RKICf 8 Ill the Cllpe.:tation Under the gcncr;~llincar model be !"'nit~ 
tiJ1• 8

1
1 "here 82 "0 is the: CUIIl>tratnt A. Denote the <Iegree\ t•t frc:tdom associa.,. 

\\Jih &, :nul e. hy •.• :an,l ~ •. If ••• IS llac number of .Jcgrec• .. r fr • ..:dnm fo)f rcsidllll 
111 ,,,.. ,.,llll'k' "''"lei. the number in the simpler m•Mlcl ;,. 11111" •·, t ,.,. 

"' hd··•c. "e "'"" wclh lhe !d:tndardizc.l van:tble :'" ~· •'"!J' •. If we idc1ltlr 
rc"''"·'' '"'"' ,,f "''Uarc• hy I heir <lcgr."CS uf freedom. we h:•~c 

I.,, .. ,P!e. ~ 0,1/, Nl • -lnlog:s ••. ,,f.\. ,n,!. (17) 

\,,.,.,, .. ,, 
J,.. •• PIII.NJ ~ -l~tlns!S .. f.l; zt,l (») 

'lin". nc th•· ccxtclc eumplc. s •. rcfen to lbe raitlual l>um ,,r "'luarc~ from a second
t!.:~h·c nhotld .cntl .'i h:fcr' h> the re~itlu:.l \Um of k!•tarc> fr·•m a lir\t..kgrcc modeL 
()ucte ._,...,cr dll) •• " 

s .... ,O.; zl = s •. IA; z) t s •... P. rl. 

"'" ,, .. \., .t.l. 11 ,ks~<•k' th•· cxtr;• ~um ,,f ~ludres uf t"' fou !tlllll!! 8,. ;uiJu~linl for 
8,. ·""·' "·'' i l ,,,.,,,.(", •• r r.~,~tlt•rn. 

lin" 1\olh (1!1 :nul f.\~! rhc o!cc••nll""'itiun (.ll) (,.·~·""''' 

1.,,_, I l: 8: · II. 11. :\' 1 · / . ., •• ,(.\!II •. \'I - fn I·•~: I • :·: II \. 11:. (M) 

\\ h.:r,~ 
:<; (.\. l(o·, ....... --

ff.l, II ·. .\, ,1.\. 11 a·, 
{1~1 

., 11!'"· ,r,n,l.u•t I '·'''''· 111 tht· •• na1)"' ,,f \~utant.·c: ,,f ,•·•. (,., h:'tu•~ lh~ rt:''""-ttmlto 

rlt,· 'IIHpl,·r ntucld. 
I 'l'"'''''n ( \~1 tl111• r••"hk\ an anal)'"' ,,f the ll\'etall nccn~t~n inh> .1 part takinl 

"'''''"'' ••Ill) o~f h"ll'"....:etld'olct:cly (II I :111<1 n<>nmdtt) t.'V I rh•' ·• l':tll h'Jli~IIIJIII 
''"' ... l.!olh•na! n•tpoir,·m,·nr ••I ,, -on•p!c lmear nt•><ld, ![tWil II"'' II :mol !1i ha,·e benl 

~1\. h,,., ... ,, 
In the .:oure'l'""''"'ll ll.t)''''·'" ;mal)''" (.101 gl\e) 

M II&.· n.11 .. -.:1- r(.IPI ..... )xl..1f(8: 11: \.II. 'VI. (J6) 

\\lh."lt." 

1 ', ., r ..... ,:r~e,: op.11 .. \·1:. 

lh•· ,.,,.._, '·'""" ho.·11cj! t;cl.,·n ""er the ,h,lrchutio•n t•Pfll . . \'t 
~-''"' th.at ,.. ... ,.-~ th,· (un,lltll•n 8: - tt 1'i tr.•'·eu. 1h\·h.· '' lh• ,.,,,ur-•n,·nl fc•r tbcll 

rar.cno~lcr• Ill the rrinr <fc,IUI\Utl"ll· ~"thai the lcl't·h:liiJ "'"' ul tlf>l 1\ the J'IKICIIOI 
Jechcly .. t>t;unt'tlptc~•••u•l) ;hsuming . .f. Thus, in term• of the ~•.cnd:u.lctctl \.lftallk 

1' ".the lt:ff.l•anJ Mdc '' 
(',.(.\)(', .. .,:.\'.,,.,(.\;II) 1"·''•', (Jll 

J 
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tbe normaliting cunM;mt is gi•cn by 

C I ·· fniA)IS (.\• z>l·llr,tr,IJA . 
... lrt Ji·U' r,t,.1 • 

in lhc gtm:ntl llltl<ld with 81 and 8, both free IO vary, WC ohlain the first 

on the nght-hand 51t.h: nf (.lb) as 

1'(.\!fl.,'il·· p.,(AIC,,{S,_(.\;ilH I••, (38) 

c I ,.t•.C·'IIS {.\; il)l •··,/.1. 
•·· r. 

Thus, from (37) Jll<l nMI, the ~oe.:unJ f;u:tnr nn lht: fll!hl·han•l ,j,l.: or (31l) must ho: 

( ·r, •ia { ,\"rJ .\; 7.l!1
l0., 

,· .... cs~:;~j~\:-l.i:••,;;·;;,· 
(39) 

Now 1he general "'1":11•"" ( 'I•) '"""'~that thi~ last UJlre~ron mu\1 h.: pwJ10rtinnal 

•1'(8
1

• Oj.\,11. N 1. h "wutlh l'"'""g tim Jcrc.:cly. To'''' 1hcs, .:o•nsidcr a trans· 
formed scale ••11 ... tndt ~unst.ml •·Ill·'""'. an<l n.u m:cht) h01•c hccn Olll:tined and the 

tlllldard rslimai~'S 6, an•l .• • .:;ckulah:cl I ''' lhc nwmcnl, we ncc<l not indicate 

aplicitly the dcpen.Jo:n.:e •111 .\ '"''' :. We Jcnulc the m:tlrtl of the rcolucetl leaM· 
llllftS equalit>ns for e •. rhnun.ctllli! e,. l'ly b ...... rhat the cnvartan.:e matrill of e. IS 
-'•·t. The el.-menh ,.J b :cn.t b 1 arc ,knt>l•·•l lo,, ami I•''· Al\n we wrilc 

'-' •ll''f~(h" #o''l :~ntll,•''i f.,r lt.c matri\ 111\t:l\t: h> l1•.,l. Then I he Jtlllll dastrihuli<lll nf 

" (I I - -~· •.. ~· . ..,, ... 
•tfurn .. h. l'l'o.l. u ........ ll ·'"'' S,.l ... l. l'l~~· 

. ~ , ... '· ',) 
\.I '11'1 • ' I I - ~ .:~ . " 

t••,•r•l 

e)Wr(Jk-ft: <Ut•t l.ttn 1h-." ,_·l•H,I.•nl 11\'tl'h'-~' Ul."tlh\.•f lhl• f'Uranu:h:l' "'''Ill\" Ph'-fr\",t1Utll\. 

•lib umf,•rnl pu••f ,h,ll•hull••r•~ l••r the ,,., .u"t fut I~·~ u. 1tw~ •" al-.." lhc l"""h."fhtf 

4111nbuh•lll ol the •lll.lltlll"·' II',, n,,1·1 t ',"1•"1, "h~IC llu\lo the 1
1
1, .lit' lht: f:lii<I<>O\ 

•nabks. lr;u\,h•umnte f••'•n rhc t,·,. tu the,,,;,.~.: h~1\l," that 

awe 

f(e:l•\,1/. ,\ I 
'"'"t '11;,1 1'•: I 1 ~~-~!!'hi!! 0.11 

1
''· "•' 

,., s~, I 

rt8, · hl ,1, II. !'i I 
1 t'bil I ••······ 

'"'"t • (<; 1·1•. I I· L...! . ·· I s .. I 
... ... 

.... ,. •• ; •• -·- .!! . ---· . ( 401 
c s~ .. ,,l '''· • ..... 

tr now "e ot~t .. tc 111 ''"' n••'·'''"" the •lcrcn•kncc ,,n ,\, ,·,.mr:crr"'" .. r (4CII wslh 
tJ91 plt\YCS lh-' rt:•llllf.:,l ce.uh, lice o~rrr••J'II:llt:IIC" ttf the uot"lanl IS l'a~tly diC\:JiCtl. 

Thll$ (Jf>l rrn\lolt:l> an ;I(I:CIY''~ •• r the .. ~ec:cll Jcn~cry inh> a part M·'l II. N )takmg 
IIIOUUt only ,,r hun"l)t:~,J;"u.:ccy 1111•1 nurmahty, lln<l 11 sc'unJ r;crt. (39), 111 wht~h 
* mllumce ur tho.: ,uurhlycng .:uMiraml ts measure.!. 
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[quati••n (39) can be rewriuen 

f )-tt..u,J 
const >e {S,,(.\; zn-t .. I I+?, F(A; z) . , 

Now. by (l4l. the corresponding e1prC$Sion io the maximum-likelihood apprOidaJa'i 

11ivc:n. in a lngarilhmic version, by 

:-i,lo&{t+~RA; z)). (42» 

Tile: essential diiTerence between (41) and (42) is the oc:currenc:e of the term ia 

s •• t.\: zl in (41). In cooventionallargc sample theory, "• is supposed larae compuel 

~ith ,., and then in the lirnil the variation with A of the additional term is nepJiblr. 

and ll.e ciT.:~:t uf ltoth terms c:an be repraentcd bv plotlins the standard F ratio •• 

fcnll:tll~n .. r A. In applications, however, •Jv, may well be apprrciablc; thus in dtt 

le,tik uan•ple r.,/r, • 6/17. 
tlem:c (41) and (42) could lead Ia appr«iably different candu~ions, for eumplc, 

ef ""c IO•uml a parti\.-ubr value of ,\ gtvins a low value of fl A; zl but a relativdf 

hil!h .... ,tuc .. r s •• P: ;r.). 
1 he •h~tinction ho:twc:c:n (41) and (42) from a n,,yesian J'Oint of view can lit 

c'rn-.. .... -.1 :•~ r .......... ,. In (41t there .... -.:urs the M,/;,.,,, • .... the rn~tC:riOf' dislfibutiol 

.. r 8, at e • .., o. On the other hand, the f. ratio, whi.:h Jt:tt:nllu~ C.f:!l. is a monolllllic 

fun,·tio>tt uf the: pfiiiJUhilit.J' mou ouUoiok the contoUr or abc po"'erior distributiall 

ra~\illjlthroui!h e, .. 0. Alternatively. a c.alcu~lion uf the p."'c:rior probability ole 

Mlt;lll r<:~l<>ll 11C"Olr ~~ "' 0 having 3 Jensth l'f1>f'Mtk>R31 to n 1 in eacfl of ... 1\ 

~·m•ron,·nt dirn:tittn~ gives 11n Cllprcssion equivalent to (421. TIM' .titrc:rence hetWIIIII 

1-'11 an•l (4?1 ,.;n be nunt rronnunc:cd if there eai~ts an nlterne transfonnarial 

rr.>duung a low value of 1"(.\; z) but a tarac value: ••f S • .(.\; :I. rorrespondin1101 

larj!.: ~rread nr the posterior distrihutitm of .,. b(l" ... •ion (42) would tiYe • 

an,wcr a.:nding h) fa\IOUr this transfotrm;stion, whereas (41) woultl not. 

S.). Appliroliorr to Ttxtilt f:l£tllfrp/t 

We n•nv illu~trate the above analysis usina the tutile dala. The calculations• 

\CI ollll en T at>le 1 and dtsplaycd in 1.-ip$. 4 and S. We discu5~ the condusi.,ns in tc* 

tletael here. In rra\.'1ice. howevc:r, the most useful a~1 .. r this approadl is* 
••t>r<•rtunity for graphical asscssrnc:nt. 

hfl. 4 ~ohows that the ~:urnture of 1 • ., •• (AJII,NI i'\ mnch less than thai f1 

I '""'f.\J.•.II • .VI prc:viou~ly given in Fig. 2. the communi A here heine that dtt 

!ICC•>nd·,tcgrc:c: terms arc surposed n:ro. The inequality 

I.,. •• Clllf.N)-L ... (AIII.N)< bf<·•l (.aJJ 

IIIII' l!i"e\ the much wKier appro11irn:ne 95 per cent conf..kn'-'C interval ( -0·48. G-IJI 

fo•r A mdicatc-•1 by liN in l'ig. 4 and compared with the previous interval. marW 

A liN. Silk't' the: co•nstraint has 6 degrees of freedom the 53mplin& distributiol fl 

-21L.,., .. (AJA.II.N}-L,. •• fA!II.N)) (._ 

r .. r fe~e.t Pt>rmaliling A is a~yrnptotit'ally X:· Alcernativrly. (44). heinJ a mOIICIIotir 

tuno:ti••n ••f f. ··an be lcslc:d eluactly. l"hus we tan dlxitl.: for whi.:h ~·s, if an:r. lk 

tndu<l\111 •• r the 1:1'11\lraint is ClliDp;Jiiblc: with the: data. hl n~. ~. F(.\; z) is"'*" 

Box ANn Cox- An AIID(J'lh ufTnmsfort1lllliOIIS "-
lility over the interesting range or.\ clnsc to zero, so that we can use the simpler model 

IWs ncipbourbood. The range indicated by C in Fig. 4 is thnt for wbich F is less 

2·70. the S per cent sipific:ance point. 

A 

HIO 
()II) 

()60 
()40 
()20 
()00 

-()26 
-()40 
-or.o 
-&10 
-t-oo 

A 

TABU! 7 

Textilt dtlla. Calrulaliotu for rht IIIJQ/ysiJ of tile truniftlrnwt/on 

,_,(.\1.4, H, IV) l..,(.\111, N) -- ____ o_;~,~ .. -tH K --------
loa (It ~HA; I)) Ft.\; I) 

21-Sl 41·41 -19·19 9-Sl 

29·117 49t4 -t9·47 9·15 

)l!-17 5H>5 -t7·~8 7·50 

47-21 60-59 -IHII 4·110 

Y>·411 lll-99 - 751 2-o<J 

foliO (16·02 - 2-92 068 

Mil M8'1 .. s 78 I·SI 

-~2"' M117 ·IHIJ 4,8-4 

41 If, lolltll - I'J S2 9·19 

)4 !2 ~-44 -22 22 li·BS 

~s ,., 4K IH - 12 l'l 120) 

·--··---... -~----·-·--~--·-- -~-· 

l'.t.l~ f. II . . 'II 1'.1.\111. Na 4A !'.1.-41.\, II, N) 

---------·-------· ·-·--·----
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-035 
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The Bayesian analy•i• r •• u .. w~ perallellines. In Fig. 4, P.(.\1 11. Nl has a much 

pater spread than p.CAj.4.li.NI. l'ig. 5 sbuws p.(AJII,NI with the component 

lAJICAI.\.II,N) fr .. m the cunslraint. When multiplied tngeth.:r they give the: overall 

4cllsify p_(AJ A. II. N). A value of A ncar ~ro ma11imizc:s the posterior density 

-..ning the .:on"raint and i~ cnMislent witl1 the information in p.( ,\ Jll, N). 

There is, however. nothing in olur Bayesian analysis itself to tdl u~ whether the 

lilll'fitied model with lite con~traint is compatible with the dat:t, even for tl.e best 

Jll5lihle .\. n.eh: is an important general point here. All prohahility calo:ulations in 

Mislic:al inference are conditional in .,ne way or another. In particular, Bayesian 

fllltCriar distributions sll\.il as P.f~l A,/1, N) arc: conditional on the model, in 

~~t~ic:ular here on ft'-\utnrtinn A. It could easily haprcn that there: is no value of A 

b which A is at all rc::~s.•nahlc:, but to .:heck on this we nerd to supplement the 

J..&J.l• N....JlJ'l-...JUi • 
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R:t~ian argument (Anseombc, 1961). Here wo can do tbb by a sipif'anc:e tell 
blued Oil the samplin1 distrihtJtion Of a suitable functioa of the ObsetYilioNI, Di8ldJ 
f(,\; z). rur ,\around zero the value of F(A; z) ia, in fact, well within the sipiticUCI 
hnnt!>, 50 that we ~an rcawnably use the poslerior distribution of A in quntion. 

1.'~ 

• I • 

.. 

10 

'-"' 

... 

fo;-' T.-•l•koi:U.l. Funo.1i<>nsl-1t.\)andr.tl)undcrdolf~rcnlmoodch A:addilmtJ. 
II "''""'ll<'ftC''Y o>l "'*"'""e. /11: nutmaiiiJ. Anows HN. All."i _,.,. ai'PfnaintaiC '11 per 
ern• ,.,,..f,.kno:C tntcrvak ,,, .\ Arrows C ......., ranp f•• •hoo;h I' for -·-•...acpce 
ICt "" t~ Utll "f"IIK~f\1 •t 5 pet ._"Cnt ic'~l. 

5.4. llomn~nwity ll/ J'Mia«t' 

Sul'l"~ 1hal wc have I. '''"'~" of data, the exJIC"Iatio>n ano.l variance beiaa 
~""'''Ill' Wothlll ca~h group. In thc lth sruup, let the vanan.:o: be .., and let s• 
'"'""'" the \UIII nf MjiiDft:ll of dc\'iations. havins •.• t n, . I o.kgrcn of rruo.~oa 
Wulo:~••" n.~.-,.,.n-£. lhu~inuurbinloti.:;dc•amrk.£ 12,o·1 •. =•·11 ~J. 
11

1 
• "•• .. 4 anti r ,.. .16, n ~ 411. 

N""' '"I'I'""C th:at a tran•fo•rmall••n In ,~ '' c•ist~ wlu~h ""'"'''"' n11rm;ohly !oimul· 
'·"'''""'') on aiii!W"I"· 1 t~n mtcrlll' ,.flhc stano.larduo:d """'''"':'",the ma~imilCII 
•··!! l,l,,·htt ...... ,, 

1,,..,1.\l lVI ·- - !~11n~:t!S'11 (.\ •• n .. ,:. (451 

~-) 
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whctc Slh(A; 1) is the sum of squares S"'· CDtlSidcred ar. a function of A and 
Qlculated from the llland;ardi7.cd variable, .... 

- .... 

, 
P.PIHIII .... ... . 

P\"1""" I 

\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

....... )f.fl. 

• 

"' I 
I 
I 

I 
/fl•:•l 

f •I JO 

10 

I(<;~) 

ft~• S. lc:\UII! ct;at.l ("oiUi('t•IIC'hl' ttf flU\teriur ,t.llft1rthullnn 
Milt•, It.\ t) ''"",.. lf.•'C:" \ ~·r ,.:nt MliiHik:oiU\.C k't.·l 

·Variance 

We ntlW ~:••n~~ol•·r th<' ,.,.n,tnunl II,··~ - -., nl. i.e. Ill•''- at the pos\ibilily thai 

1 tran!Sonnatinn cll•t• ~inllllt:mco•u~ly adticun~ th•rmahty ''"'I (""''""' variance. 

1bcn if s. n ~S'" '' 1ho: l"'"lo:ol ,um uf "'""'c' •uthin gn>u~ 
I., .... PJII,NI- ~'''"lll·<i.f.\;zllnl. (46) 

Therefore 

\ 
II!S'"C .\; zl/n,l'"' \ 

/. Pill. Nl" I,,.,,.( IJ .'VI t lng --~Tc7-t-;;-l'" ..... , .. .,,. . . , 
(47) 

1,., .. , PI Nl t lt>gl.,(.\; tl. 

II)'. llcre thc ~con•l fa~to>r i.' thr "'I! nf the No:yman l'earson 11 cntcrion for u:stinl 

die llypolhc~!l. .. ; ~ ... ,., ··i· 
In the: c:nrrC:SI"'"'hnte Ao1yc""" analy'i~. {::!91 Jl.iY~"' 

toC·''"· N) t•(.\INI d,toC"i- -· .. HA . .Y). (48) 

•llrrc " .. JIA.Nll. ~ 11
1 1:., 'I ,.C·•f ' 

r,., the p:n,·r.ol mo.,ld 111 who.h .rf ..... J may l>c 1hffcrcoll. 1h0: prot•< .INrihution i~ 
t•,.PICIIo/t',tlllrll"i!''•'' •" 
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an•l 
I'( AI N) .. pJA)t·O{S11(A; z)}·l••, (49) 

"'"" 
r ·• • JpJA)•IS1h(A; z)}·•••tl.\. 

r ... the restricted nu .. td in which the variances are all equal to a', the arrropriale 
rri·•r di~tribut .. •n is 

p,(A)( 11JII,)(tlloacr)J -•1• 

and 
p(Alii.N) ~ fp,(.\)r,(.\; zn-•·-

tt.:m:c. "" dividm8 (50) by (49). we have that the SCC<>ntl f.tch>r in (48) i' 

r,fi{S'
11

(.\; l!)} •··. ~nv1•• ,.-••"'-" 
r IS,(.\; :r)l •• r ,.t• ' 

"h.:rctB:ntlo:ll. 19.l7) 

, ls.c A; :r)\ ,. fS'''c ·': •ll 
• 11.\; :r).., •·Ius ---- --r11•>& 1-----

l •· I ,., I 

(50) 

(SI) 

'' th~ m•"htkation uf the / 1 ''"''\lte for t&:\lina ''"moscncll)' .. r v.ural'll't'. rrrf:sciftl 

!o.""'"'' ~~~~- hy dr~~~ uf f1n-Jum. 

I r••m '''" 1!'-'ncrotl arl!llmcnl. (SI) mu't l>c ptuponioo.altcl {'4••f ~ ~ "IJ.\, Nl. 

11,., cut '"' \t'rili\'\1 tlarntly hy finding the joint p<ISicrior ''""'""'"'" .. r nf •..• 4 
'"'"'f"'"""t! I•• new vanahlcs .. l.••fi,f, ... ,nffnf, intcg:nml:l''"' ••f. an•l then takint 

untl \ ,,,,.,., nf the rcmannnJ! ar~umcnts. 

:\. 5. ApJ•Iu-alimr '" Billf~irol F.urmriT 

In tiK" h .. •l••t!"-al ('•;nurk. we .:nn now factorit.: 1~ '"'t''atl ntl<"flt>n Into lhrcc 

J'-UI• 'IlK'-.: ,.""'"l"ln<l h• llac f"""hihlia thai in lltlthllo•n h• nurmalrly withill 

COl< h ll"'"l'· "'"'"'""he ••hi.: In l!CI<'•"'"''"'t variaMC an.llh;tlll '"">'I.: um..:..'('ftllry 10 

indmk inh:r;~t:lr .. n t.:m" 111 Ill<' n~t-..1.:1. 1 c. I bat ad.hti~tll) '' "' hiC\.thlc. 

In h·rn.- ,.f 111.1 \lllli/col hl.dtho•Otl~. 

I ,..,,.f.\! A./I. Nl = I ..... ,(A!.NJ I lntrl. 1(.\. 11 

I ,. • 
-§nln!:!llt ~n.\.11'. ,., I 

j\2) 

"h··•·· 1,1 \. 11 " tl1c •·ralt'rt••n (,,, lt''illt>J: ,·.,n~lill'll')' , •f ••orian".: !!"•'" nnrm;alily 1nd 

! , ' ' ' ,, •h,· \ltl&:ttttn !t'l ~·h~n(t: ,.( utl,·ta\'t1nu a;•vcn ll''"''·•h•\- ant.f "·••n'dancy uf 

\.111.tlk."\". 

I h .. · u•Ht."'"''"'linl! lloty~i~u• ••n:aly~i' ·~ 

rill r.ll. _,., ~ rf.\1 ·" 1 ·A, '""f -- ~ nfl-\ . .\'I • ~ 1 t1&" up. ,,,Ill. (SJI 

lh,.,.-,.,h,:u•·-.:tuut m .l"hl,· !< ;tttolm hll' t• II. II•.: t!'·'l'"'"lt., •• ,OJIV)and 

, .. .f I! \ 1 an It)!. f• '"''" that th.: uof••rnutlt•n "'"'"' .\ .:""""!! h•nn \Utlun [lf•"'P 

"'''""'"'~ '' H'ry •ht:lll. ~"'"'" ••f .\ :•~ far afi'Jrt as - I :tntl ! ,,.,,.!! a.:.:cJlt.ll>lc "" tbit 
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lluis. The requirement of constant variance, however, has a major etrect on the 

dloicle of A; furlhcr.some information is contributed by the requirement of additivity. 

TABU! 8 

Biolagil'al Jato. CaiCIIIations for aMiysis of thf' trmn/ormt~tion 

.\ t._CAIA,II,N) 1.._.1.\III,N) L_.(AINJ M(A; a) F(.\; ., 

4-o 12Hl 1-17 

]-() 128 so 1·48 

2-o 11297 11')-16 tlll-711 'JI211 1·8) 

1-G 91 72 '111·24 111·9\ ~~ 1-118 

o-s tOlll.1 IU9·SS 112-IS 33-90 1·62 

(H) Ill H 117·96 lli-'IS 20·99 1·22 

-02 116·44 a:zu.n 111·79 17-1.1 t-o7 

-04 IIK·SK 122-ll lli·W 14·19 0·95 

-06 11'112 121-11 lll·lS 1221 090 

-08 121107 12HO Ill i)4 11·16 094 

- J-o 11'1:!'1 12\10 llll foiJ 1Hl9 1-119 

-1·2 117 ~2 1121\ liON 11·91 I·H 

-14 114 ~" IZO 7f> 1:!'1-U llM 1·67 

-1·6 Ill 41 1111 ss 12'1·17 l(o 2\ 211. 

-20 1112·74 112 so 12ft 27 2J·t.t· l-01 

- 2-5 "'191 1112 4(, 121>6~ }h ll 412 

-)0 ls-69 '111·10 124U S2 II 4·91 

- ·------------- -·---- --
,\ ,. ••• \: '· "- 'IIJ p.!-\: II. fill 1'.1.\1 !Ill 411 1'1.1/i.\,NJ 4•p(AIA.11,1Yt 

----- ---·---------· -------- ·--- ---· -·--
1-G OHS 

IH 1111111> (11911 OiiJ · 

oo 00111> 01121 0142 tlllb U28 

-CH 11021 on<s "124 Ul7 0]9 

-IH IH17fl 0117 0 )114 l>4l Clf>O 

-0) 02\7 Cllhl 1128.1 tl-~2 0·98 

-0-4 114'12 11471 oZM lllll 1-()4 

-us 11•142 o 7S4 0,240 '14 1·2S 

-06 I 41•2 111~'1 0 211 4 liS HI 

-07 I K21 JHil III'U. (• 71 1-.18 

-08 1121 I 4'111 11111 8 27 121 

-09 I 419 JIUI IllS I 8118 ,..,.. 
-t-0 O·'J!l I lit. Ill 14 X 47 OHI 

-I I ""''" 118~1 II lit. 711 II SS 

- 1·2 ....... I) ~58 lllt'l'l SM 0\5 

-I ) IIIW.l 1112'1 111111' 
, . .,,. 0·20 

- 14 11111'1 Clllll '"""' 2 4lo II· II 

-I·! IHIII\ OII7M • IHI~H I 14 001> 

-1·1> II IIIII ""'~ 
1111\11 llto4 001 

-I 7 IHlN 

hnm l'•ll- 7. wlu.:h '"""'' 11 .. - •ktait.:ol .... ·raral'"" ••f the ""'""'"m-likt'lrhc"'cJ an.J

Ibye5i;m COIII!">IlCIIh, any Jr;an'lolflllolllllll Ill I fl.: h:giun I' 1 lol I' I l!IVC~ ;a t:»mtlallllJc 

CC1111promi5e. 

~-· <." ;.;·· .")·~ ;~" ·.:'<: .. t,:~ •. ':-'"".· .,.·: f5f,. -~"(:. ",.,.·, ·.·<. · ... ~ ·:~ .. - ~ ;._.., ... " .... c ~·· ·'" ••• ·.; 
W .. ~· N-...JJJ"i..J!Jt • 
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••· " llo.•l•'l't.:~l J,;ua. "'""''"- 1_,1.\1 and "·'·'I un.kr ,l,lf<tenl modo:IL 
4 .t,J,trt•~~~otty II h,ttll&~fW'ItY •" \'3tt-.t86:~ \: ll&lfmahl) Ant~-. .. '\'. 11\ .. .JII,\ ~ 

arf"'•"m•.u.:- .,, '""'' '-<'nt "''nt"lc'nt.·c msC"n.tl' ,,., A 

._,,,:,.,, 

' 
I 1<. 1. RoulnJic•l ctua ( 'nmroWICI'lS of rc-tcfic'l' .!Kitoltu~ic>n. 

Box ANO Cux - An Anul}'s/$ o/Ti'IIM/omtllt#DM 

Since the arours all c:onhtin four observalitlfiS 

--211lgl.1(.\; z)•lM(A; I) 

237 

••be arapb of .41(.\; &l in l'ig. II is equivalent to one of 1.,0; z). Sinc:c on the null 
~bcsis lhe distribulictn ur AICA; z) i<~ appnuirnatcly xf1, we can use Fig. 8 to 

• 

• 

• 

, .. ,. .. 

D 

ftt• J J1ud••l!"-:tl •l.tt.t \.ul,tlk:C roJtl•'· ItA, I). f,tf tOitUliUut 3#am'\t C'rfOf 8\ a 
fwa;;tiM of A tlar11clf'~ t.lllt"lhHJ. ,,, .\, 1). rttr C\fUilh·~ , •• n~U .... ,,Ut\.6!'~ ,., •• function of.\ 

nockd 1111(, li\4: 4 P,:l (('Ill 'loiJ:Ufth;.m~e hnul\ 

lad the rang.: in whto.:b the clata arc cnnmtcnt wllh hnnu~c.'<ht\ticity. Similarly 

1M paph of F(l•; ll n11li\::lln tht: range wuhin whi<.h the clata are consisu:nl with 
lllditivity. Tht: d"th.-d Jines inchcatc the S rc:r c:~:nt si~nilicanc:c levels of M and of 1-·. 

The minimurn of A/(.\; tl i• \cry ncar .\ = -I. It i~ nf intcn:sl that the rettn:ssion 

cocfticient of lotf(-.:ltnJ'IC: vanancl."l nn lntt(santrlc: mc:anl io; nearly 4, so that the 
!Siprncal aransfofiiiOltinn j., '\n~g<:~h:.l ai!W> by the: u~ual arrrc>llimatc argument for 

lllabilizing varianct:. 

f• ""'41 \'~IS Ill RI'SII>llo\1.5t 

We now c11aminc hu<·Oy '' .-.mncc:tinn between Jht: meth"'h nf tht: rresc:nt rarer 
Ifill tbmc ba!ICll "" rho: <111:11)'''' nl' rc>t<lual\. The analy~i' uf '~"'ulmsls ;, intt:ncled 

t We are ,,cath •n.kbh:tl ••• t•r••'~""" t= J An"=•wt•hc- fl't p.11nline ,,.,. an errnr in lhe 
lfPI'Oiilaalioft ,,., l1l -~ we ..... ,.n .. lly tpVC 11 In lhc rr~u• Utt'lhtk,l \oc:fM .. n ICflftJ nli&'nalfr 

.p.:ICd ia tht.\. Sc"lhtn ht~vc hn"n u ... huk.l In 'Ottrt\'.:t the .h~rcpan..·y. 

)r,<-:,4~;f",.";~·.·-"'.- -~·- •• u ~ c ""c•cCCf'C'C· • cc•f .,cOfC C, • " f ~~· ~.~\l:l~.ll1dii!l 

\,) 
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rrim:uily to examine what happens on one parlicular scale, allhoush its ute co . 
indi(at.: a transfi>rmation has ~en sugaes1cd (Anscombc and Tulley, 1963). COifto 
~JIIIItt.lint~ to an ubservation y, let r be tile deviation j-; of tile filled value I fi'OID 
th..- ,.;~mrtc n~an and lc:lf • ,._ J\ be the residual. tr the ideal as."umrtionsareatiaW 
r :m<l r will be dislributcd independently. DitTerc:nt sorts of departures from ideal 
a~"-1111Jlli•lns can be measured, therefore:, by studying the deviations of che stalisda 
"f,1 ~ ~,· P fmm nf.{r1)l.{ f!). In adc.lition to graphical anal~ll. a number orsucl 
fun<ell••ns have indeed bcc:n proposed for r;articular stut.ly (AnSCttmbe. 1961; 
An"umhe and Tukey, 1963). 

Spc<eifK:;IIIy. the uatistio:s 

T .. • u 1, T.., .. l:r•. T11 • u' Y, T12 ·.• :U r' (S4) 

\\cr..- rut f .. rwarJ as ~a~urn rnp«lively of sltc:wness., '-'"""'i~. hetcr•lJCilritY ol 
•:tt..:mcc ant.! n••n-:uiJitivity. TulLey's degree of frecdmn fur n"n·a•ltlitivity (TulCJ, 
I "--'ll mu·l~es the •um of "'JWI~ cnrrcspondins to '1;2 ""'"l•lcn"tl as a contrast ol 
r.-. .. tual~ with "Ji\..-•1" nocftio:tenb )· 2• 

Surt"•...: no..- tlt.d we eonsi.kr the family of power tran'!~•rm;~tiun~ and. writiltJ 
1 i·. ;m•l n· .. : ·- I. make: the c'pan\ioo 

•• ·-I 
:'" ~ ~-:\- = to• ~if.\- 1)11-l fl(.\-1)(.\- 21n:t I ()(10•) 

~ ... -....... 1·>{ ...... , .... ~ ()( .... . (SS) 

"h~r..- "• ••". n, -.. .,.:t and 11 ~ I .. .\. 
"'""· ' ••• ,(.\! :tn.l /.~(.\) ;uc ·kt<"rminctl hy the,....,;,, ..... 'Ill" r>f !ol(ll:tr~ or:'"· 

"ludt " .cprru\lllMtdy 

:•-·•W2t ;.{ .• t Jltt,l'a,l•-·•""• + i•l• • !•,.,: (56) 

If "'" 1.1~.: 1.:rt11' ur In tht." f·•urlh ,tc:~tr« in ,.. and tl•..-n <lciT•·•.:nh.ch' lo\tlh r.:~r«l to "'• 
"•· """" 1h.11 1hc ma\lmum-ltJ....-hht .. ...t C)limare of •• j., arrr.'""'·••dy 

·' , __ 
, ........ -······ _ ,,.~;.•;. 4w'•.•:o (51) 

H "c \\ttlc '• ·· r- 1'. r1 .~ 1 I'- i)f. ,., ~ {t·- i·l' anti ckn••t.· "' i-1• i·,. i·1 the values 
c•h~;un,·•l h) httiiiJ! 1·, .. 1·2 and 1·~ h• &he nlf....td, tl..: ;thu\.: ·'1'1"'''"1\dltun may llr 
.:'rr•·"···l 111 term• ,,f th..- ••nginal ••hscrvatt••ns a~ 

.\iiy;a,y2) ··,-;a,,, ~i-~1•·1 -i·,Hy.-1':1- ~~~·, · i·,H•··- r.l 
I i~; •. )-;04)-;•.~·~ . ··-- ~"it.l:;.:-i;f'14Qtl- •'.II•·· =-_i-~i.-

(58) 

1,, .,...,. lh,· r.·latiun ht:IW<'t"ll thi~ t"~prcsSi<m an.J the T •l.tlt,IK,, wrtle c/"' ;-;. 
lh•nr, 1·-i·-rl rtJ. lkanngmmnklthala,\' ll,a,r r.\'"r. o ••••• o. 
rr 11. "here I ,!.:nut~ a vcch•r nf ••nes. term~ ~u.:h as); a, l: ··an ea,ily he: exprcsK'd 
m ••·m•' ul 'II"" of powers an.l rrooucll orr. Y an.t ,, In l'·'"'cttlar. on ..-nrinl S 
f,,. ~.t. "•·lin.lllt<• numerator nf(~Kt to be 

l(,' l,/HT,.. t 2T11 1 T111- (T..,t lT31 tlf,.t T.,l• 1,/t~•' -Jdl\" (WI 

I·• ''"' u~tkr uf aprrcntnt;tltoll the ~•ltnlltn·ltLdth• .. ~• ,·,lull:tlc uf • thus 
"" .... ,.,a lithe f \I;JI"It<:ll of or.t...r. .\ an.l4. 

no. ANI> Cux - An Ana/.vsls of TratuformoiiUiU 

As a very special ea!IC, for data assumed tn runn a single random sample 

• 3j·~y··_i")()',- .f'a)+ l:(y- j)(ya- tal 
•t-= --ll.'.t):;.=-f.>'+4l:{F-j)(ya-Ya) -. 

Rae quc:stiuns such as tkm·a<lditivily and non-constancy of wriance do not arise and 
dte transformation is altc:mpting cmly In rroduce nnll'rnllity. <.'orrespondinsly in (59), 
fa • T

11
• "f

31 
= "fu = Tj

3 
~ U, since: r = j-· j"' 0. In fad if we write m1 • j. 

"- .,.-•l:(J'- j-)1' (p"' 2.l •. 1 and make the approlimatiun J = lm.Jm1, we have .... 
,, 

lj 3m1 nra 9 n~, 
m

1 
m3 -- (1114 - :\lrt~)+ --+- --11 ml 4111~ 

. I I -· ------;,-;;,---;;1'!·~· 
wn: I • l7(nr4 · JmiH 12 _!_2 I(~--~ 

\ "'• "'• 

(60) 

For distributi.ms in wludt m
1

• "'•· m3 an. I m4 - 3mJ are of the s:ame order of magnitude, 
die terms in .:urly hr;~d.:h :nc ••I nne unl.:r higher in lfm1 than arc the other terms of 
die numerator ant.! t.l.:n.•min.•l•tr. H we ignnre the higher-order terms, we have 

• m, "'• ... - . 
"'"' 

A USt"ful chcd. •ol!ge•t•·•l hy i\1N:umhc is It• ._ . ., .. ,;,tc:r the Jt lll~tnbutinn fnr moderate: 
lqJtes uf l'r~-c•lunl '""' the l'••1~s.•n ,lt<,~nhutintl f•>r '"'' ""' small a me;~n. For 
t we: lind .,~A· wh.:ncc .\ ':: l· cnrr.:-•J><•IIIhnr. '" the: wcll-knnwn Wilsonllilferty 
transformatit~n. h•r lh.: l'u151"n ''"'""""""· ., ~ 1· whence,\-·§ 

7. i\NAI \'\IS Ill ........ s ArltM TIUJI<~IIIRliA'IIUN 
In Section 2 we •uJll!c•l•·,l that, lmvmg cl1n•cn a suitahlc ,\, we slwulll make the 

-• detailed c•tnu<~ltt•n """ interrn:latloll nf cll'c.:t• nn thi• tmnsfnnned 5Calc. Thus 
Rl Clllf two c~:~mt>lc• we: r~'"'"""~mlcd thnt the: ,lclatl.:<l intc:rrrchlti<lll ~hould be in 
tcnm uf a •tilmlar•l iiii·IIY'" "' lc~rcctivcly l/1· ;.uul lug v. Su'lt;c the vulue uf A used 
ft stl«tcd at lc:l\t p:trtly Itt the: ltt~ht of tlh! data. 1111: <ltlt"!'ilitlll ari~~ 4lf II JlOSSlble 
11«d tu allow fur tlu> ...,t.;.:h•lll wh..-n tnterrrctmg the f;~ctM ctT~....-t•. 

To invt:stil!!ate 01n nt'r'"l'rt:tlc all••wanc:e. we r.:j!.:tnl .\ 011 un unknown parameter 
Wlfh "true" \':tluc A,.. say. :nul •UI'f'l'SC the: true ra\:h>r clli:i.1S In he: measured in terms 
of tbe seale A,. If we wen:. f·•r nt•tano:e. "' armlysc th.: fu\:tl>r ~:tlccts on the scale 
awmpomling "''"" su;uimtllll·likclthnO<I c:'timatc l, we might e~t .... 'CI some additional 
c:rror arising frum the: <lill'crc~~<'c hc:twccn" and .\,. We; n•>W inwstig:lle thi~ matter, 
llthough the l"·~nt h•rmulall••n nf the probl~m is n<>t ai"··IY' cumrlctely realistic. 
For eumpk. in "'" hiul.•t!'""' ~•;nu(llc, h:t~ing .lccuh:tl tu wurl<. wtth 1/)', we ~hall 
probably be lntcrc--tc:<lln f.t<:l"r .:JT,""b m.:a•urcol on thi~ s.:;tk an•l nul th•lliC mensurcd 
ill some unllnnwn ..:;tic .:nrrc•t"•ndtn!! hJIIII unkn••wn "true" .\.. On the other han<l, 
il•-c are int•:r'"''~'' tn "h.:th.r tltc1.: •• tnlt'ra~tinn hc:twccn twu fm;tors, it is (lllS.Sihly 
~Sangcrous '" :t'"wc:r this hy t..-..ting rnr i•lh:r:tclio•n un the s.::olc "· •in<:c :\ may he 
tcltdtd at lca•l in ra•t It• nunnni:rc tho: •amrl.: int.:nl\·ti•m. A mut-e reasunal"tte 
(Oflllulatiun 1..-Jc llMY .. ncn h.:. nn ,,.,me un!.nnwn "ttuc .. ...:ak .\,.. nrc intern~ lion 

ICml\ lla"CS,...II ~ Ill 1ho: lllltt.kl"' 

,'.,(:,;1' _<.~ ... ~.-.:_... .: ~ .. [,~ · . .,...:·' .-~:· 
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hum th~: m:nimum·lilu:lihood approach, the most useful result is that sisniftcaiiCIII 

test~ f<>r null hypotheses, sudJ as that just mentioned about the absence of interacdoll. 

~an be obtained in a straightforward way in terms or the usual larae-sample .diJ;. 

~oquan:d test. lltU5, in the ttlltile example, we could test lhe nun hypothesis tllil 

sccond..Jqru terms an: ablent for some unknown ''true" A., by ttstin& twice t .. 

difference uf the maa;ima of the two cuna of '--•(A) in Fia. 4 81 fl. Note that t .. 

mallima ~'l:ur at diiTercnt values of A. In this particular eumple, such a lest is ban11J 
n«C .. Qfy. 

II ~·uld be P'"iblc to obtain mon: detailed results by ewluatinathc usuallafl'" 

sample infurntation matris for the joint estimation of A, ul and t. Since. howewf, 

mt\fc 'l'«'f.,; results can be obtained from the Bayesian analysis, we shall praall 

••nly IIKt\C. ll~e general conclusion t~~i11 be that to aUow for the efl'et.-t of aiUIIysina ia 

term~ nf l ratbc:r than A,. the residual dqrca of freedom need only be reduced by 

,. •· the: nunthcr ttf component parameten in A. 1lUs result aprlict provided that die 

pnptdaticm and !WIInplc effects an: measured in terms of the n .. rmalittd variables~. 

<.:un~lcr lnc;dly uniform prior densitict (or I. lcJsn and .\. 11om the posterior 

tlen•ity fo•r 8 i~ 

}cz• .. -ae,·cr"-a&u t•d\ 

frr,s ... \; zw•··JA 

(61) 

Arrn•\lmatc c\'aluau"n of lhc int~gral in (I'll) is cl.•ne hy t'f'iln"'"" around the 

lll:t\1111.1 uf I he llll~·l!lr;ultl•. The m:l~imunt or I he IR1t:lfand Ill lhe tkmmtinatOf is •• 

1h.: 11101\llntiiii·M.dolw•"' ~..timate :\, ancl that of tht' numcrat••r ''ncar:\. w l1llll ai I 

" ,.,.,, ''' m.l\mm111·h~.:hlt<""' '"luc. Tht: an,,..,., '' lh;tt (t.ll ;, art•to•\imatt'IJ 

ltz••• .. atf c•' •·- a8i} •·· "' 
--~ ,:; ~itl :-;;;•o.:-.:;- .. (6l) 

1 lm" <'"l<'lly tht• J't"tcrio>r t!cn\IIJ nf 6 fo>r S<mtc i<n•n•n fn('d .\ ~ith the dcgn:n of 

r.c .... lunl r.:du.:ctl hv ,. ,. 
f11 olt'fi\C (ftll l~om (t.l l. W( nC"Ctf to cv:lfu:llc: ontcttml• <•f IIIC• fnrm 

I ~ .f:ql .\)} l• ot.\. (6J) 

",,..... ,. " l:lff!('. anti q( AI "' :0"""''"'' rn•illve a•"' ... have a URitfUC mimmum .. 

,\ ... \. "'th :• limtc: th~~•an tlt:tcnnin.anl A. at the minnnum. w., ~:an then •nake 1 

I ·•rl.t.:<' "'l"•n•iun. <vritmg 

J I ,. ,. I tl(.\t-ql~lll 
I= Ckl' - i ,,.,q(:\1- 2 lnt: I I I '-qift- I J,\ 

rqeltl •· •·· 
.... ·-"'At-- .. ~'-"". 

q 

(64) 

•··• '"" "" '''1'-"'•lthc !ICC••nd l··~antluni.: term as f.n a~ 1hc •tn:uhau.: term' :md !hen 

lllll'f!r.lt.: .. , .. , the.· ""''k ,., .. fuucn''"n"l •ra~-c: ol· .\. In uur al•l'ht:aiM•n lhc lcrtM 

.\! "' nutn,·•~•h•r .uhl .a, .. n,,nun.th ... u~ <"'IUill hl th"· tlr't Ohkr 

u 
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Finally, we can obtain an approJLimation lo the posterior dillribution p,IA) of ). 

that ia better than the u1ual type of aiyn•ptotic: normal arpr•••imalion. For an 

-.pansion 1bout ). gi~es that 

Here 

(J'{l; 1)1" ... 
pJ'A) "' ~~"-'-''--

Jts'(l; z)) ·••·Jl 

const 

- 'I + (1- i)'l~(). -1)}''; 
I .. ,.r().; Z) 

b s •·(i)a,Jth 

with~) being the 11" ,., m;llrik with elcmt:nts ., ........ 
.;.L (I= '· ... ,II; j"' I ....... ,). 

(6S) 

(66) 

•'"J 
fhc: lllatrill b dciC:tRli~ the quatlrdliC term> IR the exran511lR of st(l; I) around i. 

Thus the quanti!~ (.\
1 
-· ~~ \;'; <Ci; z).jb"l h.lVC arproxintat~ly a postcrinr multi· 

•ariate r dtslftbuli~>n anti 

(1- i)'b().- i\ 
r.~c;;-· 

• posleri<lr r o.li~lllbUIIt>O. In r .. ~ •. howc.•vcr. it will usually he h~ner lo uaminc the 

postcnor o.li~tr•h••tM'Il ,.f 1 •hm·tly, ~~~ we ha~c done in thc nun.enc:~l uamrlcs. 

IC. luUHI'R I>I·HIIIr~>UNl s 

We now t:on,,.tcr 1n much 1.:'<~ detail u numhcr of S'<'~~•hlc dcvet.,pments of the 

llltlhodi propo!ltd in thi~ f"'pcr. Of lhC!oC. the mn~l •mptutantls rrobably tile simul· 

aaneous transformauon uf in.tcrcndcnt and dependent vanablcs in a rcgresston 

problem. &>rnc J.lCneral rcmatb on IbiS have hcen made in Scc:lion I. 

Denote the dcpend.:nt vari:sblc by .1' a11tl the inJcpendcnl variables by .r1, ... , x1• 

Comidcr a ramily ur lf',tn~furmalitlft~ fr.>m y tniCI , .... ano.lt,, ...• t, mtll x\"•
1
, ..• ,xl"'· 

tile whole &ransfurmatmn bcinsthus indexo:o.l by lhe rruameter~ (~; "•· ...... ,). It is 

1101 I)CCCSUJY tbat IIJI: f<tlllily Hf lr8nl>fllrmatillnll of say ) I into .\ \••
1 

and {J into 

,\ .. ' should ttc lhe .amc. alth•'"'h thi~ wuuld often be the ~:asc. 
We now aiiumc that fur ~·>nK: un .. no~~rn (A; «1, ..• ,.,l tho: usual normal theory 

auumptiom .,f linear regrcs!ilnn tho:ury hnlo.l. We can I hen cumputo: !io1Y the n11uirnized 

Joaltkclihoud fur g1vc:n (.\. "•· ...• ,..,). uhlainins Cklll:tly ~~~ in (\(I 
(67\ 

1.,,,(.\: "•· .... ,1 = - t lngn'(A; "•· .• or1H lngJ(,\; yl. 

•here 01(.\~ "•· •• ,l is the malllmum·lit.c:lil"""' e5tin1Rtc: uf n:~idual variance in 

the "andard muhtJ"Ic: ret~.r<:""'n an;~ly~i~ of the tran~r .. rm.,,t \anable. The cnrrc· 

Sf!Oildins carrc'~"'" fro•tn the R:lyesian aPJ1tnac:h '' ,. 
1,,1.\. •,. .K

1
l ·· j•·,lult•2t•\: "•· .. • 1H ;;•••!l)(.\. ,, 

(68) 
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l'loe straigbtfurward Cllfemion of I he procedure Of Section 3 is IO compute (67) of' 
(6111 f,,, a suitable scr..af(l; .. ,, ....... ,)and to examine the rcsultina surfa<:e npcciaiJJ 
M;u Its maximum. THiS is, however, a tedious procedure, except perhaps for I• I, 
hnher. ttral'hical prcscntat1un or the conclusions wiD not be easy if I> I; for I• I 
we can pl"t cuntnurs of tbc funt:lions (61) and (68). 

When ,\ i~ lise-d. i.e.transfnrmations of the independent variables only arc involved, 
lt"x an.J Tkl~cll C 1962) dcvclorcd an iterative procedure for the conapondiiiJ noa
Jinrar h:ast-~uarn problem. In this the independent variables arc. if necessary, fin& 
Jrathf••rniC\1 lc• near IIH: "Piimum form. Then two terms of the Taylur .. ·xpansioa 
nf •:··'. . •:·•' are laJ.cn. h•r c'amplc if .r. .. ·• • .\4

' and the Mt value for ,.., is 
tlM"•!!hl "'he IIC'~tr 1, we wnle 

'i' .. ,, + ( .. , -!)"•'"'·"•· (69) 

.'\ htw.·;~r r,·~rc-~:•iun term /i, .tj· .:;u• then b.: wrillcn lii'Jin>ll.imah:ly 

fJ, •1 + ,61(•1 - I) 1 1 l"ll '"• • ,61 . .-1+ y 1 .t1 1og f 1, 

'a~ If tl .. • hn'"'" mc .. ld mv,.,lvt" hnc;~r rt>grcssion on x1 .... , ... , ;md if all aloe tr.Jnsfor· 
lllotll.·l>' ,.f •l~e m.lq'<·nd.:nt 1ariahh: arc to !'<lwni, we .. -an tl..:rcti•rc taLe the linear 

"'~"-''"'" ''" ,.,. . ,,. '•'''! '•· .. 111•'8-'1 in order to estimate the {ts and y'• and 
h.:n,, ·''''' tin: •. ·,. fltc rr•...:l:durc can then be itcralt:d. Tr<~n~f·•rmat•"n of the 
J,-,..,n.fettl ,.,,;,.hk "''" u,.u;aiJy he the murc cnlical. Thc:rcf••rc. a rc:a~onablc rram.:al 
l''•"«lur.: ,.;n otft,·n he "' c<>mhinc: 5traJ~htforward in~c:~tij!:tl•"n nf rransf••rmatioft 
,,( ''"" tkp.:n.lcnt •·.m;chlc ,.ith p.,, and lt.Jwcll"• mcdt,>d at'f'l''"'' h• the tndc:pen.lcnt 
\ar • .~htc ... . 

h ., , ... ""''"k ..... ,, ,,, C'•"l1~"kt ''"'"'if.....-arit•ns .,f the rr•'lll:t•,luh.· ,.,., ,krcrmin•nl• 
••~,.,,·,..,,,,,,,.,, nf tt .. · <lc('<:ll•knt >armhlc. l'hc mam '""""' m ~ll'.nt:htf,,,,..~rd 
31'1>h,·,ofh•ll ,.f the niCIIh>c.l col' S.:<-ltotfl ) I~ tn appf)'Jnjllht: lrOJn•lufnl<llh>n for variclus 
va!u,·. ''' .I ""'' the" ,omrutmg the ~tandarcl analy•,. .. r '"""·•n•-.: fnr c:xh 5Ct of 
tr.tn•l••n11.:.1 J;tt<~. Sud• a ..:''!IICJl<"C uf ~imilar coakulat~<•n!o ;, ~tta•tchlforward ••n an 
C:k(tro'fll<" '"mf'llll!r. II I~ J'Crf.:..:tly practicable aJ<;o fur '"-'<"3\U'flal .~l. (;olcui~IIOII, 

a hi"'"!!'' l"''l>;tl>ly '"'' fa•r r••Uim.: u..-. 1~ arc a numho.·• "'~""''""e ""'ttlili.;;tu<lll$ 
l't;o!>t."<l. t·,,, t'\:Ofllf'lc, ••n ''~"'"M""~ hl.c (69) ur '"".:" t)'tl, hut '"'') ha~.: h• he UICd 
"t(()' ,-;IU1httt~fy. 

In tho· r>r.:•,·nr raro:r we ha"c: ~:<•nccntratcd largely ••n tr:tn"f"11nations f.,r lhote 
\l.lnol.u.l "h\t>•l·elk.:r." ;m<~l)"!> .,f variall\."C situations where th.: rC'!<pllRSC can lit 
uc.tto·,l '" ,, .-,.rninu<>Ult "aruhlc. The !iiln\C general llflprnach ,.,,.,Jd he ad•lJ'Icd in 
'""''''"" '"'" ··mn ... >m-c:IT<"Cts"" m•>dc-k, and with vari~ pr.•hk.•m,. in multi•-ariatc 
an.tl~'" :onJ 111 the ;malys•s nf tune series. We shall not g .. into these aPJ'Iil:atioM 
h..:re 

,\n itnrnrt;ont .~mi~•i••n fr.•m ••ur discussion C:""'-~"" tran•fo•rm.~li,.,n~ ~rcc•lk:IDy 
(,., ,!;at:• '"'f'l"\.'1<"1 .. r fniJO\,ing tiH: Poiss.>n .,, binom•;~l d"tribuiJt>ns. There ar..: two 
.lttlo,llll..:• h.:r.:. One is purcl) .:llmputattonal. Surposc •c a"unl\: that our obKT· 

'·"'""'· 1. r .. nuw. f·•r e•ampk. J>oi•!U>n dislrihuth•n' ,..;,h n~:•ns that ol>c:y an 
;,,J,iJto\\" b•• ••n au unLnttwn ltan•f.,rnted scale. Tim•. m" r••w •·•lumn an;mJC•ncnt, 
tl lhtt:hl f" ·'''U11lt:tl lh.at th-.·• a•,,,,;\.ll,n tf'h!.,n in rnw i ..... t "·.,hunn 1 ha" the l"••un 

(#• I ", I f.?, I' ' ( l.,t 01. 

,. '· fl, ( .\ -- Ill. 

• ·•. ~' ,:'':-~'-"'""';- -.--r -- _,· ·•' h 
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.wlleR A is unknown. Then A and the otber parameters of the model can be estimated 
by maximum likelihood (Coc:hran. 1940). It would pt"obably be possible to develop 
ICIJI)nablc approximations to Ibis procedure althouafl we have not invatipted 

ddt matter. 
All eacntial diSiint:lion bctMCD this situation and the one considered ift Section 3 

is dlst here the untransfurmed ubservations y have known distributional propcnicl. 
1he analosous normal theory .ituation would involve observations y normally 
etributcd with constant variance on the untransformed scale, but for wh!cb the 
JIOJ'Uialion means arc additive on a transformed scale. Tbe maximum-likelihood 
solution in this e&$C wouiJ involve, at least in principle. a straiJhtforward non-linear 
last·squarcs pr~~hlem. Uo>wcvcr, this lituation does not seem likely to arise often: 

catainly, it is inaflllrorrillle in our exampla. 
An important possible .:omplicatiun tlf the analysis or data connected with 

Poisson and binomial da~tril>utions has been particularly strL-sscd by Daniell (1947) . 
This is the r~ of an additional component of variance of unknown form on 
top of the: Pois~•n or binotuial variation. If inspection of the data shows that such 
additional variation is substantial, it may be adequate to apply the mctbods of 
Seclion 3. for integer data with range (0, I, ... ) it willllfteft be reasonable to consider 
pow~r transformations. For d;ua in tbc form of proportion~ of "Sli('CCSK$" in which 
"sUCXC5SCS" an.J "failures" arc to be treated symmetrically, Professor J. W. Tukcy 
lw. in an unput>li!>hcd p;~p:r. su~gcttcd the family of transfnrmalions from y to 

,... -(1-y)•. 

For suitable A'! this ltJ'J'FO'imates doscly hllhe standard transforms of proportions. 
tile probtt, h>IJI'Itc an.J angular tran~ormatioM. The mcthu.J~ uf the preM'nt paper 

could be arrh.:·l ~···" thi~ family nf tran~fnrmalions. 

At ... N4tWI .•. II(ii'Mfl'<' 

We thank m.tny fricnll• f,,r remark\ lcadtng to the wriltng uf this raper. 
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Mr J \ !'It I 1>r11: May I btcin with a definition (from the< ·oncr.e lhford lltCtionary): 

•. ,.,,, '""' t "' twn rersun• "'""rake turns in sustainina a ran." I nm't admit to ha•ina 

~"""' ,, ~ .... """' in cry in& tn dcdu..1: whi.;h person was sustamm11 wh•~h ""'' nf this ftiOSl 

"'"''"'""~ r·•a'~<'r. I du "''' thtnk I he eurcil!C.,... very succe:<sful, ;an.lth•s lcslilics to tome 
......... ,,.j! '"'"·""Ill"" the rart or the auchors. 

h "''"m' II• me chat tl!<'rc arc two basic problems bcscthng all O:tlRSClt'ntinus data 

;~nJI)'" "'' """'"" l'fl•fn"'' TuLey's term). OM is ht•w to .:hcd, that lhe data are lhlt 

'"""""'n·'''''' '"''" ru(luc nl...:rvatitms and whal action to taLc if they arc. The other is 
h .. w '" • t,., ~ 1h.11 the '"'"klllc>tng u'Cd to analyse lhc data ,. •u!Kt;tnlrally the ri1ht one. 
I .... ~ "'>! '"'""~!! the \'MI'::i or U;atio;tical Wfllln~ nne lllll't bt ... ud •• I thcnk. by how 
rd.>ll\d• Ioiii.- ctl••ll ""' ~n dcvote.ltn II~ l'fOh~mc. I he uwtwllt'lmm&l'•c:ponclcr. 

·'""" .. •'I ~:~~ lul"r.,tu•'-"' \"t'n~t,t\ ••f dc"u.;u".: c.xer~itCS fron1 n P'"''' -.t.uting r-unt~ No-. 

··• , •·ul"' th,.,-,, •nu""1 .tl"-"..t)'' b!' \C. nne it\~Unlrtu.lns made tJ pr, . .,,j~ •n d.ato. an4dysts the 

un'"••ll.u1: tlu,,t= 1' I h.• I lllC) \ht.tbld not be nltl\:h struncer tb.tn rr,· .. uttt~ c~tt.lcl\4.-c JUSUfte~. 
I;..,- tu·: "' t!...- h,.,, l"tul"ctm, th;,t uf '""'~ errots "' ro~ue "'"""""'"'n""· we arc lk1C 

tl•r'-·' II\ ,.. •a•~,·t•k•tt \\tCh nt•w. hue thr Cfllt",lhl1l 4)f S4".tlc r,,, .. IMI\·""1', \\IUdl I~ tii~US\Cd 

h.,.·,,·, •· · ,,,~~.,,.._ .. nl.tl In th.: ~''""-' C ••1\: 'C.TS Pdf tnfr('t.fUt.·,nJ. tt..·rn.uL" h• tl-=- elf"-'-"' th.at 

u.,. ,f,·,,.:n ••1 ~n C'f"''l utll•nt ,kh.·rmttK"' I he at~l)~!\ I cl.: •·~uM hr (\s,...-r ,r lht"i WC're 

''•"· 1 •. t!,. ,,,l,•rrtl.ltk•n itttm the ,JL-..r,:n "'~ I11U\ot ad,J tr~ oln..al"··r·-. rr,,,, ju-.t,:~nlC'nt\. 
fl'""""'''•·· .·~.,.,~, •'' f''''IU•It""'' t .. ·.,u t~nt wl\.:tC yt'MJ Wlil't11t .1!"-•ul ... ,,u.·,t•••u< ttf adt.IU•~ny. 

hPtll••,,. • "''• ''" .tthf ftt«.·l•l.'" I .. :qucnrt,.- the"'• "'"'' ·•'""•••rl .. ·n" ... ,. ""'"'hh.tl~l) ,crnn,_ 

.tn•f ,,,., · .:!t I·\ .u• .... ,,·rht•ll 1h.11 the \lt:o~k _.,t,,lliC'lS ~til'''"' lh< to•,twlt..••l .tdt.fllt\11), Cl~. 

llu: t.••· ·'' i.,,. ••I l!u, J'·lf''f fu.·'\ ttl tt'\ '-htt'..WIRJl U'i bt.t\\- tu "'t .... ,.,, tl.,· ..... l'tfloll .h'\IUn()ht~l\1 
,,, •• , • .1 , U·.,. .fat., f•• '1"'-._, .. I·•• lh~n•"'lw, n1 th4,·"'· m.~u ... , '''""' .t .• :., .an •• l'"''.' fwo 

j'l••t-lt• ·'
1
\' ,,,"'-Ch 1111\."11\\.lll\"\l, tut\kC',CI. ··~·t II ltll!UC' ,,t...,.•t\.,tho•tl' ,It\! f'l&."""•nt lhttr 

rt'"hh• ~ t.·'.: It• ,fuanm.tl{* t!t(' fC''ItloMf "liiU ''' ""'U,u~ .• tn,J f•; '" ll:tl" ""''lhtth1) .tff,""t.l lhe 

'·lilt• • l \ 

f '·· ·• 1'1'1•'·" ',,·-., \t, h\chth•·"' .• n,f \1.1 ll.t}C'\ lht'"t•ft''" ,,,., '"t"· """ "''''' ,uhl ''\'t 
,, ... , .. ~ ... ···\' Hill ••lh·n ,.._. ,,.,,. '-111111,H I .1n1 nt•l Cl\hrd. h.·_'·P._ .~-.itcf t~.,· ,!,1'\.U""''" 

,.,u.t!•, · ·1'•• .tthl "'"""-'' \\!t~o.·!t•.:t the ·•l'i''·U-an,"\! ,,(the ~~•'"'"''·~'"''!" '" ct"'" l'fH•t l"h't\il• 

hi.t, · ! ··••h 'lhl~'~'tta,:". fl' 1~· ,tuth~'f' 'lute. hut .th.,. 1lk.,:.! 1ht.~y tt'n'Mrk tvll 

!' ~···: ~' ~1 ~·'C'h" .lie '\4.1f11C r...-•• ~ .. m .. f,,, thrnLtn- I ,t ,. JUrl.·l.lhk , •• , , ...... t ,, rr.•nl .• ft\tft• 

u .• ,,.,, ,, ~d! ,,, h••m .t ll.tyC'\t.an pcttnl ur 'fC" ·· I .ate•« .•• ,.1, !::::~:..·.m·••c. I ~~IC'~c 
lh.tf .~ .. J.•bl~ r11t.J•Ik.thun ul lhc h·e.·hhctt"'f ;~pprnach Ol;t)' ~ f~'ttn,l ht r'~Jdu._-,: Jtl~l lhll 

u..·,ull ! '"' ,, ullntt l"''llf n. tlwt h•cd ciTCt.'l\ ouc unn:.oah''"- tr't ·• ''"~kl II "'e •ne·•'•are' a 

•• ,·.un~«.·•ot .:•1 .. ·,·t tn .tn ,.,l'lf:lfllh:nl, '' t' ,·,,nutu•n c'rcncn,.t• lh.tt .. ftuiiK·t '"'f~tuJWnt ••II 
Jtll.: 11 .. , t~<:1 1 1t't \'\IIIU.tl(' ,,f ttl(' t'lft"\t v.tn,h uft~n drtfcr~ fr.•rn ,,,, un.:uul ('ltttm.llt ~ 

llttlft" •·, ·a p,,. tnl'-""1.11 ... t.IBtf.u,l Clh'" ul the C\f":IHlt('nh "'''.",! J, hi"' fo• .:\l%'d If-~ 

""'''''' · .• ,;, .•• h.l "·'h lh•"" m nn•••'· lh<"n •·•• .a ,.,nile Jhrtnt.,t "·''1•1·;~ ,., n "".: nu,ht .. •ht.nn 

•.. '''•c-. 

ro\h\'h'. \jl'· ., 't .trhl ··.- .\'10. ('f •• u "'.: n ......... ·'" ••llho•at·'''''' lt.tfl'\(,,, ......... -.n ·'' 

tht. ,f,,• t I . II~ 1Ah,,t: II h •• n ,utht•.znnttl·nutrt\ ur ...... """ to··~·'~·,·:th h .. hmt:, ~~~ lu-.t h•W 

\\tlh ... ·:"·nt.., '· th..-n al ... · l••tc la~cJ,h,"ttl •' lfhc."n hy 

"If'"' ~tnl· 1: 1 ,.,'n)1 ~1' tc" IJI.•t:·• 1 ·~:~: •• •. 

\\ h,.,. ',. • ,.,, 
1 

t k-.111\" w< -.:.ann••• \"'ltt11.t:C' I" un~~ ,. '"" •ll·•·.~n. ~ fu, h m ,.:-nc1.al 

11 ""; II '·'\"•'''· 1,,, ·l'h h\t'tl/•,.t ,,,,J.,, ... ,,. 1. "it: h.t\t; I, •.•\•:~o: ,·,! •,, l.tllnt: 

£4 (. .tthl ~11 • !.:t 1· .. ft' ., II I f 

J 

11lus 1 ..... \AI foHnwint equation 124) is rci'IOI"d (apart from an '"'known conil&nt) by 

I,JA). Oy est~ns•ons uf this araument we obtain Bartlen·s criterion lor te~an& the homo

JIIIIit)' Of YafiHO.:CS inslca.J uf the: /.1 ,;ntcriun, and the likclihoud CI'ICtion fnt a t'CSIOCtcd 

ltJIIO(bcsis on the m.:ans (cqllation tlSII becomes the same lap;ort from an unkno,.n 

constaal Coactor) as the O.lyC!Itoan one. Thus !iOIJ\C ut the arp;~rent l!w'fercna=$ between the 

IW'O apprnacbcs may rcwll hum I he: rntre.:lions implied by li~cd ella:ts in a m.>llel, lhese 

Wea cquivalcnl to asow:rtums of tero v:anance in rcpetitton~ of rto: u~iment. 

Taken with the work ur Tut.cy, n~nccl and others, on the dcto:unn ..t roruc obser· 

atioas, lhc rcsultt .. r chi\ I'"I'Cr >hould lead before lon11 10 sulr.ot~f\ttal emprovcmetltl m 

c:ompuier pro~tamlll\.~ fur lhe an.&IJSI> uf Cli'Crimcnts. "l'tn.t ~~fl(tatior,- proJrammes, 

wtaidl largely bc:lwvc a• thuutJh 11..- .J~itln <llllwhully delinc the a•u•ysis. will be: rcpiM(C.J 

.,. IIICW sco;ofld·acneratcnn ""'ll'~"'n~ "'''al>lc uf o:hetkmg the ~-!dtlicmal as>un>ptw:>s 

l1ld ~;~lt.inl "I'IIIOI'n;ot~ '"'''"" It •~ h.ac.Jiy nc<.-...,.s.ary h• '"~" ·•h.al "" ad••n.:c :•,•s 

-'d be. 
I suppose th31 tbt .:on~cr-sc of "lwu I'C•~un< "'h" talo.e turn• •n ~•atarnma a ""''" 

.-ould be ••,tnc person u,hu •·•Lc"' tutl\i tn ~u)t..untnac.twu l'.srt~" :'\m:h i perwl\ l!t of:cn 

6c prupusc1 elf the \"h: uf ah.ank~. the Jl~UI~ bctnl& lht~C ~·( li.~"!gratLi .. tOf And Cft!~~ 

tilt Loner b.a> h....-ra ~""""n h• .,,c, .. hcltn the f••rtaocr, bur"'''· I '-•rc. :·:xl•) We """t 

all be cr.a&cful hlf lhc ~k.u ~'"""''"V" uf ao lffil"kUt.tnt Ph'bkm t.,, the rra":~:tl .. ,,uc 

of the rcs..ll' obtau~.:.l ""'' fnt thc: l'""'llthll~~ upcncd up fvr ,..,,, ... to•.:•t•gat .. ..,i II •• 

atc"at pleasurC'. lh("tcf,•h'. (,,, cut' "' r•••l''~ I he vule u( lh.ml\ I.•.!Jy 

Or J. 11"11'"'-.~ I \41ttuM ~~~,. "' '"ll~""'' a n,•n-r.u..entetn, ·•1': '•d• ~~~ ft,n .. n~ (. ,.\ 

f'Ob&tm Surf't•\C m til(' 11h c•P•:•ut..:nl we •'hwru: ,., uthkr '"'1! .: thlfl\ '· anJ th_.r 1t •~ 

cleltrt'tJ hJ hn•l lhc fliHh.ahthfv ''"u•hnunn ,.r .- 11n·n r f,,, \o~u.·-'\ '· J he ,,.d) ~~r-cr.tl 

fDI'•rk thdl :.c:cttl> '" ·•l'l'lt " ·' •umlauty l'•tn•·•rt.- "Wh.tl .. llapi'Ctt un.xr rrc-«nt 

CW'CUDt:tlilnc:ct- Will rruh.thly t'lc \H'Uti,.U lu tA-h.il h""J'I'CUrd untltf .~ t!UI.u ~o.·tr~u~sUn-:.ti IR 

die p;t>t" or '""'c •"""I~ "ltkc ~., ... o!s h~cl)" I I.e M~tc•"•''•'i!'• tllh •• · ""'·"' "'~m ! ' he 

ICiial IK:\:'IM'Jtn& h• ttll!\ rnth.;lf'lc In It\ lttnl·l.llliC l't.•IC\.ti\h, \Ill. ~.,::c lht (lfO~:Nurtc 1, hJ 

IDDl at Chts R'M.lnth',_ v.t.·~,thcr. ! .... ._ m the rc.;,u.l\ fetr .a Mtnd.u .,, ., .. ,h ..... ·c wh~l h•ppcncd 

... (dlluvnn. Rtt•tUh •hc.•n ·•"~' ;'rt:Jn..t the s.une lhU.IJ \UU h,ll . ..::~ nr•t mtu•::h. n~·• 

IMy would !tol)l, lu rrc.lt,t Wllh.•t ~. v.alf be Ullt.h:r ~llfhhlh,IO\ l,. .tt 1 ~ -:"!.U.'UI 'h-( { • , .l 1 ) 

for an .a, ft:ltt\C ao '•· th~n J'rt",ft,·t ''• .,. •·. 

It 4ott s«"m "''~"•hie: l•l "d""r .1 nun·ltar.uncUt-: nxlh•••t ft't ~ t:dh,f·'il a nc• y af '•· 

ta least squarc:t thc"r) th" ,.. .. ,,IJ he the: ftnctl ~:aluc r. I"' ,.·nco. t pw.:~dut~ ., 1o 

IIDOOth from th~ ".tiiHU"' rc.~&hne' t •·. H •n the nc•shhnurhttHJ . r r •. •31\JC'!\ ,..,( 1 b:•na 

.,.en 1~a1c-r urIC''~ 'kC'Ifht ""·"·,,rJ•na tH ,.'\ ··"unal.utty" "' '•· ,...,, he·..,. nw ... c•aha arc 

to be (httwn, ~'r huw th~ '·~ .u~ In be ~unt~mc,J 1\ an ''J'ti:'" ., ... ,nun rhe lr.at \QlilfC!i 

IA\V.(f '" ) • ~ ~- •. •. wtwu: I h-."" \\"rtghl, ·•· ti'•"'Mhl)' n.:ar;.rllvo. ·c~t "\'. "c:ry . .an..S rh:.uly 

alway\ aJ~mJI tn .. u-:• iU\: ,.al"'ul,tt<,l fuHn lit\: ltn~~., m•ttkl 

8u• ;an,J {·,,, ,U..; oi\'\U!Iltn,C th.ll fttl '\UIJ\C lf.lf\\f,t(UK:d "'-"' .' ub-...rrv,\tUH\l _ft J' lh~ 

~~ I\ V•llt,f •• athl tl11;11 'llll)tttf~tJ \'Jhtt: ~uuiJ l.: fi;I\"\:H t')' 

/f Y.l • ~ ... , ft.v.l 

A "'non·r·•'·'",.,.",;" ·•t'r"'·h.h ....,.,uld he \D hrd.:r 1hc ''l"c· · """" •·. 1•• • ...... """ 

trln.l t'• Mhh lh.tl 

:!.: .•• " ·~··· .. ....•.. 
(.wttt•-'llt. t' .. '""the nu:,h.1n 11r tiM.· ,11''"~''11\n ..::nn'"''"t! ,,(I'· :, •· -.1th r~r.\l:-••~·i:ry "'· 

lp .... ..-bk: nqc.•l"c ~.aim:~ ,., .. ,lu""· lf.a, miC'rt••rl.tttt•n• I!·" 1•1~· .... til.•,_ ,l( at.~; f"'•'~'Jurc-

11 1h.t1 t·. ,huui,J n••l 1..: ''"' t .• t l•••m lf•c \o~luc ••ht:.tU•t.•,J tl~ ! ... ' •''· 1 ( ,u \ f\10\.(t.!ur~ 

IIMC fhC: mcJ~.an ,,f lite /lt,l·, ,,,If I~ arc•u•\lln.at.:l) ('"•J''·'I t tin.• r'~.tR 1\f lhC !· ... fs. 

hi tlus rhtt.'Ctfuu;" IU\.111·1111 un\f\.·1 diU' Otttlhthlllh.: lr.JWth•11· ;hilt· f lhc .,·~h ... ~hiR\ 
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I '""" tr~<·•l ""' with ftt•• and t.'oa's 11 e11perimcn1, when x0 is ;ot the centre of the 

o:1111.! til. u. Ill ·n..: wciJhh "· will depend on the linear model; for " compleJo f"'torial 
mudcl '· ~ I at ttl, o. 01 and o .t.....,hn'e"" that no smoolhinatakcs pl;ace; ror the ICCOI!d· 

d~ll""' ~'"''"""""' m .. Jd "• • 7 at Jhc o:cntre, 4 altho midpoim uf a fa.:e, I at the lllidpoill 

,,r "" "''"" ,md · ~;at ;o v~rtn; fur lhe tina· ;md zcrtJ-delrec polyoumials, o, • J ~ 
'A"ik'ft' .uhl th,· '".,.,.,1tunc '''"''~'ave. 

Th.: '"''"''h, .. t "'''tn '*"h UII•N•s similarily coeffio:ieniS /we may fe$3Cd '"• as IIIII 

rckv.tttu· ul the 1th nh"tC'r~.ahun to )'•} and w.1nuus methods uf cumhnt.ttton are 

ll•~trr ••f 
r,h,,,,,.t ,,,,.,.,,. M,.,, los .\1.-.f,,m 

Cl.l Ml>l S64 ... ,,(, 
: n& MO «W 

( I· ~~t) 620 r • .:o 

!\:, ,: •• ,,,., .. ._.,.llfht' .ttC" ·' nu•!\Oin..·~. an,l. al,.-. we would ltke the 'tnul.trtty t.~cteR"ICttnts to 

dL""..:r,-.,,4." ··'''h ,,,,,an.;,· If,,-...:"""'·''*·"·' ~uatc\ i, the unly acoct .. l ~.,., ••f ,ener.allftJ •• 

~·'f.·d~" ''" .. , 1"''-....c:nl 
I ""'"'"tt."• •I tth." •n~t.·r.tu.uhlt 1.1ntre ot the' dl'tribution o\-cr r!M: r, "'''h wtt~hts .w, woul.t 

""-· ·• h"·''"'n.t~l"· tu.en,r •• ,.~~.thun ln,.u •• anu nxasute uf d•,rcr.,•••n uC .. nr-.: uhscrvauon 1 

-•~•ut ) • In lft."lk'r.allhh ,.,,,uld JC'nd In~ Jar,c tf ~.·s whk.h ~etc uth..:ncJ undec htahiJ 
, ... .,: . .- ..,,,u,l•l•.~u' "Cr< a lunte W4y rrutn lhc f'tCdiCICd Y • .. r '• 

A 4''''11U11;1 II" ·'"·''\>'"'\ .... I he .:a"'•VC' ., rc t.a~ \)ft the t•td4.:r .... .a&n.ll .. ' ~-·uM he- tR\.&fl.&Gl 

uu,fct tH•m••t•'ntc.: tr.tn,t••trn.ttton • .and ~' ••"•ld teem .... .arrrc•a•t• .. •~ ff'rlhc"' uf hndtAI 

a lt.llo ... !o•IUMf•··n 1Q \\·hkb .. n .... ,tm.uv ··n~''"' .. anal)"'""'"' I"C rrrfuuttt4ol 

I h.nt: ......... ltnc ro~rcr ... ,IIC'nl•t•l) lllh.,mdllve and 4funuldtlntc 4111•1 It ~1\(''\. OlC .,eat 

Jl'-;,t ... mt.· •·· '4.'•••••.1 Ute "'"'C' ,,f t•· anL' •·• t•rnt~'\\of.tr• llu• .an-J \ •'' 

11"· \uft.· •• r lh.ul .. , "·" Jlttl ''' lhC' n'IC."C'ttns anti l'~ftl(d u~.uun .. ,u .. l) 

(hf.f••;~,l\ttllt: ""'111('11 \.••Uhtht.lh•R .a..1o1o IL'.hJ l'ty p,,,f ... ,,,,; J) 4t 1\('tt.I.-J! 

f\•·••~ ""''' J \\ I 1 I\. I • fl...- ''"'ufh h.'JW•t1C't.t t..,. Jly,ofc, ...... , n •• -. .uhl t u111 .. Lt~rfy 

c .. ·p·~··· •r .1 ••• :"''''"·'t "'~;· !.•f\' ,,,, ·•'~ lh•O<OoC'~··n~~~ue.·J -..~·'• th,· ..... aa•l .• n.l1)~'·•ft.l.tU 

o,.h,ood,f 1,· ,.-.,.,, ... ·,I 1o• ~li•'""" ll•.tl \!o1.') olot C'l"l, f't.tJoth t-.;" ,,uo.t,• otl If• .. llll >A .ttkt n•o,J.JIIC'J 

h: .. hl"~l'"'' ,~>tn.,h lfh:"· w .. " "' f 4 • U). ,tt'hl f't.·~t..tU..C lht''\C" ,,,.,,,.. ,. .. ·q· •• t .... nttC't1 t-\ lt\tftJ 

,,; .. ., •. , ·"''" •llut.\,·olt'••:a..t6•1\,,,, -Aifto.J"-t.tlt ·,,,..,,flf-.·~('.t• I''''' ,,,,sns..thlt .1"''"'"'"'•'111. 
f\1 1\0iolttU\ hlrt,, lrfu~•tl to.'"llln,lht•tl, ll.I)'\"'I.JII Utl\'lt."t,\1.' .ltt..( ,, ;"•f•NI ,J,._II,h~tltt•n" U't\,ltlolftl 

UU!ft..·r 11-tl•ll ~: lt.lll'ill\,. f:1!tUI,, fhto,. f.t .. t ~.1,1 lla.tl..r. tl 11:....\tf.tl•it: th.•• lnh,:llta;-:-nl \IW~ 

t•f nh .• l,· ... ,,, t'\f'h''""h'll t ,, thC' •• ~""'"''1 tc."r-m"'~ ¥otll t"tr..·,.·n~ ho.·th .... -.. ... ny .. ~~.u·l'l ... blc 

·"''' ,, .• ~, '' !.tu~J,t .,n~l tf;,, lll4." t •• ,,~ tun ";ut\"-""\f~tt,~ f, .. , tl.,• ·"'''""'' ,,f tl.tl.t -111 be 

\t.'l' ·"'"'" thh· 

\\ luf,. ,h, ... , ........ ,·tat ... ,,.,.''""'·'"·· ,, '"· I rtunlt. UUI'•'''·'"' Uo\4 •·· .... c·~'"""''C' ••• 
,, ... , '"""'"llt.''' I rt•ttt11•"· 1"-•1111 ttl"'.:,_.''' tht• nt..ut "lh• d•'\:'ll m111k"\·,~ h nt: ''·''·' I•• .trwly\C, 

t .. U,'\t,' ,,..,,,h, ,,,,. ,,.._., .... ,, lurtfh;I ~Uhl.tU\.1! .eh.tul .. "UU.Uh•U &•nl'\' 'C'·I'-''ft.thly ,,,,,... ht lhc 

''"~ lh· .tdH fih. 1.1,,... f ·L:" "· ••f .:.•nt'('. nu tht\-:-hy fl\ ~•·•"""'""'· hut ..... ,n~ .l"'lf'l'\.h ,,f the 

J'h'"""Ul all'\o\, ....... h•U ....... ,. ,, UliJ"•llt.anl h• rc cmph .. ,tl(' ,,,m,· thul~' lh.tl ... h .. •ut,t I'C' ••• nultaf 

h• •• ll ,,( ''" In tit\· .lulhu"' ~oh"t.·u,.,h•••. ·•' u\ .,.u h• ncdtl) ..&llt•f •• ,,, , .. ,,.'('t,lh .1\>.ul .. ltle 

th.:••• \, •• i; 11""· ·'1'r'·•·h.h4."" dfC ,,, k,•,l f,,,,lt~l:l~ ..... t'\f."•t l•("t•n .1 lllitt.kl t'l\•'l"'"tl nttttlldltfy -

'". ·'"' I "'•·ul.l t.•lltt.•t '·'"· C i.u''"·•tut\ I tltmk th.u tht\ "" ..,,,, ....... -.1 h, lite" t.h~'l"'\ol"" d 

'-. ... ! .. ·n '\ ·.-.t ... ·,,. ufl~ ,, ,, ... (',)1.•1•"'._ ~~t<rro.l -11 lhtr: C\·hktl,~ f,,ofU ·'"'"Uit..._.,t. ,,111'''-U\11!1. tt.nt 

.II lftt.• \'\hlt..ll,lo" lloiiU ,W .hhftlh .. l.tl •''"'tlln~ltlof\ ,,( .. ·,-.q,tdf\\,\ ,,f "-.11: 1H,4.' Ul lht~ rt~tW.C uf 

''·'''"'"'·'llih .uhf. hu.t&Z~. .. 11 11\\· t:''d'k·n,:c fhotn .l luttlfC"r ·''"'hU•t"t-"U •·I ..• t..l•h,tty nl the 

r•.:o...:n4.'" ,,t '"•&h t .. ln,'"l oi"'UIU(•In•ll"'l ~. lun.: .h-.-:- ;eft: '••!UI f,l \h•f' ""alh tf)o:hl 'I'C'\.:Ifi· 

,,u .. 1h. ult,. 1..: ,,,,!, .1 t(\' J'-dt.utact~l' ••'" t"• .,ft,,,."C't! tu t."ttiC't. If " ''·'' ,1 •·• ~C' htt .. lhtnp 

,·.n1 h,; ,!,o:t\. II• .It'\ t•\!:~."r "-.1~ th,tU 1ttl"'l llut ht\m lht.: r·•Hil t•l \>11,'...._ o·l lhC lll.IIIU "'-'t:b lfle 

-
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IJ(tul data. il would make much m<tte .cnsc lo nk pouibly in ¥a in ·· ror a11 analysi• in 

tlbicb one could caami11e tin;tthc cvt.lc:ncc Jeuvcd (rom assun'ICd addittvity m I he absence 

fl et11cr PSIImptit)fiS, se.:t>ndl) I m tin..., •ituauons where this was "'''""l"'iate} I he evidence 

fiiWidcd by an atldillonat aMumption uf constant variance in the pr.:scnce of additivtly, 

lid thirdly (in pc:rhat" a few ca<n) the additiUIIlll evidence p~ovidcd by assumed 

Ga~nity, in the prc:.-.:n..-c uf hnth additivity anti tonstancy of variance. llf addilivily 

-,rnoreacncrally, ""'"'""ny i~ "''"'"c. <"OII>i•krations of con•t:ancy of vari11ncc and 

Gal!Slianily or dmribulu>n ""' ....... lly ncaliaihlc, at least "'' (ar ;os the .:boio:c or a mode 

~ caprcuion i$ ;;oncemrd. If '"''"'"''Y i• nnt al mue, constancy of vanan(C usuaUy 

dommate. Gau~,iauity uf ''"t"'"'""" 1 If all of us can have cnnugh gnn.J •.teas over 11l0fll 

-ah penod oltune. pcth.ot'l we ,.n """'"· cv.:ntually, to a thc:o•ry which corrcsJ""'dl 

mon: tltreetly '" "''"'' we de'"' It ""'' wdl be that, •ith the c .. cpliun of very rare 

..U,QC#:S;. the Jtil.:rCfh."\:~ II\ J1ra\.l•,:e dUCK:IaiC\1 \\'llh S41CIJ 0111 a('(lruadt 'llllrdUid be tft• 

IPI'fKiably dtlf~tcnt r"'"' thu"' '"t:"'-sted t>y the prc.cnt apptuach. The widcsrrcad 

llialdenty for addtllv11), ~'''"'·'u"·y ••f -.ar~ance an~ot <;o~uss•amty ,lr dt\Uihuttnn to come 

ad au u a lfOUI>t>llc:" "' "'"'" • h••I'C II would be m,-.: to know wh~IIICt or nntthi• hor>C 

ia jodlified 
We arc all ~~~J t•• h:.-tng .,,.,.,mum-hkcbl"lOII cslltrulllt>n comhinc: doflcr<nt l>ot< of 

twidcllCc wtdl qullc "l'l'"'t'r"u~ ""''lthl~. Anor.tmgly, we n"'y hope: ohat tlus " sl•llthc 

ate ill the procnt "h'"''"'"· hut I llHI'' fCJlUrl .,, .. , the rclatf"'C WC:tlh1•na or the evi,tcnce 

fi'O'I'ded by mtc:rat:th•l\ )Unl~ .,r ~~u.arcs .and crrur ,.um~ uf s.quo~rc' tlt'tC'' nut feel as 1f it 

- bc1n. qutle r ... rlr "'~''"'"'' ........ """ mc:r~ly ''"'b. a• '" l.thle \, at the t., •• , of thc.c 

-SIIIfl$ ofsqu"""'· J-..thal" lh~ ,t.,·, .. rnpo$111"n Ullull~ three rarh ntenllon~d abov~. and 

CIIOCCII1r4hOn U('ttn 11~ r,u1 ·'"""•"-t.tt~d \'\'tlh the ol\ldltt~tty a\~umr11•tn, ma-ht produce a 

-..eft hea'Vtef W('l.hhrtll ul I he Ultt.'LJ.,.(U.tft SUtn.\ or ''ltlaiC"i. 1\aJ~Uil I( \\''tuld tJe tnternttng 

to koo- whcsbc:r "'l' ,,,;I lin"' I' I ttl(' 

In molt CtJC&anl'-t .. lh.C\ t.•IW ·~ t:•'•n& h• N: murc •nlcrc!itcd tn JC'.h.:hm.-: a.ft.!llt\'11)' chan 

t1 lftlllmtllnl the f,,,m.tl "-f.!tl\lh\•h ,.( ltM: n•oun ctfa.·u .. 'fhc-fc ~JWtU ht.:. huwcver. a few 

iatl.tftee.1 whrr~ lhe 1('..-C'r\C ,, hut' I .un n~·· dc.u. r.um the 'h""U')"'nn tll ·r •• hle 6. to what 

Cllft'f the ft\Uh\ , •• ·'rf'f)lhf( ""'" .... ,.. ....... De ... olJlf'hl.U.h ltCt'fttll~l)' i''"' Without lhuu&flt 

.U .J.Ifcr fn'~-m the " ... ,,r,., ,,f.I.HI·\,,1 1,., w4.:~1n1 n•.t,unum ~MIIh\'•fy If 1hc:1e shnuld be 

..,tcn..:n •h~.:h f"·t!lr...t .... tl..: .... ,..tml u( ..l.tl.a '""' u'k.:n:.a~,J wnhuul 1mut. I chmk 110e 

•dl tuwc. rn the""''''"'· •·· J,, .. a. uh•le &:.llt:lulty nun rt\4: ~~.lh»t'-'~ ttl tolfl~lu•n •• ~re .. 

••"'""' lu a- .. , .. llC:\.",: n••l ullf"i~ •"' ullttH.tlt.' tl&.'\.htHil In •u.l••t'-1 ,a thtlciCUI -.•tiC'riUO 

t k.UI) lk•' .-n,J ' ,., •··•".: u• ··h .1 au,,,.,, ''""'' fuf\llr·lh~ U\ lbt· ,u,~c':.';t:m nf drf'rU.\:· 

IILIII,uo.~ '*hh.h ~'"'" '" ht.'lh 1 .uhf f-., tlt:J ,lfh\,iCt" Ia .It\ ffiiJlt•rl.uH J'tt•bl\.'ftt uf I'\J,J-,:U4.C 

The foil.'"''"' "'"'u,·n~. .. urllt·.auon •·•' rcdJ hv thr- lt•'Rntdfy St:uc1ouy 

rhlcu.w R l ,., ..... f. f I,," .. mfhtlf\ h4VII.' "'''nc UJ' ~·•h the IOh.'fll."\llng :.lea'\ v..e 

would h::.w: "'f'Ct.lt•ol lt•UII tftt,:Ui ·•·hlti~...:I\·C' Utll '"""'·''"'·111110'\ ''" •• I'···~· \\>tudl "'II 
k•kkly arrre.to1h1l lltto't f••·•· ua.ttl\: ruiJ U'-C t•f aU•».It.:rn t.HfiiJ'Ul;thuU,tl f.at:if1IIC!l anlJ 

... ••u S)'\tcu'"" ,.r tnf"''"" ... c ""hh.h .uc: \.UIIt:ntly .. omrcuna lut ••ur o~ltC'Aih•n. An 

IIIPfC\\0<>0 kfl l>y tc ... lmtc '""" I'·•J>er " thott tho: dat;o ~'""'''I J>.l r,•,1 onlo • laq1c: and 

,.,..crfnt madunc '-'tu, h ,.,11 ~L'I ,_ •IUit.:Uy d1.1W .til tftc UC'IX~~.tr)' tUal'h\ llttt.l fllll'l t•ut Chc 

ktt arulyil; , ... f ~otu.anto.·c ,t\>.atl,thic It\ lhC' Clf~Jftt,t.UI~C\. 'llur.c ,lt.'~U,hUttt.••l h• thf' l"~h:\,hJI 

C&tt uf fhc "und.uJ .-n~''""'' ·-· "·" l.lnt.:c ~,; •• t .. ·hlalll•n~ will IK".:•I "' l't' r,;,nhtn,·cd rh.tt ,u,:h 

... d .(tflr. 1'- f~.ltl) IM."'.\'''•11~ •• tHtl \\Ill ........ (•'I ii._,Uian\.'1: th.i.tl h"tl Uhtt,:h 1~'1"4\U~tlllh\) has 

..,. been tklt.'tlo•"''' 
So mUt:h h.-, ,._.. .. ,nth t~·~,.·n ... u.t ''" ll;t)t:,t.tn l''i~eduft"'\ lh.tt al ..,. .t tdt~f I•• lmt.J that 

dlt a-.the.)fs .ue: n••t •.:.ttl) u .• ).: ..... u ... tl .til. but IMvc 1"'-c:u \CIY mttt.•n•ou~ m thm~tll .. ,)C'M;m 

l'pmtniS lWtlh•tut C\>'tf' hC~otUtun.,: fuli'IP ..:nnlmiU.:t.l hi them Thu' the')' t..tll r,., un•fa.um 

dn&r•hun••n". f•ut .~nf) tt\L'!' tl,.; •q.~•••" "'"'='~the h._cl,htMI\1 •~ ••l'l'lt:.:•.tbfc. otnd ltk:-)' Jns.hfy 

tktf l'fffCh;U~o-.:' ft•l ol ll.t~c.~•.tn 1~11"-'t.'\)tUC ufl lhC' lChtun,l\ lh,ll the ll.ttllh•k1h.( '-·~llh:k.'Ol\ 

_...: .. ...,.r.",., .. ;..·;-
~ ' t·~··:.J.:.r:~!J'l 



u 

fcmn '"Ymrtnltt' d•~trihutio
nt!Kary are closer to their nomin1cl valua if 1-o IS 

,.( I._, It '" '"~ 1tu1 an tho: fonher analysis scpantina 001 A anlt H the)l 

II~<: '"'' r".:c,tm~• 
may kat! 10 apprt\.-i.ably ddferent .. ·undu5i<lll$, but tho c:iratmslanc:ei 

,, ""''" ,, ... llllj!hl '"'""' "'~ "'" d<~'ICIJ ddiMd. Surely ,, i• RO( the maanitude or either 

.\.,t.l. :• ,., lu. :t "ln.:h" rc:k:vant, l>ut t~t or the dcr~vallvn o
f these quantities wilh 

,,.,,,._., •·• .1 In '"'Y """"· t~ authon du not tcll us •hat tl~y wuulti.Jo tf the .. ·unclusions 

t.hll.-a tnnh··ll~. "
"' it ""'","' with the sptttl or this ......... waited .. ~.u .. ooraltun tholt .... 

•I"'"''' h•· kit "' .Jnul>t d• "' wh"'h method of tnfcrence Ill follow. 

I •ld•h•""' r~<..:c:.Je~~c:- hOivc ;al~ been -ell pub!lc:ittd an.J d~u-.l. but 1~ is a 

r"''"'·'' t"''"' """'h -«m• n•>tto have been cmpba$ilC\I in the ma.J~t of • ptd dol ol 

m:oth<:m.u"-
~1 .uo.J '•'ll"'·'' .u,;umcnt h an~tn bcaU'IC the hbhb,.,.,., (un..1i.m C:nlllllmt 

"'""" tlt •• t " tdt<"n fu< rranted tn the ''"'Y <>( .!tslrtbui~<Htal
 forms, '""' r. no sul>l.titUCC 

f,., .• n m'f"''' h•tn .,, th.: ,fat.l A'"' 1Ur"ptc tlfu~r:att-•n. 
"~dft a Iotti(' -wmrte "'measure· 

nlt.~nh ,n "'m h h.eU .. u"• du,IC"f~~t fUttnd rhe value 11 .,.,. half ff.htn.l tlt(' ,-.-h~ IJ fil~~• 

"Ilk• ....... ,..,,,.,,,n th.tl 1h1111 ".tlfl~trlut
~ a samt'le fr()ftl ;, lkJffttaJ d .... rr,huht~n •sth lllt~A ,. 

An.l "l.w.J.u~t •t''\IMII•tR •• h;.&d\ ftt .)Q C'W.a.;tly fl.:ai•IJol~ ..
... )ll.Cidttw.~f

 hU'kUetU Jur I"• I:JuJ 

th\. rt>h ,,·u,,· .. th.tt lht' •·••uM 'UJ!I'."'f ~:untl~t ••th tltttw ubtatncd drr<-.. .. lf) ht.'1U she do~ta 

h '"' t'm''""~ h• ''"'•'"'' the '11\t"-•ih • .n.,t ~-.:\."C~I\C ..:b
ar.adet ,\\ .t ''"-"lthu•l\1 fnll\:tKlD 

~,t:, ,:"' "'''~''') h"t "'f1;uttfut'''VII-'••f n~•u•c: o
f An~unlhC 

OlncJ 1u"\:') ... '''•"'-t..-durr.."'. lt...., 

ht .• l.,n lut...-.u ""'"k: ,.,he ..... , ........... .;. .:JntJ rt.J4 teskfu.at~a ..
 un'\t hn-.:,1 "-due.~ katdll~lt 

... , .. -. .. :•fl'lhtttft ~hf\ h tl~ .utlftt•n h-.\·~ "'" ~al.:uLtrC'd. 
""'' tt ........ 14 ho~"c.: hcc-n tJtfct'C'\tm& 

''' .· .. t••hn ,...,.,, .. ~,1" ·•• .,.,.,,\ '"'lite \..Jmc· C''~mrlf'\ 
f~ fll1Jh1 "'.,.,~"c.•r a nw .. rdac4rtoo 

,~,-fl.,· .,,.,, .• :nhc luL6,·y ""'·c~!Uh,
4 U1 iAhl-.h ltw: rrt.fl\:1.:-t.l \-;,hte J ... "'''flt.•d .e,:.ull!d abe 

,,~ .. , · •t.•\1 .... ,!u.: • t hl' 'A Ill k.tJ h• ~· tul('.ltt/Ul& tf.lfhhtrnl.dutn t It 1 t h' tt I'-) J)t•lh)"•. 

''tt•; ·'"·al' ';' ,,t 11, .... ullf'\~ t.tn
ult). 1~· J'h....:rdtuc ,·.ln 1\t,.~ th"l.:ft.•,: •I n•·~ ,.,,.u y .uu.t ""'UI.I 

'-"H\,.,._..._. Wl,kf h,:.h&•U.t~f\:
 '''Ut..hfh\ft'\ ft •••·'\ he '""'f'.'\"(t"tf lh..i\ th,• l'-)'"''h\IJ() ... t ~tff~fKtl 

", .• •:,~~:" '"' n.,t r .• ~,·n ,.,,.,
 .t.:,··-t•nt. hnt the U'-u .. t "'JI.UI't~M:nl 

"th.•• :h.: .... nne- "·'"'''-'"ftl.lhoft 

,,,,..~ t·•• 1-..·th II,, ¥•r.ttl)' ,r.tl\:"tutJ tt,tmfntnl.tht'fft '" '"'."'"""' '••c..~.;.,:l/C" 
the \.lrt.tQt;ft. 

II•. ·. !lJt.· r.'\t't·ru~tn
H ,, unhlr.t•ly "' .,._. \C't)' '~"-"~\ful 

'" rt.,· .. ,.,,,u.t t'ul •'' dJ('U t•..JI'Ct 1f1t .Jnttt,,..--. ~f"·"·'
''. the 4.nntttfl"''uth ,,( hnc..tnty., 

,,., 1 aid',,,_,,,.,.,.,,.,. u,.,,,,,ftlt. hut 1~ ptn .. • .,( th"''~·"'
''" ut ,.,, . ., ,Ul.lh"""' '" h._:f\ciiiJ 

~k·. •' pi f'o•JII th.ll '"'''i'·l&'al t"-1o. If~· ~•1f•t'"l 1"41• .... "(' fh.HHc.titt~ .,., ltt!l •• {'tt''"·trf11 •h ... h 

11., • o'•!;l,; >I'J\h >'I ·~··•' f HI lh-tf lht"\ "•U.JJ ru: .. urn.tl'h· 1W.4ot t • ._,tPl> ttuuuttf• lbt 

1, .U\1~\''' \'\If\ 'O.o•hl\: "th\.'t ,h,ldio\tlhol\ 

J",,.~, ..... , -\t 'fhw"''' II~,· l't•\ft•"''•tt fu .. 4.·;.,l ,,,.,~l. lf·••'h" l~"r, .• ,.. ltu(' n..dl 

• •HfJ••t ,,, :' f·••-"·'''f ••• lhf' l~·'l"'tf .,n thc•tf'k:'u.-, at! tt.•n .. '·•ftl•tlfdJ•-.. 1 llht•t.. ·•'"''· f••t 

J•,,•h',.H·t f'i,.l,,·u. f ~.1'- •• frtlft• lll•,.l•\c ,tflt•ut lfW"t"\h';,J. I•• \olil!.tt:,, "'Hpfn.tl ... ,f .tR-'IJ'f' 

•)!"!of '\I !II .. ,., ... ,.
.,,., ~ 

'~ ·"· !,~,. '" "· t.t, •. t , •• ,. ... , ...... ..r. ""'''''·"'""''.:: ·•'"'''" ,,~. n .. , ,.-.~t c "' "·''"''(' ,,,,.., 

1'"'l'' ..•• ! .• , , .. ,.,,,,:; ,, "'
h,·•h~' d .. ._ io.uh• ,.t , • ...,,tl.th••" "-"·•'·'""' '"'' "'""t.'' hi....-111\ ... ,J and 

u,,~·,. .••••'•"'" fl.lof ,JhV lt.kllo,U)\\' f.> Ilk.' Hu' .. f',f 't\\ .1\f'l.',;' p, :f. •i"' J•,ph,· .. ·••f ( ••• 

n .H· '"'"h ,,, '-•mhHttH •»• lh•'· •••• t:ta '"-••td ,.f lll~f'' '''"
''" hltr.f,h, .... J I "•,..tS.I , ... &'C'..:l.dfy 

\·d~·'"l\' lu-.. ~~'-"'""' '"' "-llttfu:t ht: n .f<lfh ..... ttllltf tfkn• ~-- C'tpt.ti~'" H'\c:ful t'tf ,.hc-rltc:"r he Ius 

,,. '' Jw,f .J!'' , ••• .,, ,H .. h\"' .h •·~ ~t"·llh't
 •"l< h tt.:'tft"r th.tn lfl\~ •-lflf..t 

ltl rs-uh-..uJ.u I w"""' 

·"' !•!th d•.l\\ •• P~hh.•n t,, tht:' J"tt•Ult rn.uk tn the 1'-tf';.'l. ··'~'I 'htnl.. t•rufe"'\Uf rb<.lttt 

.,.,"!,· lht-.. '''''"' ,th••. th.al \\hk.ht•H•t ·'''·•h-.t'\ ~tltl m...~.
:. ,~..,. m~,·~t·n,

( '' \C:I)' u•lkl•tlbft.al 

'''' •··~•I """1 t•t ,t'\,Uiht"thltO' fhU\l "'"'" ~·'U "t.llt 

'··\"\ •1\ , .. .,"" (,, ••th\.·• num'• f'i'lllh. t Chtn' I ha\.'C ... ,,f.. h"'•' '·' "'·''-c t)nt ..,..3\ •n tbc 

·'l'l'·· -um•••·•" u•·•:.f ,.,, th..: f•1t: !.J..cfth··•~t 
UlC' rna\ !.~ lt~c.·!,t,.,,"'' 

-•~hi rhc- u-.-: • .,f .-• w.tfl 

t!., ... ,.,J t ,,, • .,,~.,.,,.,, -
-.h,·•tt\:'t I'=• ,.,.,, •• , f •''· ,.,

 f • .,, th.tt rn.lltt"t , •••• ,, ... ,. ... , 11.,-.. u•vt.t ""''* 

tUt , ·•'1•11•, ·•f ••u tt-.._• .h,,ur •• ,,. t•~ th:"\ Ul ttff~·; ttMu 't"l ~ J.,f._.,. '\JJllpk" f)•h,.• • ftottW" t~Qt 

''·' .• ·h•h••L••II h "·•h\1 ua" c.. t• .. r U••t !n,tu.Jn1t=: .,,.!,·: I, . •. n.t •'J""' ~···~"'\· f·,., c•.~mrlc' .. 

!f ..... ,.,..,, ..• ,u u~.,' "'1"•· rh,•l .t )•'U .... ,, ,., .,, •
 ._, .. r.~,. r " .. ~·u h.n"· t.• "''"• tn • 

.._... 

J 

-'-Uad, alld If IIOt,-bow nmleadi'fii tlic, ini,bt~~tty'b;if'~'l
'.~\W~'~'hf.i·:;

-::::~1:<, 

llllilllc my last point is one: that WllS rai~ by Prof- TUley ancfthat is, I did *• 

&toot tl'ae uniqueness or Uti' mdcr uf M•matbc various f¥ton, normalitr, additivity and 

~y O
( Ylltia-. and .. hcl~r )'<IU WOUitJ fe.t~h &ll)'lhill& li" the 5ilnJC lOft of 

_.._if,.,.. tried t" tilic them m a dotlcrcnt unlt:r. 

Dr M. R. SANPfflRO: I ok~: Profc-.wn ·lukcy, I am rather n.:rvou• ahoutlhe effect or the 

UIIIIIICd normalicy ,,, tiM! tr.on•f<>nn<:>l •~n;ahk: "" the: additivity, an J>a!lttubu, and co a 

llucr catent on the: homoaclll:tty ul ~an~JKC. when in fa•'l nu "'"lllc tran:lfmmalion wall 

...,., .U lflree prOf!Cfl~. UM! relatnd) ~nwll am&>unt or mfurmalton about A ubtatncd 

'-the llONIIahly assumrt~t>n "'the ~un•ph: cl'ablc Ill seems to be rcauunnc on this 

..-..llulthe pm&oble ~lln:r. whe-n tho: ltAnJntnM!d <.hllnbulson 11 rMIIM!r far ftom nomtal 

.... still be tefiOU. CJI ~""'"'. une •~'"'"'tehtnes
 advano;., a mnre l'lotu.,l>k ol .. tributional 

...,., and in lbt~ '"'""" 11 '"·'Y he "'""h Wllll"Shl\1 lhal, I hough tt..: hlk: nf I hi~ paper 

\IIDuld RIOIC pr.op.;ol~ 1...- ·· .\n 1\tl.lly"' .,f I filllM•'III~l
hons h• Nnrm.Jhly", the mpruuus 

IPI'foath ''" •ll"'h ''" h,,,..,, "'"t.lt'<:<l,,lly ""<II be ~API'I..:d 11.1 """'' dMubulton,. for 

CUIISplc. I h:.nt \C"('Io~l ""'.;1o .:n.;~~\lntctC'\1 
u~~p.msc·U~Th

: dl~luhuth.tn'ft
 H\ p~n•cular. 

6tnbull .. n$ ••f un~e: '" dorlt th.oc ""'..:"' h>tN•nrn~o~l "
' 11..: f.,wcr enol c•f the ..:ak, hut 

k..: a scetondolry mo~lo: '" ''"' .. ,.,,..., 1.011 I"" C>Ut!hl SIIUCSI lh<tl sumc ""'""'Is d•c as a 

*-t result of J..sn"WlC.: " ...... ,.,J h) tlu.· trcatmenl. buf that ••lhct•. h .• \'utB •• h11h tolc:roan..:e 

• IJemr, by •han..-.: lmtc •'·"'"'tt•·•l. 11101~ ""'"" lhc "'"'·'' '"'"~· nuly lu <he Iotter 

• a muh ._,r rh):!t~t•h'Jo!"'•
·'l '"'''1u1h.sn'c .;.IU~\1 t'ly I~ &Jctntua:c. Uu~ P.tght. by 11\.lklng 

IIIIDt ~umrt~•·"
' ~•'•nt ,h,Juhuu.\th .,; .J.1Ul.i8(" and cvlrr.,ne.:t::ot •• h,·n'"""• .. n10rc tU lcsi 

..... Me'"'~'' uf dr""ttflhtth••n-.. h•f tt.au-...t'un1"k:d tutl\"). lh.t1 111tts.ht ht: C:\.JX..:-tc..S lo he t:un· 

_. wnh w.-u.lr\\;f." h•••••ut:"m;,,., .i!hl .-t l,·d,.t •'\'1"~1n\nn.
ttt Jt.~,htn·•t)' 

lhc mcthud tlr 

... Jlilfl"i:t.luf.J tht·n h.: ••PI'''""'l "' ,t,t.·lnlu\c tt~ nM.-.t ,..HI\{4-a.I•H)' u.uhl·,umation ftad.na 

IOI~tlbulw
u 111 ltu .... d.,..,, lh•' •"' &"-'th.tS''·' •·•fiJCr c.,ft4.'11M: \"ll.ttnplo~.·. hut I hup: 1-UISC"~ts 

fll pokftlWI \'.thu~· of ff,,· *tUlth•h ~•f'l'fi'.J'h U\ ,..lf».aft_,n._ \\herr.: ohltflll\"lt)' need 110( be 

llfiCCCd. tu IUV\JiYf" ••• ., .t c•Bui ,].,· .. , fl\: • .U·f1••Un4hf)i 

Ort. A R ~'fltH I n\'-"'t.'h ""'"" "' '"_.""' .tt1\"nh'''' ht a •f\·cnt J'.tJ"'C:"t "')'A. I Na)hlf 

ftt&IJ Jl&" .Jflpl,ct~ I h-.· H\ ... <. lt ... •d. lttt: f,t~ ,tnc.f lt~•rfttdfCtt
U•~.tknl '''""1,11-.:" H.tU'\.(,trrn,dhJO\ 

•hr Wh • ., ''"'"·r·· '' ,f •'·' fl • ._,,,k.fu,J'"·~t lh
 •• t lo~r .tU fUd..,'h~o..,f t•tu('c;•"-"' they ,uuld ht 

~tt"d "'' .:•aw.,,,n·nt I,,, ~ ..... mpf4·, '" rlln\1 .,, lftt: '-''''"''' th._· ""'Jl\."1.'fCd nmn~n 

C*kttL.tC'\1 f~e•tu tp,. f,,,,, t1.:·• .f,., t!l,th•JH-. thfJt.•f unf, \lltrhlf) HI lft\' ht'l •k~·unaf 
piJ't' 

Mr f) t..•••u•·t I h.•·'-· '""'" , .• muwnh tun •. ,._\., •tfli: ~:rnct.•I.H\
,, ~·I>(' p.Hhl"u1.ilr The 

.... ,... Ct~n.
cnt t<~rro lfqt 11 '' "t'l y ltk'-.1'-·Ull tu h.tvt'" "' f'~tft('t tH '-'t''' h the; hkd f"J Ub\.luU<:. 

I am nut Y~IU¥ thh •II .ttl't ,J._-,,~tr·'''''Y 
'\CRW I thm._ ,,JI lb.: gu·,tf hk,t'\ wetc: ub"ouJ 

-. NtttP'Untr .. -u.,ltl t'l(' l'tt•te •• h,hm" lh.ttt •'•4! lt.fc.r ••f t.tLmtc ·• p.tr~un~lth.: 
l.t:nuly and 

eltf'IIJUnll"'' J'·"·""C''t't It,, "'r.•••Jtt.• lh.Jt -.tkh au uhv1uu-. •~t"·.t ,huhhl t,o,.,c '"'"''.a luna 

- h:t be ~~n. flU I •n m.,u'" "'"·',' Ill( ~unrlk't lht- tth:a. lite" a;•c.tlc' til\" dh.(c'•~ry. 
fl•cr¢ ''· 

fCfcumrtc .. nuJ\.h lilauc '~'·'n''" 1f1.1t •• Mtnrlc ttk.t wtU be U"C'd in t''·t\."lto..·c l he: p.ar·ttcuJat 

-.et>l cun.:~rn• lh
" !.<ll><:t '"·on~ punr dr~trthuiU•II 

,.hl\h h.os Ill\' 11\ICIC,IInlll'ropefly 

""" ~''"t·""' th<- ·'"''~''·''h'"" We ~.ann''' •~·' thf' n•sh• II'' w1th,m1 '-f•)•na fttJJ)clC'1h•na 

•bvuf that ( lf.ul) llct"" '" nur .111 \:\I'I~\1Uctn ttf hchd. Su '""~ tl('u('it.: ""uuhJ nul c • .tll tt a 

;rRiab.fny. ft '' fhtf f':t,•r. ()1("-.m~ fl ''
 tktC'fhltnC',f 11 pwu .. "•'"· \lf\d ''' tf •~ a ~udO·JifiOf

 

fii'Ctdo-~c.,la.
.htht • ,,,~~~~~o I .w• ,, ... ·•tt·n"'' tl tk~·,tu~ ••t ~~~ '"·Wt."<"nc-s.\, SJn"'c obvmu~J)' 

*authof\ h;&\C ~Utc.••ucf)f 
JC'~"-1 h'd''•HU" f1•t "''RJC If Jfl£y u....: tl f\(',;Ut\4.• tf WUfL:) Jf I"

Wf') IIMC're"'hn,: U\ck""t·•l "• IUhf .1 f"fol'-"h"oaf ~,.unplc •n \\IU~h Y•'U ll.,n· h• u~c: "tmC"tJuns 

•'-h dc·.uly " "' rwu••···r• .. h.,t,.hr, I I'C'h~\-~ lh • .a .. , we ,:ct "" u~ .. lf.4yc:'\·s. theorem 

..a:n.J ,.a 1..tllt2Hf!: ~huul ''· 
,, .. I .... ,"('"'"' .. u(' ruttttt ld 4.J,, tn lfte fuhuft.". 'II'.'C arc furng hi rome 

------ ..... -.. -...........-

Ot.::'l> t'..;t"-JJ":·.,.Jtt"? 



2!ill Di.~e·u.uion on Po~r by Prof~ssor &u and Profn:sor Cox 

"" "11"11"1 many mnre or lhete r«uliar thinp. For eumple, I thinlr. that In act 
Mt~noli.:an .. 1! ~''' m Haycsian theory we arc ~~)ina lo have 10 use prior probabiltties 
dct'Cnol un 111<: numhu or obocrvations. These apin will be pseudo-probabilities. 
~~~~ 1"'-'"d"·J'Irinr tuo. So thos is a very inccrescinalirst eaamplc nf somethina wbicl 
~•·cntuAIIy, I think, shed some baht on what probabilities really are. My view il 
th<:y do• nnt c~rrcu beliefs. Tbey arc a coovenienc filmcnt introdu<:e<t tn do SOIIIIIdllllj 
we '"' n .. t •.::oily un.kr~cand yet, but by c-.aminina examples or this 10r1 I hope tblt 
dJy .... woll ~··hocw undcrstandlna. 

Mr I M. l. Out r: I should like to add my thanks to Pr<'feutm Boa and Cos 
"'"'t '"'""blr f'l"rer, and Ito a~k one qun11oo. Would the authors ever consider 
loar"f • ..-onato"n uf the type 01 when some y's are nepllw:. or one uf lyre 12) whe 
J, • .1, " nca:ati"e·• Su..il a tran,.rormatoon obviou~ly has •tr;ange authnlClic ~) 
It 11•~~ .o rc;tl an•wer of A, i~ ontcgral. and lthonk one can always towcrcomc any pro -
(r~.otrol hy the fa..1 th;at J1 n>ay not be un;qucly dctermoncd by the v.aluc of,..... 8ttl 
'"" "·'"'"'"'"ttinn c•cr ma~c sense stahstically? 

Th<: f,,IJ,.,.inll "·rittcn contributiun W3\ r«ei•-cd after the nlCCtlnJ. 

l'r.•l.:•-.•r 1·. J. AMn"'llf: Tbe authors arc to~ ~nnararul:.tcoJ <>A a mosc remarkallil 

P.li'Cf II..: lo~~·c nit'& os ho3hly oroaonal. and the ta.:klan11 ••f hurrrnduus doflicullila it 
h<C'ath-t.l~lll(!. 'l'he uamrl~ arc allummatona. and "~ rrehmoo.sry "rather anforrur 
au.oly<" •·f the tc-tolc cUmJ'IIc 1\ stali,tay on the 111o1nd no.anno:r l>ut, an.lccd, the ... 

1'1·'1'<"' "th.al 
lk<.ou .... · <>f noy uwn ciTotrt~ ••th rc.•idu.ol•. I have been """"'ularly interested 11J 

S..·, ...... lo '" '"' 1%1 rarer I ~v.: a furnlUia folf U"''hiJ ~1111\ahfiJthe power lroansr
...... rlo.tl ,.,.told rcm,•vc Tukcy·s t7re of removable .....,.aJoloto~•tr. and 111~ or. b 

C''t""·'""ll ,,,.. """"c' tran•fntm;olton th~t "'''"ld 1elil<tvc "" C'l"""'"""l dc~okni:t el 
("tf••• \.UI.IIl\ ..... '"' IIIC'"nc•" .• N' r,•rmul.n W(fC ba"'lltd C'~Rh.tUy IIU I he~ ..... ~.,, detlolell 
h~ t tJ .nhl I, •. U:''I"''\:'1Vt61~. '" lht'll ro•rc• I ...... , IH-11 -''"' •• ," ........ fhul.l :nftlC'd .. ,,~ 
""-~u,.,, •'I uu: C'fh•t J•,.luhuttHn. ,,_.~ .. 1 un the' "'' .. ''''"-= hc•c ,ku•••~l b) 1· ... 1huYtb I 
IM'r" ......... ,. H"-"'1 "U'h ,, fttlmuf.t. Ht IlK" Ut.tl.U"•n uf f"Y l'lftl f'·t~l ltte futmul.a I'ICS 

r., 1 ~c. ;·112, "•'' 

tt..h,. '' u •• , ·'"'' ( ,,,·~ ·'· i ''the t•\Cfdll '\otrnrfe ntt".t,.. 'thr u: .. •~hr .• l rt'l'l tllC'an square. 

"'"'' l", ........... :uc .. "·'''''"~""'of , .• , .. r,·~ (·~l ... llsllt..~' It '\\.J~ IU) lh••ufhl ahat ....... ... 
.: •• l .. ul.th: c•nc nr nhtrc ,,r lhc~ c•rrc"''h'"'· and uf nturc lhdn '''l<"l ht'f'C II»CJ __.. 

>URI<:""··· aJ!tr(: N .. dcoubt. "''"' i.o.-hlll.al data \h.•Winll r ... n .. uno.-.:d e1Te..1S fm at .... 
lw•• 1.11.tur'. un~ "'''ul,l all.a~h runl.tf)' tml'f'ri..Jntt au .ad,htrvtty. Wrth nnly one cfl'ecrnt 
f.a.:l••r. tltt"rt' W\ttfl•l he lkl 'IUC'-.hun u( ... ,khh~at,:;. o.nd "'nc: woui.S all.h.h rttrnary 1~ 

... ~··n<Uil<')' ,.f varian., Woth n .. c:IT~-.:11...: f.al1cH'S. and'" p.utocular Wllh a somrlc "'
""rn-.'ll' "unrfc'. lhc:reo wout.J he nolhtnl ru .,,.,,, aht•ut c,,"C'rt U.cwn<~~. 

N.•w 1'-.'"·...,""" 114-"' an,l (.·,," ha,,e "'''"'" lh.tl thee ehrcc it'ro~rate t\ttmatcs shoall 
"-"'" u.:.nl,) l'C' .avc•••F"d ua a '-'CI1.ttn rrut,.,..lltltl tu yiC'IJ .a 1~1 ~flm•le uf the .,.,... 
., ..... h'\.uh. r,., the ............. ely ''"'''k .. ·.•kul.lfh•n• h.tvd on f("'t..hln.tl~ r ......... ka"d·squaJW 

an.11~ .. ,, un •"fte 5-\::&IC'. parotllcl., &ftC' 'nhtk '"'~unlf'l"'ltttn •-f 1hc lti..:hth"l\.1 fun.;IIOR .-o 
th~ rouh m S...'·tu•n 5. 

r,,,('-·""~'f ( .. , f"L"I'fl('.j "ftt:l1y at 1h~ 11'<'1:f1Rg iiiiJ liJt,.• -'Uih.•:') 'loii~\1U('Illfy lephcl 

murc lulh 1n •nt,ng il" fun,.,..., 
\\'-· ••• ,. ,,.,, . .::ro~k."h•l h• 11~ "f'l'·•"c'" f••r th~1r t'ft<.'f.ltttaJ!tn' :~n.I1M:~1"ful r«-"'"''"s. 
t )nt: lfltt'4•tt.ant f\"1\C'I.II t~'UC' lofi'('\J f'~ t•re•f'"'""'-'~' ltt .. C'\. l'f.h.~Cit, fl.ttlldl ... 

J)r ~.unr•lt•e.l .. ·,.-,._. .. ,..n, l'fl••uhc-. r,,, lilt: '"'•''"".a ut "unrh,·••) •• r chc n•,,.kt o~u.l ,pcc~fgiiJ 
,., ·""hl1\1h. I. "''""'11.:-nc.·••>· t•l ......... ,,.(', II. an.l nuuu.ahty •. '\ We ...:r.:tt.unly alfft • 

-
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ltl: t.ponance or the first of these, as indeed we indicate in our remarks 11 the end of 
- - In the formal analysts of SccliuR S we have considered N, liN, A liN 11 three 

that order. If one is to employ a parametric appma~h one mu$1," seems, start 
distributional assumrtion allhouJII, or course, if dc$ircd thiS wutd be broader 

d here. Furthermore, there IS no reason in princirle why A should not 
befOAS II in diKussina the bioiOJiC111 e•ample. Wo would then have to 

model with scp;crate wnhin-c:ell variaiiCICS. The rouah jllstilication (or 
the procedure ai...:n In the paper acnuincly scparatn out &he efi"CICis of 

A is that Af(A; zl, on wh1ch (47) and (SI) depend, is • valid descriptive 
ofhclcroacneity of varoancc mdcpendently or N. likcwrsc HA; rl is a descriptive 
of non-additivity indepcnd.:nlly ur II and N. If we started fro<l\ a noo-normal 
11e would aet a dolTcrent measure or hcceroaeneily of vari•ru.:c. but nccpt in 
circulftltanas it is unhkdy that it would be monimized by a value of A wry 
from that mmimllinc MIA; 1). An analogous remark apphes to FIA; a). Under 

~:.....__111y the wei&lninc of the olofTercnt requirements wtll be dolferenl, but it is hard 
... how a radially dt!Tcrent value or A coold cmerac from the final analysis. 

c.o-m;nl Profnsor Tukey•s J'Oint about the arrrOJI•i .. teness of the ,.eishtins J!iven 
., tire likelihood in 111<: b~o•l"ll'"tl cKample, rhe truth ocems Ill be rhat on this c.amplc 
llill-lddilivit:J is not in f~ct the ITiitjur Cllntrobutonn on d~tcrmonin11 A. The •ires of the 
-squares in Tooble J ..:en• r.llhe• '" !tea• thos out than 10 Ct~ntnulict ir. Conccrnina 
TIMes) and & a SlrtkmJihm• i• ntot o•nly the re!fkovul uf non-~dditivity, or ~orr~J'Ondinsly 
• Tlble 6thc simrhh,11ht>n ,,f lh<: lllftolcl, l:>ut also I he large incrca.c "'SCRSIIIYity or the 
~-- Tbc mull ;oducwd h) lr.onsh•rno;ouon IS on f•ct e'lu••alcut to threefold 
..... ill nrerimcntal clfo>ll 

a. the paper we wcrc ~t r•.uns h> •Ue .. ,,...,,, where the prn.:o:tlllfC\ oln ""rm relevant, 

•twOmmend U~RJ th(,no on ,, tk.,hlc "'"Y. ~nd thJI the ~"""'Jitonn, un ,..ho~h I hey ate 
1t111rc1 IRa l¢t~tallve ,..,,~'"" hd"' lo•r the ~n"'Y"' rall~<:r th;on anyrhonll t11 be adt>pteol 
llfnOQbfy In ,._,.,~uloar. ttl the ,h~u\~•nn ,,f the: •~•••It: cl.alnpt.: ~c t.1d•her;,tcfy gave 
h the .. ~omnk•n· \ieu'-C· .Ul.ttv~t5 t-t·t,uc ,,., tn,•rc et.ahur.tiC un(' .t\-.; ,.,r Kcrridac has 
'III'Jnaf\dy ~reo-.w.J.thc h ..... , ttlc.a"' .-n Cllrc•n..·ly '111'1''"' •••.e~ u1 l'"''''ul.tr. the ab~nce 
efllrraUft .;~kui.IIWU\ I'll ,f u•U,Itka.al\1(' I'I.U,hC,II ottf'-oUll·llC\". V\'c huJ\ot tfMt thiS Will 

II:DMtfC Pr••":ss"'' ltJ.a ..... cu llt .. l ~~ .u.: n~·• d,h,..:;.ttutt: unm.""t:"~·"Y C'teht,r.altttn P..tr Neider 
.. tllltd C•lrenvly 1.·l.:.ul:; the 1\C(c.l ft•l d IIJHfC: sc;.u ... hllll (\iti1Uf1i111t111 uf ''il!t>~aunrunns.··. 

.... 113\c ""' •Pl'••h-~llv ""~•IIKatcollhe '''""' rd .. Cd by r ... r., ... , ILorth:ll cun<.-crninlJ 
Gr HtqiMC}' oj the <hi ''!"·""'' dfii'"'\IRl,lllltrl fur Comli.J4'Jff."C tniC:,.~h fut A llo>wt:YCf, 

• .. "have rnlluwcol ... hiiJIIIIIol do..cr """'""'""''"" hothc "'"t~""' .tensity of A 
illldtto l'fl\ICflor rnterv~l• lo;o..._.tl '"' the ,.. •h•taohuroom illl•l ,, '""'l.u ••I'P"'•'""'"on mi1ht 
.. fotmd '"' cnnlrckn.-c onlctv.ol• The u...: nf 1 .• • ~ 1 111\l(.nl .. r 1 .• ,.,111 ,..,,, SlltliC~ted by 

-.Josy a~h Baulctl'• ,, .. n, prttC:coluo~ nl ·•ri'IYtnll the ht.cloho"d·•o~l"' J'II14"C•Iure after 
••blecontrah ha•c 1"--en renloiYCol by toan•lotrnuotoun. I he .totflc;ully whon ,\ os unkltown 

e"-thc u~mr ... matum• "' '"""'w 1hc: rao~onctc" 8 dcren•l un A. so that I he arsumcnt 
• llllcsl appro"n\iolc We IAWC mo"t ontcoc•l•:o.l rn !l.lo Nololer'• rcml<trh c>n lh" J'<'•nt 
.. llore that he woll olco·clnr h" idea• further. 

The -••mum·ltkchl~""' •J'J'IUta<lo and the B.oy<'5iAn arJlro;~dt h.ovc dclthcralely been 
flCII U entmely :.c:p;tratC but ('4foi1Jd <lcVCI<>I'm&:IIU l'tnle5-\ur rla(~CU •n&JCSIS that WC 
jllafythc lby~•ian arrro•a~h ··•lly l>c:cauoe ll lc.ltl• ..... belle• .. ~ulllidc:ncc tnlcrvals; lhll 
••so. Sctot:r.ol srca~~rs ha•c .-nmmcntctl on the spccoalroior dl\lrthullnn (I'll whi;:h 
iltoha the ob..:rw;otl(ln•. As .,.e rcm.ar~cd in tit<: r;aJ'<"r, it i• roud>l.: that there is an 

illcnlalawc and better ·>1'1"'""'" h> th,.., nne way may 1-.: lu m.oLe rho: rriur di•tritoutions 

fir die conm•~•' d•i'<"'"' '"' the: ~"''"'''"' ('Opul.otu•n nocan llown~r. the nbKrvalions 
- (19) only rn a n11~l way on c•1aloloshon11 th<: "'eral! lo:vclo•f the .. mcr\'allons, usually 

*-all ccuancllo.; ""'"" rn mor '~"'""I ~"o;cs. It 1\ c•.cnto;ollh;tt !Klane allnwancc shnuld 
Ill ~!~de for tfl<: fllo:t th;tl I he J'lll"l ol"tubull<>n f,., I he: llt.ltiOlllltl~ 111 the COflll.a•J• dcrends 

•* ovcr•ll maan•hu.Jc ... r 1hc ''~'"·•lhrn\ 

~ "·~ .,. t..i-...J:..!'i·..Jl..~"t .. m 
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In ~n\wcr In Mr Rule's quntit>n, we feel thai, while i111 probably possible 10 
1he 1ht-t•ry fo•r non·IIIOIIOinn~e 1ransfor11111ions or the dependent variallle, we caanot 
••I dfiY Mluations where 1111:h lransformauons would be ph)'llically allowable. 

Wo: an: Jfateful lu Dr S11111h r., hit rel'etellele lo Naylor's work. HoweYer, 
•een"K 1u bo: con•Hkrin1 slluation" where lhc transfonnalions arc, over the relew 
r•••·flcally lmear f11n..-tiuns of one a1101her. In our eumplcs the relati\'e ranee or 
ul IIW t>~fV;&IIOO!i is h1ah, the lransformations are very DOR•Jincat and Ibis is or 
,. hv ,.c an: a hie lo obtain filirty 1harp dtKrimuaation between lhc diiJcrent values of 1. 
In :1..- <~•t<tnlal re\ll(on~ ase,lhc uansforrna1ions in queslion become ascntially di..._ 
'"'')' m lhc l:ul. nf Iller rcsp.n1se c:urve. and obs«vationt there would be rcquirwd for dia ,\,lf.ou:no:C\ h> he dctc."tabh: and nf ""'cliQI imponaac:e. 

We ~•c vny mlcrftiN tn Ph>feuor Ant~:ombc'• remark• on residuals. F..n• ....... , ...... nn ... r rhe IIIIOlly.l$ ,,, ~idU;&Is with lhc nwtlludl ul .,.., ~per -ld be or ...... 
We dtc mlcrc•lcd m Or lbmpn'• problem and fcormulatoun 11-r. lbb ,.. 

~'"'""·'"Y olilf.-rrnl from oor<.jl;lltly hecauK 1n our appl"'"'"'"" we are primaflly intcrcM "' .h:mct'l 111 rr•r<m-.e. ralhn ehan 1n aho<>lutc tftr<>n>n. and r~r~ly hc-c.ausc mN ol
"'"'""' ••l>l('t'l"~' IS lulind • '14:alc un whK:h d'C fa.:l<>r eft'a."t~ ""' ~-.;on..•tly charad~ to~ .o '~"' r.ual.,..lrn. t'•en cf lhe •h1olflfoulicmal auuncrto<om were,., he pluawd
f'·••·tt'"-''""''11)' t~ht\:h v•C' •••••''' '"any \."::<C not wtsh h• du), w~ '"'"" h.tlle paralltC'ICft 1n •••• t-.·r ••• .t .. ·"'uftt .11 .. u "''""'""'•fy ltw t.h.enccs 1n rnrtlRW •n ""-.nnsatk' sy,tcn' 

R nf•t ,.,. ... II" THI fltsnJS'UIIN 
11··:1t\. t I tiW.\1. ''..\"ttk .. mc1httdf,tr4-tk""'fttatransf .. trmat'-""··. '*"'"-''"'''"•· 5. tf7.J2t 
'""" , ..... 1\ t •• ..,.,. •. ··c '"""•"'-'..,. ...... rf't•<"'Wlfl 4:•tn.lllalilnl' htrt:.f b~ tu.a"munt J .. chhoo.l • 

'''"' '"'""'.,'" lfil"''••tmoatu•f" ttl bfthttlll.llt .J:.r•··. ,.,.,. Awnt 1~,.,...,. l••'ltl. 17 . .241 2.f6. 
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Sll .. ~t.\RY 
T-1edln11,1~ lo•r t • ..:.ll unl>•a~d cs11malltlft ha~e hccn dcvrlur>ed in rccrnl 
papc,.thascr, ,,.,,..:1,1•1 In 1h" I'~~~ r~ 1.:.-hncqucs 11re uoe.tlo Clilmtne 
socne ill~f'tCI:I~ ••I 1nh:•-=-nu~ .ul~ •nf,nntaltun l4.uh lcc.:hn"tnes shuw an· 
adequKIC:\ f,,, ll.lno;;l;tth .. •·m~.tll.tnl m·td~l\, .-nd the~ dcsp1te the dc\lclc•ptncnl 
n( I he lCC••nd lc-"hllhfUt" '''• II-..: l\,,,,, uf ,.:,,n,hllon.af \UUic.:ICtKy "·htch i' ba"C 
to trall'\t.aUtHt m\.lfl.•••• nu .. k·l' lnfcr~tk't:' .nhl tuf,•un.tlu•n iltC' then 
eunu~d hrh.·tl) •••• u •• n ... t •h•nt·un·.ua.tnl ntt~k·l" an~ -wnnc tntti.hlicd 
Mtm.lum~ ,.r mf··••n .. h••n ruL: 1''''''-....._.,e IlK' u:,ull' .. rc.· tht·n c'tcrtt.k,t au 
olhcf ""'"kl,.an.l lc.ul h• ,J .. ·Iuuhun\ ••I ''"'·'' ,.,u .. tural pH)I'.thlhiiC'\ Hfl If~ 
Pi&tiiiJIC'tltf 4ptiU:' .. tl\1 hi .. ll"\&,IU.II hh•hhttt-.J fUO\.tiHil. 

• lo"-'! I.J!I;fti"SIIINI!I.~ 
.. Slilllstlo·ul ,\frtl""'' 1111•/ .\, ,..,,,,. ,,,,.,..,,." lt~l~<:r ( l'l~l·l oll\C,IIjtiiiCS C~llnlallnn 
ilaaaphoufh•""' ... " "'"·''""'" r••llll II, llo: f'IC\CIIh d llclnulu•n •• r ~"""~Ieney M ii apph.oalth; '" '"" h'IC Jo•oo ol•ull•'"' ;lllol lin•!., f. or .t lll:ll!hf>uurhnot<J 01f fl •. 
dtr nunwtc '""' " ,,,.all) ''"'"''l'lll ""'' uf nunnnu•n v.trlan.:c. I hc nrtlmary 
IDICqll or unht.A~dllC" ,, "'" f\'\III\11\C '""' il ~"'"'"' '""''YM~ tb~..CI, I'JI>4al. llillllhcCO\'llfliliK.T IIICoJU.olol~ 101.1 I r:llll<'l Jt,hl m;ulll~f, p111dt1l'C:S ol lotediJ)·Uill>laSCJ 
-If of nunnnu•-• \.•••·•"""~- lir•' •' n•'' r.:-,t•r,·t.:,t ••• tlt!K:tCit: ,lt!\ltthutumi und 
llllbonly ('r .. mer ltau r.·j!ul:.llh '''"'''''"'" 

In 1w..:r ~"""""'Y 1.·1 1, ,. . , ·' '"' " •aml'k rc .. m u '"''"""'"'" w11h dcn•ny Jhl•• ,..., .• n~ a ·~al , ........ , .• , f ''·,II hi' tlfl'\hkt ... , ......... ,.n In .. fl&.'l)!hllt•Uih\tet\.1 ur II,. 
'ftl IIRnun.et '""""'Ill,,,,.,, .. , '' 

•kre r •~ •nlft."h:nnrn.•h.' 

IIIIIMI< " 

!...fl ~ '.1 ' t ~'"'. '·t ), 
AI '' ... f·• ·• hhl .h.-tlo..lll\\' apJlf•UIIll.llhtn. an C(i\U\oal~n1 

\f 'Jll.t !.:,,, t,t ,u, }; .;~ In II •.1 11.1 . " 
AA nlunalt' h(, ,,, t •• .1111 •m""'"''''" ,, .. ;.

i• 
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