WATER RESOURCES RESEARCH, VOL. 38, NO. §, 1146, 10.1029/2000WR000100, 2002

New form of dispersion tensor for axisymmetric porous media
with implementation in particle tracking

Peter C. Lichtner, Sharad Kelkar, and Bruce Robinson
Los Alamos National Laboratory, Los Alamos, New Mexico, USA

Received 16 November 2000; revised 24 January 2002; accepted 4 March 2002; published 17 August 2002.

[1] A general form of the dispersion tensor is derived for axisymmetric porous media
involving four dispersivity coefficients corresponding to longitudinal and transverse
dispersion in horizontal and vertical directions, defined as perpendicular and parallel to the
axis of symmetry, respectively. The general form of the dispersion tensor provides for
distinct vertical and horizontal longitudinal dispersivity values. Transverse dispersion is
isotropic for flow parallel to the symmetry axis and anisotropic for flow perpendicular to
the symmetry axis with distinct horizontal and vertical transverse dispersivities. The
new form of the dispersion tensor is applied to several examples involving axisymmetric
media utilizing particle tracking techniques and compared to the tensor proposed by
Burnett and Frind [1987]. It is demonstrated that for the case of spatially variable flow the
drift term V - (¢D)/¢» must generally be included in the particle tracking algorithm to obtain
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accurate results.
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1. Introduction

[2] Several attempts have been made in the past to
describe dispersion in axisymmetric porous media {Burnett
and Frind, 1987; Jensen et al., 1993]. Zheng and Bennett
[1995] used the form of the dispersion tensor proposed by
Burnett and Frind [1987] for describing transport of a tracer
in axisymmetric media. The term axisymmetric refers to
layered media that possess an axis of symmetry, rotations
about which leave the system unaltered. A characteristic
feature of axisymmetric media is the nonisotropic nature of
transverse dispersion for flow perpendicular to the axis of
symmetry. In addition, it would be expected that longitudinal
dispersion should in general be different for flow parallel or
perpendicular to the symmetry axis. In the above mentioned
papers, flow was restricted to be approximately perpendicu-
lar to the symmetry axis. Furthermore, the forms of the
dispersion tensor that were used were based on heuristic con-
siderations. Jensen et al. [1993] appear to be the only authors
who attempted to introduce separate longitudinal dispersiv-
ities for horizontal and vertical flow parallel and perpendic-
ular to the axis of symmetry. However, because these authors
only considered diagonal terms, a physical interpretation of
the dispersivity coefficients is difficult to make.

{3] The main purpose of this contribution is to develop a
new form of the dispersion tensor applicable to axisymmet-
ric media with flow at an arbitrary angle to the symmetry
axis. For this purpose the form of the dispersion tensor
developed by Poreh [1965] based on the work of Robertson
{1940] on invariants in isotropic turbulence theory is used.
Symmetry arguments are used to restrict the form of the
dispersion tensor applicable to porous media with a rota-
tional axis of symmetry. For a general anisotropic medium
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the dispersion tensor is more complex, involving possibly as
many as 21 to 36 independent parameters, depending on the
symmetries invoked [Scheidegger, 1961; Bear, 1972]. The
approach developed by Poreh [1965] allows for four inde-
pendent parameters. The principal axis of the dispersion
tensor need not be necessarily aligned with the direction of
flow [Poreh, 1965]. For flow parallel and perpendicular to
the symmetry axis, the new form of the dispersion tensor
reduces to the special forms appropriate for these cases. Thus
for flow parallel to the symmetry axis, transverse dispersion
is isotropic, whereas for flow perpendicular to the symmetry
axis it becomes anisotropic. It should be noted that issues
related to the scale dependence of dispersion are not con-
sidered. Rather, a conventional Fickian representation of
dispersion is assumed which may be taken as the asymptotic
limiting form of the dispersion tensor [Neuman, 1990].

4] A comment is in order for pursuing modification to
the multi-Gaussian formulation of dispersion which results
in the classical Fickian form used here. While this approach
is known to have several serious limitations, such as back-
ward dispersion against the direction of flow and scale
independence, nevertheless it is still widely used in a
number of practical applications. Furthermore, it may be
the only approach for representing local scale dispersion.
For these reasons we feel it is still useful to generalize the
Fickian approach to axisymmetric media.

[5] The new form of the dispersion tensor is implemented
in particle tracking methods and applied to axisymmetric
nonisotropic media. The particle tracking approach has been
widely applied to model dispersive transport in homoge-
neous and heterogeneous isotropic media for both reactive
[Ahistrom et al., 1977; Fabriol et al., 1993] and nonreactive
transport [Kinzelbach and Uffink, 1991; Tchelepi et al.,
1993; Tompson, 1993; Tompson and Dougherty, 1988;
Tompson and Gelhar, 1990; Tompson et al., 1996; LaBolle
et al., 1996]. Particle tracking methods offer an attractive
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alternative to finite difference techniques for solving solute
transport equations in both homogencous and heterogeneous
media. In this approach, continuum transport equations are
replaced by a discrete set of particles that are transported by
advection subject to Brownian motion to represent diffusion
and dispersion. Given a sufficient numbers of particles,
continuum and particle tracking models arc equivalent.

[6] Conventional finite difference approaches, when
applied to large-scale problems, suffer from numerical
dispersion caused by the need to use large grid blocks to
limit the number of nodes to reasonable values. To obtain a
stable solution, upstrcam weighting is often invoked which
dramatically smears out sharp fronts. Furthermore, the
computation time involved in particle tracking is propor-
tional to the number of particles used in the simulation,
whereas finite difference mcthods are proportional to the
number of nodes which may number on the order of 10° or
more. Particle tracking also involves more moderate storage
requirements compared to finite difference methods.

[7] A primary advantage particle-tracking methods have
over conventional finite difference approaches is the appa-
rent ease with which the full dispersion tensor can be
incorporated into the transport equations. However, it must
be noted in this regard that proper treatment of discontin-
uous media using particle tracking is still an area of active
research and the effects of interpolation error along particle
paths needs further investigation [see, e.g., LaBolle et al.,
1996]. Finite difference methods require incorporation of
the off-diagonal terms of the dispersion tensor when mod-
eling transport in heterogeneous media with variable fluid
velocity, or in cases where the fluid velocity is not aligned
with one of the coordinate axes. This requires enlarging the
finite difference stencil from 5 to 9 points in 2D, and from
7 to 27 points in 3D. Besides increasing the bandwidth of
the Jacobian matrix in the linear solver, stability issues arise
in terms of its positive definiteness. This can lead to
oscillatory behavior which is unacceptable for reactive
transport simulation [Cirpka et al., 1999]. Particle tracking
methods by contrast provide an efficient numerical algo-
rithm without these deficiencies for modeling large-scale
transport of tracers in heterogencous porous media.

2. Dispersion Tensor for Axisymmetric Media
2.1. Eulerian Mass Conservation Equation

[#] The equation of motion describing the evolution of a
plume in a saturated porous medium corresponding to a
nonreactive, dilute solute species with concentration C, is
given by the mass conservation equation

%(¢C)+V' (gC — $DVC) = 0,

(1)
referred to as the advection-diffusion-dispersion cquation. In
this equation ¢ refers to time, and V = (0/0x, /0y, J/0z). The
coefficients ¢, ¢, and D, appearing in the advection-
diffusion-dispersion equation refer to the porosity of the
porous medium, the Darcy velocity, and the diffusion/
dispersion tensor, respectively. Generally these quantities
vary spatially and temporally. Experimental studies of
transport in groundwater have been compiled to determine
the nature of the dispersion tensor and the numerical values
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of the dispersivity. Gelhar [1997] showed that distinct values
of the longitudinal dispersivity, the transverse dispersivity in
the horizontal direction, and the transverse dispersivity in the
vertical direction can be identified based on available field
transport studies. The general conceptual model underlying
the usc of these three terms is one of horizontal flow with
tortuous fine-scale flow through heterogencous media. The
details of transport through the heterogencous media give
rise to spreading of solute in the direction of flow and, to a
lesser extent, transverse to the direction of flow. Of course,
groundwater flow, though generally horizontal, exhibits
vertical velocities locally in regions of upward or downward
gradicnts, such as in arcas of recharge or discharge or when
the flow is subject to variability in hydraulic conductivity
that diverts water vertically.

[9] In practice, it is difficult, from available data, to
propose more complex forms of the dispersion process
and to determine the alternate dispersivity values from field
obscrvations. Nevertheless, it is quite possible that more
complex forms are more representative, given the complex-
ity and variety of different heterogeneities present in nature.
An important conclusion from the available field data is that
longitudinal dispersion is a strong function of scale, that is,
the travel length of a solute plume in the medium [e.g.,
Neuman, 1990]. In a typical groundwater flow model at the
scale of a flow basin, characteristic flow distances of tens to
hundreds of meters vertically may be present, compared to
hundreds to thousands of meters horizontally. Given the
difference in scale, it is not clear that the longitudinal
dispersivity in the vertical direction should be set equal to
that in the horizontal direction. In addition, in stratified
porous media containing heterogeneitics such as irregular
shaped beds or clay lenscs, the characteristic scale of the
heterogencity encountered by a solute will be ditferent in
the horizontal and vertical directions, yielding potentially
different longitudinal dispersion. Therefore one motivation
of the development of the theory in this section is to propose
a dispersion tensor that can be used to handle these more
general scenarios.

2.2. General Form of the Dispersion Tensor
for Axisymmetric Media

[10] Consider a porous medium that, at the macroscale,
exhibits an axis of symmetry X. As a consequence, physical
processes are invariant under rotations about the axis of
symmetry. To be considered a tensor, the collection of
coefficients making up the dispersion tensor must satisfy
certain transformation rules upon changing from one coor-
dinate system to another. The form of the dispersion tensor
is obtained by assuming the scalar invariant

Dia.b) = Z Djaib;, (2)
i

defined as the contraction of the dispersion tensor with
arbitrary vectors ¢ and b, can be expressed in terms of the
fundamental invariants @ - b, @ - v, a - A, ..., constructed
from the vectors a, b, v, and X where v = ¢/¢ denotes the
average macroscale pore velocity. Invariants formed from
vector products, for example @ x b - v, are not allowed
because they change sign on reflection of the coordinate
system. The theory to construct such an object was
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presented in the turbulence literature by Robertson [1940]
and later applied to dispersion by Poreh [1965]. It can be
shown that the most general, symmetric, sccond order
tensor that can be constructed from these the vectors v and
X is given by the dyadic [Poreh, 1965; Batchelor, 1959]

1
D = oyvl + quZ + Q3 VAN +5(y4()\v +wvAx), (3)
v

where I represents the unit dyadic, v denotes the magnitude
of the solute velocity (v2 = %v?), and the coefficients o are
scalar quantities with the dimension of length. Symmetry is
imposed on the dispersion tensor. While traditionally this
assumption is made for the dispersion tensor [Bear, 1972], it
is not a fundamental requirement. In this expression for the
dispersion tensor, and in what follows, the contribution of
molecular diffusion is not explicitly indicated for simplicity.
It may be easily added to the diagonal elements. For a
general discussion of the properties of dyadics consult, e.g.,
Morse and Feshback [1953].

[11] The four coefficients «, that appcar in equation (3) are
in general functions of the scalar quantities v and X - v, which
may be functions of time and space for a variable velocity
field, for example, such as encountered in heterogeneous
media for example. If v is an eigenvector of D, the coef-
ficients o; may be related to their more conventional desig-
nations in terms of longitudinal and transverse dispersivity
corresponding to cigenvalues of D associated with principal
axes parallel and perpendicular to the direction of flow, res-
pectively. In this case, two distinct longitudinal and trans-
verse dispersivitics can be defined. These correspond to flow
parallel and perpendicular to the axis of symmetry, and may
be assigned as of, o and o, o respectively. The super-
scripts Vand H, designating “vertical” and “‘horizontal”, are
defined in relation to the axis of symmetry with V parallel and
H perpendicular to the symmetry axis X\. For a general axi-
symmetric medium, however, it is possible that the principal
axes are not aligned with the direction of flow, and in that case
the terms longitudinal and transverse are not meaningful.

[12] As will turn out in the analysis given below, the flow
velocity v is an eigenvector of the dispersion tensor provided
that the coefficients «; and oy are appropriately related to
one another [see equation (17)]. As a result, for this case
there are three independent coefficients and an equal number
of eigenvalucs. For the more general case where v is not an
eigenvector, all four coefficients «, are independent.

2.3. Eigenvalues and Eigenvectors of the
Dispersion Tensor D

{13] The eigenvalues and cigenvectors of D provide an
interpretation of the coefficients «; in terms of the more
physically meaningful longitudinal and transverse disper-
sivity coefficients. The cigenvalue problem for D with
cigenvalues p,v and eigenvectors ¢, is defined as

D - =pvG, (i=1.2.3). (4)
First note that the vector (3 = v x X, perpendicular to the
plane defined by the vectors v and X\, is always an
eigenvector of D belonging to the cigenvalue «,v since

D¢ =i, = ()?\7C3,

(5)
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in which in the latter expression «; is identified with ol the
horizontal transverse dispersivity coefficient. As a conse-
quence, the remaining two cigenvectors of D, denoted by (;
and ¢, must lic in the plane defined by v and X\. Without
additional restrictions on the coefficients o, neither eigen-
vector need coincide with the fluid velocity v [Poreh, 1965].

f14] To determine the remaining two eigenvalues and
corresponding eigenvectors of D, the cigenvectors are
expanded in terms of an orthogonal set of vectors which
lic in the plane perpendicular to (3. It is useful to introduce
the vector w constructed orthogonal to v using the Gram-
Schmidt orthogonalization procedure to give

A f ;
w:)\A—zvv:k—COS v, (6)
% v
where
-
cosh = 2 (7)
v
with 8 the angle between X\ and v. It follows that
w-r=0 and W’ =w -w=1- cos’H. (8)

Using the orthogonal vectors v and w. one can write the
expansion for normalized cigenvectors

9)

with expansion coefficients vy; and §3,. Expressing D in terms
of v and w yields

D = ol + [(xz + cos?0a3 + cos 60&;} e + i3 vww
VvV

1
+<cos B +—2-(_y4) (wv + vw). (10)

E?(panding D - vand D - win terms of the vectors v and w
gives

D-v=av+ bw, (11a)
and

D-w=cv+dw. (11b)

The expansion coefficients «, b, ¢, and d arc defined as

a=(og+on+ cos’ o + cos By ) v, (12a)
I
b= (cos(m,g —{—E()q) V2, (12b)
3 1
c = (] — €OS 9) cos O —1—5(.\(4 , (12¢)
and
d=[og + (1= cos’0)ca]v. (12d)
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From these results the matrix equation for the eigenvalues
and eigenvectors follows

(@ =) +e] v
= 0. (13)
a+(d— )l LB
The sccular equation has as solution the eigenvalues
1 .
u,-:—zw{aeri\/(ad)2+4b(}. (14)
v

The plus sign corresponds to the major principal axis. The
ratio of the expansion cocfficients satisfics the relation

d — v

Yi 3
Y -t (15)

3 a— v

The relationship between eigenvectors (;, the flow velocity
v, and the vector w is illustrated in Figure 1. The cosine of
the angle & between v and ¢, taken as the major principal
axis of the dispersion ellipsoid, is given by

cos(I):v'C': YV

v /'Y%Vz + B%wz

The angle ® depends on the fluid velocity and its angle with
the axis of symmetry, in addition to material properties of the
porous medium. If the coefficients b and ¢ vanish, it is clear
from equations (11a) and (11b) that vectors v and w are
cigenvectors of D with eigenvalues a and d, respectively, and
the angle @ vanishes. Thus in this case the major principal
axis corresponds to the direction of flow. For this to occur the
coefficients 3 and oy must be related by the expression

(16)

Aoy
g = —2cosboy = -2

(17)

3.

In addition, ® always vanishes for flow parallel to the sym-
metry axes (cos 0 =1, w = 0). For flow perpendicular to the
symmetry axis, v and w are not cigenvectors unless oy = 0.
[t should be noted that according to equation (17), cv; can
become negative. However, the physically meaningful quan-
tities are the eigenvalues of D which must be nonnegative.

[15] It is not surprising that the general form of the
dispersion tensor as given by equation (3) allows for
principal axes not aligned with the direction of flow. Indeed,
the form of the dispersion tensor is not in any way restricted
to a description of dispersion, but is simply the most general
mathematical form for a tensor that obeys proper trans-
formation rules which can be constructed from two vectors.
There is some precedent for ® # 0 in heterogeneous porous
media [de Marsily, 1986, p. 250]. Both Gelhar and Axness
[1983] and Neuman et al. [1987] have demonstrated theo-
retically that in general ® # 0, based on a stochastic
analysis of transport in heterogeneous media. However,
therc is disagreement between the authors on the sign of
the angle ®. At present there does not exist experimental or
field confirmation of the situation when & # 0, which
appears difficult at best to establish.
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Figure 1. [llustration of the relation between the cigen-
vectors of D, the symmetry axis A, the vector w, and the
fluid velocity v for a general axisymmetric medium.

[16] If equation (17) holds so that one of the principal
axes is aligned with the direction of flow, then equations
(11a) and (11b) reduce to the simpler forms

D.v= [m + oo+ coszeoq}vv =gy, (18a)

and

D-w=[og + (I = cos’0) o3 yw = arvw, (18b)
indicating that both v and w are eigenvectors of D with
longitudinal and transverse dispersivitics given by

o = ) + oo + cos*Bag, (19a)

and

ar = oy + (l — cosz())oz;. (19b)
respectively. Thus when 0 = 7/2, oy = o) = o) + o and
oy = ozlr/ =yt oz When 8 =0, oy = a} =y t oyt 03
and a7 = ol = «.

[17] Itis interesting to note that in the case when equation
(17) holds, the eigenvectors of D are independent of the
coefticients «,. Solving for the «; yields the inversc relations

o) = o, (20a)
2
cosB
)y = 7 — 0{? - ]—:_C.(_)-Sz_e ((,YT — 01.[7_!), (20b)
H
o7 — OLT
R ) (200)

With these results the dispersion tensor can be written in
dyadic form as

s H
o oy, sl ag — oy
D=q7 vl+{0q oy + = cosz(')(ur Or )} v 1 —cosd
5 0
.v[»\ sl v)\)} (21)
‘7
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and in terms of v and w as

ar — (v’T’

(22)

v
D=l + (o — )=+ L vow.
T ( I T) v 1 —cos?

The longitudinal and transverse dispersivities, o, and «g
defined as the cigenvalues of v and w, respectively, can be
arbitrary functions of the scalar quantities v and cos 0.
Whether or not this four parameter representation of the
dispersion tensor provides an adequate description for flow
at an angle to the symmetry axis nceds to be verified by
direct comparison with ficld observations.

2.4. Special Cases

[18] In this section special cases corresponding to an
isotropic medium, and an axisymmetric medium with flow
parallel and perpendicular to the symmetry axis are consid-
ered in more detail.

2.4.1. Isotropic media

[19] For the special case of an isotropic medium, X =0
since there is no preferred axis of symmetry, and it follows
that the general form of the dispersion tensor reduces to the
well-known form [Poreh, 1965; Dagan, 1984]

D= ()(]VI‘FOQE. (23)
v

To relate the coefficients «v; and v, to the usual longitudinal
and transverse dispersivity coefficients «, and «z note that
v is an eigenvector of D with eigenvalue oy + u, i.e.
D-v= {0+ (24)

Thus it follows that oy = oy + «y. The remaining two
eigenvectors represented by (;, orthogonal to v, belong to
the degenerate eigenvalue «v. Hence it follows that
D - = ang(,. (25)

Thus o= oy, giving oy = ¢y — o The resulting dispersion

tensor for an isotropic porous medium has the form [Bear,
1972]

vy
D = apvl + (g — o) —,
v

oy 4 (g, — o) 2 (o —ap) 22 (o, — ap) 22
= (op — o) = v (o — (xr)‘%f {og — o)
(op — o) 2L (o —ar)=2 v+ (og — (Y.T)$

(26)

2.4.2. Axisymmetric medium: Flow parallel
to symmetry axis

[20}] For an axisymmetric medium with flow along the
axis of symmetry it follows that

¥ = VA, (27)

w = 0, and D becomes

D = o vl 4 (i + g 4 g )vAN. (28)
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It is apparent that v (and \) is an eigenvector belonging to
the eigenvalue (o + iz + iz + ), and the eigenvalue oyv

is degenerate with eigenvectors in the plane normal to X.
[21] Introducing the notation o) for longitudinal disper-
sivity along the axis of symmetry, and o for horizontal
transverse dispersivity, the dispersion tensor can be written as
D = cu.’r’vl + (04,[ - (Y’T{) v_vv’ (29)

with oy = o and oy + g + oy = o) - o, This form of the
dispersion tensor has the same form as that for an isotropic
medium. Thus v is a principal direction of the dispersion
tensor satisfying

D-v=aq)v, (30)
with

31

The remaining two eigenvectors are orthogonal to v but
ot}}erwise arbitrary, belonging to the degencrate eigenvalue
Qrv.
2.4.3. Axisymmetric medium: Flow perpendicular
to symmetry axis

[22] For the special case when v and X are orthogonal
(\ = w), and cos 6 = 0, it follows that

042 = Q) + &y + Q3+ Q4.

1
D v={(og+mvv+ Ewwzk, (32a)

and

1
D -X\= E(mv + (o + a3V (32b)

From these relations it is apparent that, in gencral, neither v
nor X\ arc eigenvectors of D unless oy = 0, in which case
both vectors v and X are cigenvectors satisfying the
eigenvalue equations

D.-v={(q + )y,

=oflvy, (33a)
and
DX\ = (o + ag)wvi,
= apvA. (33b)

In this case there are two transverse dispersivities,
horizontal and vertical, denoted by mlf and o Longitudinal
dispersivity is denoted by o, because in general it may be
different from o for flow in the direction parallel to .

[23] Noting that v x X is an eigenvector belonging to the
eigenvalue o; which may be identified with o, it follows
that

o = ol (34a)
o = o — o, (34b)

and
ay = oh —off. (34c)
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[24] For flow perpendicular to the axis of symmetry and
assuming oy 1s sufficiently small, it follows that the angle of
inclination of the principal axis to thc direction of flow is
given approximately by the relation

cos P = : = ~1— 8(@7(‘%(“)2’ (35)
LI e i
or
oo O (36)

4((‘(.2 - 0L3)2 .

Generally, o > oy since oy involves the difference between
longitudinal and transverse diffusivities, whereas o3 is
proportional to the difference in transverse diffusivities.

2.5. New Form of the Dispersion Tensor
for Axisymmetric Media

[25s] To construct an alternative form of the dispersion
tensor which could apply to flow at any arbitrary angle to the
axis of symmetry, and still honor tensorial transformation
propertics, the appropriate functional form of the coeffi-
cients oy and «yin equation (21) or (22) on the direction of
flow must be determined. Two limiting cases must be met
for flow parallel and perpendicular to the axis of symmetry.
For flow parallel to the symmetry axis longitudinal disper-
%lon should reduce to the vertical longitudinal dispersivity
o, and transversc dlsperslon should be isotropic with
dlspersmty described by o For flow perpendicular to the
axis of symmetry, longitudinal dispersion should reduce to
the horizontal longitudinal dispersivity o), with transvcrse
dispersion described by the two coefficients, oy and off
Clearly it is not possible to deduce a priori the form of the
dispersion tensor for flow at an angle to the symmetry axis
without additional information. It would be expected that the
dispersion tensor would depend on the specific properties of
the porous medium, and even head differences. Without
additional information it is assumed that the longitudinal and
transverse dispersivities have the forms

oy = QL(cos 0; (\,7 aﬁ) (37a)

and
ar = Qr(cos() O(T 04"). (37b)
where the only dependence is on the scalar cos 8 in addition

to the dispersivity parameters. The functions G, 7 satisfy the
end-member conditions

Gr(0:ap o) = o, (vertical flow), (38a)
Gr(0:edp, odf) = o, (vertical flow), (38b)
Gr (1 o) od’) = ol (horizontal flow}, (38¢)
Gr(lohr.of) = af, (horizontal flow).  (38d)

but are otherwise arbitrary. To determine the functional form
of G; 7 it would be necessary to compare predictions based
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on a specific form of the dispersion tensor with actual field
obsecrvations, or to carry out numerical cxpecriments
involving heterogeneous media.

[26] For the new form of the dispersion tensor proposed
here, the following dependency on cos 0 is chosen

14 H

G = (17 + 00529(04, — o ) (39a)
and
Gr = of + cos’0(af — o). (39b)

With this choice of Gy 7, the desired behavior is obtained
that is at least correct for the cnd-member cases of flow
parallel and perpendicular to the axis of symmetry.
However, clearly an infinite number of functional forms
are possible which satisfy conditions (38a), (38b), (38c),
and (38d). In what follows it is assumed that the transverse
horizontal dispersivity o4 has the same value for flow
parallel and perpendicular to the axis of symmetry.
However, it is not apparent that this necessarily must be
the case, which would complicate the formulation.

[27] To obtam expresslons for the coefficients «; in terms
of the set o<L, (\f, aT and u?, the expressions for longi-
tudinal and transverse dispersion given by equations (19a)
and (19b) are equated to the desired forms given by

,
o = o + oo — cos 0y,

=all + cos?0(a) — (xf’) (40a)

and

ar = o + (1 - COSZO)(\Q,
= af +cos?0(af — o), (40b)

As can be seen from these relations, the eigenvalue for
longitudinal dispersion varies between the horizontal and
vertical longitudinal dispersivities as the flow direction
varies from perpendicular to parallel to the symmetry axis of
the medium. Similarly, the eigenvalue for transverse
dispersivity varies between the vertical and horizontal
transverse dispersivities.
[28] The coefficient ¢, is assumed to be given by
o = (17 , (41)
independent of the direction of the flow velocity relative to
the symmetry axis. This is reasonable because the
eigenvector v X w is always perpendicular to the symmetry
axis X and the flow velocity v with eigenvalue «,v, and
hence it should only reflect horizontal transvetse dispersion.
Equations (40a) and (40b) provide two equations for the
two coefficients oy and os. It follows that

2 [ ;
oy = of = off +cos’0(e] — off + o — o),
= oy —ar +of — of, (42)
and
o3 = m? wlrl, (43)
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with oy given by equation (17). The corresponding cigen-
values for eigenvectors v and w are given, respectively, by

D v= [(\zg + Cosze((x{ - 0(2’)} v, (44a)

and

D-w = [0 + cos’0(aff — of)]vw, (44b)
defining the longitudinal and transverse dispersion coeffi-
cients «, and ar according to equations (40a) and (40D).

The dispersion tensor has the form

D = v + [WL — ol + cos’ ()( — ol f oy~ (x?)] i

cos
+ (o — o )v| N — » (Av -+ wA) ],
(45)
or in terms of w
D=ollvl+ [(Y[ —odl+ LOSz(‘)( 0~ (vfﬂ— + ( — o hrow.
(46)
In terms of individual matrix elements with X = (0, 0, 1),
the dispersion tensor becomes
vi v vi v oM
Dy = oy — + o —= . (l +v:]z i \%) +ar } n V% (473)
2w 2 7
Doy =off L . ap 24 a2 -2 47b
22 (\Tv<+1%+»§ +og +(\T‘V% %,( )
vi + V2 V2
D3z = ar ( l 2) o=, (47¢)
v

Vivs
Dy = (og — ar)— o

(47¢)

Vavy

D> = (og — ar) - (47f)

In these relations «yand o are functions of cos 0 as given
by cquations (40a) and (40b).

[29] According to this formulation, the dispersion tensor
can be expressed in terms of the four dispersivity coefficients
oy and of”. By appropriately choosing oy, one of the
principal axes can always be lined up with the direction of
flow. Only through comparison with field data will it be
possible to determine the correct form of the coefficients o,
in terms of the invariants 0 and v.

f30] In principle, at the laboratory scale the cocfficients
off of, off, and o) could be estimated by conducting
experiments on sultab]y onented cores. One approach
would be to estimate «; and o) by measuring tracer
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breakthrough curves on a core sample oriented normal
and parallel, respectively, to the axis of symmetry. Trans-
verse dispersivities off, o could then be estimated by
performing 2-dimensional flow experiments on rock slabs,
for example. Such results would be of significant theoretical
interest. However, it is well known that dispersivity values
arc a strong function of scale, hence it is necessary to
estimate the dispersivity coefficients at a larger scale using
field experiments. In the most general flow situation, the
coefficients oy, o, (i3, and oy could be estimated from field
data using a numerical model in conjunction with nonlinear
parameter estimation by fitting an observed three dimen-
sional plume. If a tracer test can be conducted in a portion of
the aquifer where the fluid velocity is unidirectional and
horizontal coinciding with the principal axis of the disper-
sion tensor (as often is the case), the parameter cstimation
procedure can be simplified considerably. In this case, the
dispersion tensor simplifies to

Dy = (yfv, Dyy = (x’T’v. Dy = (y?\/, (48)
with zero off-diagonal terms. With appropriately spaced
observation wells, the coefficients o, m’T{, and if enough
3-dimensional information is available, o as well, can be
estimated. Note that in this particular case, no information is
available about o). To obtain this coefficient, another test
would have to be conducted in a portion of the field where the
fluid velocity has a significant vertical component. If the
spread of a plume can be measured in such a case, then
equations (47a), (47b), (47c¢), (47d), (47¢), and (47f) can be
used to estimate the value of the coefficient oy, and perhaps
OL7. Once the dispersivities are estimated for horizontal and
vertical flow, the 8 dependence of the dispersivity coeffi-
cients for flow at an angle to the symmetry axis could be
tested.

2.6. Comparison With Dispersion Tensor Proposed
by Burnett and Frind [1987]

[31] Burnett and Frind [1987] proposed a simplified form
of the dispersion tensor for axisymmetric media, herecafter
designated as Dgg and referred as the BF-dispersion tensor.
The BF-dispersion tensor involves only three independent
parameters. These refer t0 longltudmal dlsperslon (o), and
transversc horizontal (m,) and vertical (0,) dispersion.
Burnett and Frind [1987] derived the form of the dispersion
tensor by generalizing the form for isotropic media to
account for different transverse dispersivities in the hori-
zontal and vertical directions as observed in natural strati-
fied media with flow along the bedding plane [4nderson,
1979; Robson, 1978]. For example, Zheng and Bennett
[1995, pp. 45-46] have used the Bumnett-Frind tensor to
model dispersion in axisymmetric media.

[32] Burnett and Frind [1987] write the dispersion tensor
as a matrix of coefficients in the form

+ of —-+(YT‘

(g = off) 2

(o — (Y’T’) nw

5 (o op)me

A Ll MY " Ry
Dyr = off Fhoptrory (o —op)un

]
iy

(o0 —ar)ue

v
AN vy ¥y
(o — aff)ue of i 2 4oy 2

(49)
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The diagonal elements may be written in a form similar to
the isotropic case given in equation (26) as

') 2
; vy
(Dsr)y = ogv+ (o — off ) ] + (o7 —af) =, (50a)
5 2
v . Vi
(Dar)yy= oF v+ (g — of) —VZ‘ + (aF — of) “} (50b)
I v Vg
(Dpr)y= oy + (0 — o) »1—“ (50¢)

It remains to prove whether in fact this matrix actually
forms a tensor in the strict sense of the word in that it
satisfies the appropriate transformation properties upon a
change of coordinate system.

[33] To determine the tensorial properties of the BF-
dispersion tensor, it is first noted that Dgp must be inter-
preted as referring to a particular coordinate system in
which the symmetry axis of the medium lies along the
z-axis: X = (0, 0, 1). Then v, can be written as the scalar
product vy = v cos § = X - v. With this in mind, the matrix
Dy can be expressed as
— o)W+ (o = o) 2
cosf }

Dgp = [OLfTI + 00529(01

+ (o — o)A\ — ——()\v + v\) (51)

valid for any orientation of the coordinate system relative to
the symmetry axis. Accordingly, Dgg is a tensor by
construction. Comparing equation (51) with equation (3)
leads to the following identification of the coefficients o

o = off + cos™0(ag — off). (52a)
oy = &y — (YITI (52‘3)
a3 = (Y’T —odl (52¢)
and
g = —2cos Ol = o) = 2 cos Bz, 52d
T T

It follows that equation (17) is satisfied for the BF-
dispersion tensor and thus both v and w are eigenvectors

belonging to eigenvalues «,v and ojv, respectively,
according to equations (18a) and (18b):

Dy -v=oyvy, (53a)
and

Dgr - w = afvw. (53b)

The eigenvector (3, orthogonal to v and w, belongs to the
eigenvalue «

Dgr - (5 = [(\fr’ + cosz()((x‘T/ - u’T{)]v G- (53c)
Note, however, that the BF-tensor, even though it trans-
forms as a tensor, does not satisfy conditions (38a), (38b),

(38c¢), and (38d).
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[34] For flow perpendicular to the axis of symmetry, the
BF-tensor agrees with the more general form. And for small
v3, the generalized form of the dispersion tensor reduces to
the form given by Burnett and Frind [1987).

[35] However, there are several problems with the form
of the BF-dispersion tensor. The relation given in equa-
tion (41) differs from that of Dgg given in equation (52a)
in which «; is a function of cos . The relation for « is
different from that obtained for the BF-dispersion tensor
given in equation (52b), but reduces to the Burnett-Frind
value for flow perpendlcular to the axis of symmetry
(cos B = 0 with oy = 0,) As the direction of v varies
from parallel (cos 6=1to pcrpendlculdr (cos 6 = 0) to
X, o varies between o) and of. This behavior is not
correct because the vector (; always remains perpendic-
ular to the symmetry axis and the direction of flow, and
hence the eigenvalue «; should always be equal to the
horizontal transverse dispersivity. In addition, for the BF-
dispersion tensor the transverse dispersivity correspond-
ing to the eigenvector w is independent of the direction
of flow and always equal to the vertical transverse
dispersivity. However, it is this eigenvalue which should
vary from transverse vertical to transverse horizontal as
the vectors v and w range from perpendicular to parallel.
These apparent deficiencies of the BF-dispersion tensor
are corrected in the next section by introducing a new
form of the dispersion tensor for axisymmetric media.

[36] As noted in the previous section, a drawback of the
BF-dispersion tensor is that the transverse dispersivity
along the principal axis w is independent of the direction
of flow and given by the vertical transverse dispersivity.
Intuitively, this would seem correct only for flow perpen-
dicular to thc symmetry axis, taken as pointing in the
vertical direction. For flow along the symmetry axes, or at
some angle to it, it would be cxpected that the transverse
dispersivity should reflect the angle of flow to the sym-
metry axis. In addition, for thc BF-dispersion tensor there
is only onc coefficient for longitudinal dispersion which is
therefore the same for flow in both the vertical and
horizontal directions, i.c., parallel and perpendicular to
the axis of symmetry, contrary to what one would expect
for nonisotropic porous media.

3. Particle Tracking Implementation

[37] Random-walk particle tracking algorithms present an
attractive technique to implement the dispersion tensor in
axisymmetric media, due to their relatively simple mathe-
matical formulation and ability to capture sharp fronts
without significant numerical error. In the limit of a large
number of particles, the particle density distribution repro-
duces the continuum-based mass conservation equation.
The expression for the particle trajectory is comprised of
a deterministic component that depends only on the local
velocity field, and a stochastic term that describes disper-
sion via a random-walk method. In finite difference form
the particle trajectory is obtained from the equation

X, =Xy + At A+ ALB, L Z. (54)
written in matrix form for a time step At,, where Z

represents a random vector and X, denotes the displacement
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vector after n steps. This equation is referred to as the
Langevin equation. The displacement matrix B and the drift
term A can be related to the dispersion tensor D, flow field
v, and porosity ¢ through the Fokker-Planck equation as
demonstrated in Appendix A. There it is demonstrated that
the displacement matrix B is related to the dispersion tensor
by the expression

BB = 2D. (55)
As demonstrated in Appendix A, this relation can be solved
for the displacement matrix B yielding

B =2UQ, (56)

where U represents an orthogonal transformation that
diagonalizes D, and the matrix @ denotes the matrix
composed of the square root of the cigenvalues of D. The
uniqueness of B and U is investigated in Appendix B. The
background drift term A given by

1
A=v+ V0D, (57)

involves not just the pore velocity v, but also contains
contributions from the divergence of the dispersion tensor
and gradient of the porosity. The spatial dependence of the
dispersion tensor occurs through the velocity field and
possibly at boundaries at which changes in material
properties occur leading to differences in dispersivity and
porosity across such boundaries. Kinzelbach and Ulffink
[1991] noted that the contribution V - D can be significant
at stagnation points in the flow field where a rapid change in
velocity exists. LaBolle et al. [1996] investigated the effects
of material boundaries on this term and the importance of
including it in particle tracking algorithms. In section 4.5 a
comparison is made with and without this term present for a
steady but spatially variable flow field and it is demon-
strated that this term is essential to obtain correct results.

[38] For an arbitrary axisymmetric medium, the orthogo-
nal transformation U is given by

U-— ViVt Biw Yo + Bw yXxXw
e e e )

(58)

For the special case in which one of the principal axes is
parallel to the fluid velocity, U becomes

v= |12 vXw . (59)
viw (v x w)- (v xw)
Writing
Un Up Ug
U=| Uy Upn Uxp (60)
Ui U Uy
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the displaccment matrix B is given by

Ull\/z(U‘IV+DO) Ui/ 2(av + Dy) Ui/ 2(cerv + D)

B = | U \/2(nyv + Do) U/ 200v + Do) Usy/2{cuv + Dy)

U1 /2(1yv + Do) Una/2(0gv + Do) Ussy/2{cv + Dy)
(61)

where Dy denotes the effective molecular diffusion
coefficient. For the general case of flow oblique to the
symmetry axis, the transformation matrix U, and hence B,
are unique since the dispersion tensor D has a nondegene-
rate set of eigenvalues. This formulation breaks down,
however, when flow occurs along the symmetry axis since
then w = 0 and the cross product vanishes. In this case the
matrix U is not unique since there are two degenerate
eigenvalues. Tompson et al. [1987] exploited this non-
uniqueness to obtain a nonsingular representation for U.

[39] In the axisymmetric case, the eigenvalues of the
dispersion tensor are distinct and there exist three unique
normalized cigenvectors. The transformation matrix U has
the form

v vy vy
3,
JAVALES

vy

¥y /‘,-f + ‘,-g
il 2 2
R VALIE S 0

The columns of U form an orthonormal set of eigenvectors
of D. This transformation, however, becomes singular if
v; = v, = 0. In this case, the dispersion tensor is diagonal
and the transformation matrix U is not needed.

[40] The dispersion tensor for an axisymmetric medium
reduces to the isotropic case for equal transverse horizontal
and vertical dispersivities. Since the eigenvectors are inde-
pendent of the dispersivity coefficients and depend only on
the flow velocity, the eigenvectors for the axisymmetric
case must also be eigenvectors for the isotropic case.
However, the converse is not true.

[41] For the generalized dispersion tensor the matrix Q is
given by

Vouv+ Dy 0 0

<
i
_L:

(62)

0= 0 varv+ Dy 0 , (63)
0 0 NCLE

including molecular diffusion. The displacement matrix B
has the form

v i R
B= v ) —H_ vy /2(cvpv4-Dy) v/ Z(rvé{vﬁ Dn)‘

FVA D) RS e

. T TR Vg N

2 /2(cqv+ D) /2552 (arv + Dy) 0

(64)
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[42] For the BF-dispersion tensor, Qg is given by

Vogv+ Dy 0 0
O = 0 \/w;-'v + Dy 0
0 0 \/(y’r'm‘%t‘éqtm'rllé#— Dy

(65)

The displacement matrix By thus has the form

— vy 2 )
/2oy 4 Do) - 4'\/'—‘%
BBI" vy /2 v D) W (2 )l 0
B O e e e R 4 TEE Y
- (g o) T ey [ - o
S/ 200+ Do) \/m 0
(66)

4. Numerical Simulations

[43] In this section several examples are presented to
illustrate the particle tracking approach with axisymmetric
dispersion. The BF-dispersion tensor is compared with the
new form for a problem involving both vertical and hori-
zontal flow in an axisymmetric medium. Calculations were
carried out using the computer code FEHM [Zyvoloski
et al., 1997].

4.1.

[44] To implement any particle-tracking algorithm, a
method is needed for computing the velocity vector at all
locations in the model domain in order to compute the
deterministic portion of the particle transport vector, given
by A in equation (57). Although analytical solutions are
possible for certain idealized situations, in general a finite
difference or finite element model is the computational
framework on which particle tracking methods are based.
In the present study, the Finite Element Heat and Mass
(FEHM) code is used to implement the random walk particle
tracking methods derived above. FEHM is a control-volume,
finite element model for simulating single-phase or two-
phase flow through porous media in two or three dimensions.
At present, this particle tracking method is restricted to
structured grids, for which each control volume cell is brick
shaped. To compute the velocity vector inside each cell, the
velocity interpolation scheme of Pollock [1988] is used.
With this method, velocity streamlines within a cell are
computed using linear interpolation of the velocities at cach
face of the cell, as determined from the fluid flow solution.
Particle trajectories are computed using equation (65),
implemented by alternately computing the deterministic
component AA¢, followed by the random-walk component
VAtBZ. Particles crossing a cell boundary during the deter-
ministic step arc placed at the face of the adjacent cell at that
same location. For particles that leave the cell during the
random walk step, a simple search algorithm valid for
structured grids is applied to determine the new cell and
the local coordinates of the particles. Particles attempting to
leave the model domain via the random-walk step are
reflected back into the domain. The term V - D in equation
(8) is computed at the resolution of the finite element grid

Numerical Implementation
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using a simple finite difference scheme, as suggested by
Tompson and Gelhar [1990]. The numerical model presented
here is appropriate for dispersion tensors that vary relatively
smoothly in space. The case of discontinuous changes in the
dispersion tensor, such as resulting from large abrupt
changes in porosity, are ongoing research issucs [LaBolle
et al., 1996]. There are a varicty of options for introducing
particles into the system, recording the simulation results,
and applying solute transport submodels to account for
sorption and diffusion into stagnant pore water, such as in
the matrix of a fracture-dominated porous medium. For
details of these features, see Robinson [2000].

4.2. Case I: Axisymmetric Dispersivity With
Principal Axes Oblique to Flow Direction

[45] First, the case in which the principal axes of the
dispersion tensor are aligned oblique to the flow direction is
considered. A 3-dimensional grid with 10 nodes each in the
x, ¥, and z directions is used. The nodes are equally spaced in
each direction with a spacing of 10 m. A porosity of 10% and
permeability of 10™'* m? is used in the simulation. The flow
velocity is taken along the x axis with a value of —8.22 x
10~ "' m/s. The dispersivity coefficients are chosen to be iy =
2m, o =20 m, a3 = 12 m, and ag = —4 m. [Note that the
sign of y is opposite to that of o for cos 6> 0 according to
equation (17)]. The symmetry axis is taken to coincide with
the line with direction cosines = (0.5, 0.866, 0). A swarm of
10,000 particles is started at one end of the model domain,
and allowed to flow and disperse toward the other end of the
domain. The result after an elapsed time of 6.95 x 10% days
is shown in Figure 2. Note that the axes of the ellipsoid are
lined up neither with the flow velocity, nor with the coor-
dinate axes. The numerical results for the second moments of
the plume are in good agreement with the theoretical values
as listed in Table 1 and Table 2 for case 1. The cosine of the
angle between the major axis and the velocity vector is found
from equation (16) to be 0.937, which is in good agreement
with the numerical value calculated to be 0.928.

4.3. Cases II and III: Comparison of New and BF
Dispersion Tensors

[46] The Burnett and Frind and new form of the disper-
sion tensor are compared for a flow field similar to the
previous case. The BF-tensor is applied with longitudinal
dispersivity oy = 3 m, transverse horizontal dispersivity
off =1 m, and transverse vertical dispersivity 01'7 =0.1m.In
the BF-tensor, the axis of symmetry for the medium is
assumed to be oriented along the vertical. The velocity is
oriented at 45 degrees to the vertical. A swarm of 10,000
patticles is allowed to flow and disperse. Results after
elapsed times of 2.32 x 10 and 6.94 x 10 days are
shown in Figure 3. The second moment of the plume is
compared with the theoretical value in Table 2, case 1T (\ -
v = 1//2). Good agreement is obtained.

[47] The new form of the dispersion tensor, with coeffi-
cients given by equations (40a) and (40b), is used with the
same flow field as described above with longitudinal hori-
zontal dispersivity ol = 3 m, longitudinal vertical dispersiv-
ity o/ = 0.1 m, transverse horizontal dispersivity o/ = 0.1 m,
and transverse vertical dispersivity of = 0.01 m. When the
flow velocity is normal to the axis of symmetry, i.e. flow is in
the horizontal plane, the new form becomes identical to the
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Figure 2. Axisymmetric dispersion tensor with principal
axes at a angle @ to the direction of flow (case I).

BF-dispersion tensor. However, when the flow velocity is at
an angle of 45 degrees, equations (41), (42), and (43) are used
with the resulting values of o, = 1.55 m, 0/;= 0.055 m, and
o remains the same with a value of 0.01 m.This leads to a
different shape for the dispersed particle cloud, shown for
elapsed times 0f 2.32 x 10¥ and 6.94 x 10% days in Figure 4.
The particle cloud is thicker in the direction perpendicular to
the velocity in the x-z plane compared to the BF-tensor, as
would be expected comparing equations (53b) and (40b).
The second moments for case Il are compared in Table 2
with the theoretical result showing excellent agreement.

4.4. 3-D Comparison of New and BF
Dispersion Tensers

[4¢] In this example a transport problem similar to that
discussed in Burnett and Frind [1987] is considered. The
domain is 3-D, brick shaped, with x, y, and z dimensions of
200 m, 15 m, and 200 m, respectively. The z axis is taken to
point vertically upwards. Grid spacing in the x dircction
varies from 2.5 m to 5.62 m, that in the y direction is constant
at | m, and that in the z direction varies from 7.3 mto 12.2 m.

Table 1. Description of Example Problems Used to Test and
Compare Dispersion Models

Case Description Parameter Values

=694 x 10°d

vy = =822 x 107 s,
vie=v. = 0ms

a;=2m, o =20m,
i3 =12 m, oy = —4m

=694 x 10°d

I general, nonisotropic tensor
X = (0.5, 0.866, 0)

(Figure 2)

1 Bumett and Frind

X-vr=1/2 ve=v.=—8.22 x 107 m/s,
v =0 m/s

(Figure 3) o =3m b =1m,
aF=0.1m

1 new form of tensor =694 x 108d

X-v=1//2 v, = v, = —822x 107! mys,
v =0 n/s

(Figure 4) o =3m o) =1m
o =Tm eaf=01m
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Table 2. Statistical Analysis of Plume Spreading Comparing
Numerical and Analytical Values for the Square Root of Second
Order Moments

Case Ax, m Ay, m Az, m
Numerical Theory Numerical Theory Numerical Theory
! 514 516 328 329 140 140
1 147 147 8% 88 147 147
11 133 133 19 1R 135 135

There are 50 nodes in the x direction, 16 in the v direction,
and 22 in the z direction, with a total of 17600 nodes and
15435 elements. Permeability is taken to be uniform with a
value of 1.3 x 1072 m* and porosity is set to the value 0.35.
Zero flux boundary conditions are imposed on the planes at
x=0,y=0,y=15m, and z= 0. On the z = 200 m plane, a
prescribed head is imposed: the head value is fixed in time
but varies with the x-distance as a cosine function from 4 =
21 matx =0, to #=20 m at x = 200 m. The boundary on the
x = 200 m plane is kept at a constant head of # =20 m. The
problem is first run to steady state, after which a tracer is
introduced. This is done by releasing 10,000 particles in a
small box dimensioned 10 m x | m x ] m with center
located at the position x = 10 m, y = 7m, z = 180 m. The
particle swarm after 108,000 days is shown in Figures 5 and
6. Figure 5 shows the results for the Burnett and Frind tensor
with o, = 10 m, o = of = 1 x 107% m. The results for the
new form of the dispersion tensor with o/’ = 10 m, o = 0.1
m, and o = «f =1 x 107% m are shown in Figure 6. As
expected, the BF-tensor predicts a significantly larger lon-
gitudinal dispersion. Thus it may be more appropriate to use
the new form of the tensor in situations where the longi-
tudinal vertical dispersivity is suspected to be different from
the horizontal value.

4.5. Example of the Influence of the V - D Term
on Particle Displacement

[49] As discussed in Section A.2, equation (57), the
background drift term 4 contains the term V - D in addition

]
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6000

E.. 4000
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4000
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Figure 3. BF-dispersion tensor with flow at a 45° angle to
the coordinate axcs (case D).
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Figure 4. New form of dispersion tensor with flow at a
45° angle to the coordinate axes (case Il1).

to the usual fluid velocity. This term is often referred to as
“spurious” or “‘noise-induced”™ drift [Risken, 1989]. The
importance of this additional term is seen quite clearly in
Figure 7, which shows the particle swarms calculated with
and without the V - D term for the model described in
Section 4.4. In this example, the new form of the dispersion
tensor is used, and for simplicity, the transverse dispersiv-
ities are sct to a very low value, 10~% m. Horizontal
longitudinal dispersivity is taken to be 10 m, and vertical
longitudinal dispersivity 5 m. A swarm of 10,000 particles
is started in a box 0.1 m x 0.1 m x 0.1 m centered at the
location of x = 10 m, y = 7 m and z = 180 m, and the
resulting particle locations after 108,000 days are shown in
Figure 7. As seen in the figure, if the V - D term is excluded
from the computations, the particle cloud is displaced from
the case with the V - D term present. With the divergence
term present, the particle cloud follows the streamline which
passes through the starting point as indicated by the solid
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Figure 5. Example using BF-dispersion tensor in the
absence of transverse dispersion.
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Figure 6. Example using the new form of the dispersion
tensor in the absence of transverse dispersion.

curve. Thus it is essential to include this term when velocity
gradients are present as has been pointed out previously
[Kinzelbach and Uffink, 1991; LaBolle et al., 1996].

5. Discussion

[s0] Although the dispersion tensor proposed by Burnett
and Frind [1987] is a tensor by construction, it is limited to
velocities that are close to perpendicular to the axis of
symmetry. The new form of the dispersion tensor has four
dispersivity coefficients: o) and o for longitudinal disper-
sion, and u;’and o/}" for transverse dispersion, in directions
parallel and perpendicular, respectively, to the axis of sym-
metry. Although any direction may be chosen for the axis of

80
L erq dispersi li
/ /fhm the starting location —f
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L ﬂ}
?‘ . .
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- LY :
E 40 i
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B N
20 22008
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Figure 7. Comparison of particle tracking using the
generalized form of the dispersion tensor for axisymmetric
media with and without the V - D term for the same
problem as in section 4.4. The solid curve represent the
streamline passing through the starting position of the
particle cloud.
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symmetry, the designations H and Vare retained because in
many practical applications a z-axis of symmetry is used to
conform with previous theoretical studies and compilations
of field data [e.g., Gelhar, 1997]. A distinction is made
between horizontal and vertical longitudinal dispersivity
, to account for anisotropic media with different longi-
tudmal dispersion in the horizontal and vertical directions.

[s1] In addition to the physical basis for proposing a new
form of the dispersion tensor, the new form has an addi-
tional practical advantage in modeling dispersion in ground-
water flow models for systems which exhibit large
differences in horizontal and vertical longitudinal dispersiv-
ity. When developed using finite difference or finite element
techniques, numcrical groundwater flow models often
employ grids with a much finer level of discretization in
the z direction to capture heterogeneities of large lateral
extent such as layered stratigraphy. Because in the Burnett
and Frind [1987] formulation, the samc longitudinal dis-
persivity applics in the vertical direction as is used for the
horizontal directions, particles encountering a portion of the
velocity field exhibiting a significant component of vertical
flow will disperse in the z dircction subject to a large
longitudinal dispersivity that normally applics to the hori-
zontal direction. As a consequence, particles will attempt to
migrate via random walk several cells in the z direction
unless very small time steps are used. Even when small time
steps are taken, large dispersion and small grid spacing
means that, on average, particles will disperse several cells
during the course of advective transport through a single
cell. Particle tracking methods designed to be accurate for
advection-dominated transport with relatively small
amounts of dispersion are not well suited to handle such
highly diffusive situations. By contrast, the alternate form of
the dispersion tensor proposed in the present study allows a
small value of o to be set, thereby limiting the amount of
dispersion during vertical flow.

[s2] Although little or no field data exists to determine the
correct longitudinal dispersion in different directions of
flow, it seems intuitive that in many situations, much
smaller values of o than of would be appropriate. The
new tensor developed here allows this situation to be
modeled more efficiently using particle tracking methods.
An avenue for potential future research is to construct
detailed realizations of flow at different angles to the
symmetry axis through modei-generated heterogencous
media and to compare the results to equivalent homoge-
neous model simulations using the tensor proposed here. In
both cases, particle tracking could be used, but in the
heterogeneous simulations, the dispersion would be gov-
erned only by the local velocity variations that are computed
as a matter of course (with no random-walk component),
whereas for the dispersion tensor runs, a homogeneous flow
ficld with random-walk particle tracking would be used. In
this manner, the validity of the proposed tensor for captur-
ing the dispersive characteristics could be examined and
computed dispersivitiy parameters could be correlated to
statistical parameters describing the heterogeneity.

6. Conclusion

[53] Several different options for the formulation of the
dispersion tensor were explored for axisymmetric porous
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media. A form-invariant formulation derived by Poreh
[1965] based on symmetry arguments was developed and
applied to axisymmetric media. The general form of the
dispersion tensor, equation (3), is a symmetric, second order
tensor that satisfies the necessary transformation rules upon
changing from one coordinate system to another. It was
shown that several well-known special cases follow from
the general form after appropriate simplifications. For
example, for the special case of an isotropic medium, with
no preferred axis of symmetry, the tensor reduces to the
commonly used form given in equation (23), and the
individual terms of the tensor are shown to be functions
of the fluid velocity v, and longitudinal and transverse
dispersivities oy, and ar For axisymmetric media a new
form of the dispersion tensor was introduced with four
dispersivity parameters: two Iongltudmal and two transverse
dispersivities, ol o), and off, ok respectively, for flow
parallel and perpendicular to the symmetry axis. The new
tensor was contrasted with the dispersion tensor proposed
by Burnett and Frind [1987] for describing dispetsion in
axisymmetric porous media.

[54] A series of test cases and example problems were
presented to illustrate the method. Several of the tests
focused on demonstrating the correct numerical implemen-
tation of the particle tracking method for the different forms
of the dispersion tensor. All test cases yielded good agree-
ment with theoretically based estimates of particle spread-
ing. This included cases in which flow was not aligned with
any of the coordinate axes, a critical test for any numerical
transport model. A test case patterned after an example
problem developed by Burnett and Frind [1987] exhibited
behavior very similar to the results published in that paper.
The alternate form of the tensor developed in the present
study was shown to produce intuitively reasonable behavior
when the longitudinal dispersion in the vertical direction
was reduced to a low value. The example illustrated that
particle tracking on grids with large aspect ratios (small z
discretization compared to x and y) should be more tractable
using the new form of the dispersion tensor. Moreover, for
axisymmetric media with large anisotropy, large spreading
in the vertical direction due to use of the incorrect longi-
tudinal dispersivity coefficient, an unavoidable trait in
regions of vertical flow with the Burnett and Frind [1987]
tensor, was shown to be reduced with the new tensor.

[55] The particle tracking algorithm discussed in the
present study was implemented in the finite element com-
puter code FEHM. The particular particle tracking algo-
rithm developed is suitable for structured grids, that is, those
in which computational control volumes are brick shaped.
Current work is being performed to extend the algorithm to
unstructured grids. This extension will require more general
velocity interpolation schemes and particle search algo-
rithms, but when completed, will allow the method to be
employed for more complex geometries typically simulated
using unstructured grids. That work will be reported on at a
later date.

[56] The topic of the appropriateness of various forms of
the dispersion tensor is the subject of ongoing theoretical
and experimental studies. The present study illustrated
straightforward methods for deriving the form of the tensor
and the accompanying particle tracking displacement matrix
B for axisymmetric media. Comparison with field observa-
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tions or numerical experiments are needed to determine the
functional form of the dispersion tensor for flow at an angle
to the symmetry axis. Particle tracking methods were shown
to provide an excellent computational framework to exam-
ine the different forms of the dispersion tensor. The theo-
retical methodology and particle tracking implementation
should be transferable to new forms of the dispersion
coefficient tensor in future modeling studies.

Appendix A: Particle Tracking
A.l. Random Walk: Langevin Equation

[s7] Particle tracking approaches to describing solute
transport involve superimposing on an instantancous veloc-
ity field w(r, #), a random walk representing dispersion and
molecular diffusion. The partial differential equation for the
solute concentration C, generally expressed by equation (1),
is replaced by the Langevin cquation written in differential
form as

dr = A{r, )dt + B(r, t)dW (1), (A1)
for position vector r(t). The matrix A represents the
deterministic background drift determined by the fluid flow
velocity v and, in addition, contains contributions from the
dispersion tensor as given in equation (57), and the matrix B
represents the direction and displacement distance for the
random process dW. The differential dW(r) represents a
Wiener process describing Brownian motion which incor-
porates effects of molecular diffusion and dispersion with
the properties

(dW) =0, (A2)

and
(AW (t)dW (1)) = dt], (A3)
where the angular brackets (...) represent the ensemble
mean, and I denotes the unit matrix.
[ss] The explicit finite difference form of the Langevin

equation, equation (A1), using the [to interpretation
[Gardiner, 1997], can be expressed in matrix notation as

Xn - X,,,,; + An/—lAtn + anlzn V Al,,, (A4)

with

de - Zn V Atm

for a time step At,, where Z,, represents a random vector
and X,, denotes the displacement vector after n steps.

(AS)

A.2. Fokker-Planck Equation

[s9] To relate the displacement matrix B appearing in the
Langevin equation to the dispersion tensor D, the Fokker-
Planck equation, equivalent to the Langevin equation,
equation (A1), for the conditional probability W(r, {ry, 1)
of finding particles at (r, 7) given their initial position and
time {rg. o), is compared with the advection-diffusion-
dispersion equation. The equivalent Fokker-Planck equation
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is given by [Gardiner, 1997, p. 97; Jazwinski, 1970; Risken,
1989; Van Kampen, 1992]

aw ! pi
T ~V- {A(r,t)W} +V V{EBBW}, (A6)

where B represents the transpose of matrix B. In order make
the comparison, the Fokker-Planck equation must first be
expressed in the form of the advection-diffusion-dispersion
equation in which the divergence of the dispersive/diffusive
flux appears. This may be achieved by writing the Fokker
Planck equation in the form

ow 1o - 1.
=V [(A(r,t) —EV-BB>W] +V. [EBBVW].

(A7)

Comparing this modified form of the Fokker-Planck equa-
tion with the continuum-based advection-diffusion-disper-
sion equation given in equation (1) yields the identification

Wi(r, tlro, to) = %Q)C(r, 1), (A8)

where N represents the number of particles and N4 denotes
Avogadro’s number. The matrix B is related to the
dispersion tensor D by the identification
1 -
BB =D, (A9)

and the displacement vector A4 is related to the Darcy flux
by

1
A=v+-V-oD.
¢

[60] One should expect that the mean and standard
deviation derived for a single realization should be the same
as that derived from an ensemble average. Indeed this is the
case. The rate of change with time for the mean plume
displacement as predicted by the advection-diffusion-dis-
persion equation for a single realization described by the
concentration field C(r, 1) satisfies

(A10)

r_3

= (A11)

where for an arbitrary function f{r), its mean is defined by
CE / F(H)OC(r V. (A12)

The rate of change of the second moment has the form

%(PF) D (r=F)=2D+(r-F) : (4-A)
+{4-A4) : (r-7.

(A13)

where the colon refers to the dyad or outer product for
multiplying two tensors: thus (x : y); = x;. Noteworthy is
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the effect a spatially variable dispersion tensor, resulting
from spatially variable flow velocity and porosity, has on
the mean position of a contaminant plume.

[61] The results for the mean and standard deviation for a
single realization may be compared with the results pre-
dicted by particle tracking using the Langevin equation and
evaluating the ensemble average. Taking the cnsemble
average of equation (A4) yields

(A14)

in agreement with equation (A11). Likewise for the square
of the standard deviation of the ensemble one obtains

o) = ((Xs — (Xn))  (Xa— (X)),

:0',2,, | +<B,,_|B,,,,;>At,,+(<(X”‘,| _‘<X/171>) : (A,,,|
(A ) (A = (A1) 0 (X = (X)) A,
+ <(An~ = <An I>> : (A,,,,| - <A/1 —l>)>At121* (AIS)

in which terms linear in Z, vanish. Taking the limit as At,
— 0, the time derivative of the squared standard deviation is
given by

% = (BB) +{(X — (X)) :

(A16)

This result is in agreement with cquation (A13) provided
equations (A9) and (A10) hold relating the displacement
matrix to the dispersion tensor and drift term to the flow
velocity. Thus the same functional form for the rate of
change of the mean and standard deviation (and higher
moments as well as can be easily demonstrated) are
obtained for a single realization and for the ensemble
mean. The values of the moments are expected to be equal
in the limit of an infinite number of particles.

A.3.

[62] To obtain the displacement matrix B from the dis-
persion tensor D, a transformation is carried out which
diagonalizes the dispersion tensor [Risken, 1989, p. 57,
Tompson et al., 1987]. The eigenvalue problem for D reads

Displacement Matrix B

D¢, = o(,, (A17)
with eigenvaluc o and eigenvector (,. Because the
dispersion tensor is symmetric, there exists an orthogonal
transformation U which diagonalizes D

UDU = D, (A18)
where D is a diagonal matrix with diagonal elements o;, and
U satisfies the relations

UU=UU=1. (A19)
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Expressing D in the form

D =00, (A20)
with @ diagonal (é = (), then gives
2D = 2UDU =2UQQU = 2UQUQ = BB.  (A21)

From this relation it follows that the displacement matrix B
is given by [Tompson et al., 1987]

B =209, (A22)

with the matrix @ equal to the square root of the eigenvalues
of D

Joi 00
=]l 0o & 0 (A23)
0 0 5

Appendix B: Nonuniqueness of Displacement
Matrix B

[63] The displacement matrix B is not unique. In certain
cases this nonuniqueness can be exploited to advantage in
the numerical implementation of the random walk process
[Tompson et al., 1987]. Because only the product BB is
determined by the dispersion tensor D, it is possible to
multiply B by an orthogonal matrix on the right and
preserve equation (A21) [Gardiner, 1997, p. 97]. Thus if
B’ = BS with § an orthogonal matrix, then B'B’ = BB.

[s4] The orthogonal transformation U itself may not be
unique leading to a nonunique displacement matrix B. For
example, for an isotropic medium, the dispersion tensor has
two degenerate eigenvalues, and hence there exists an
infinity of different transformations U which diagonalize
D. To determine how the nonuniqueness of U affects the
Langevin equation and hence a random walk path, note that
if there exist two such transformations, U and U’, which
diagonalize D, then it follows that

U'DU' = UDU = D, (B1)
or
D= (%)D(U’U),
= SDS, (B2)
with § defined as
S=U'U. (B3)

The matrix S is orthogonal since U and U’ are orthogonal. It
follows from equation (B-2) that § and D commute

[S,D] = SD — DS = 0. (B4)
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It likewise follows that § and B commute. Substituting BB
for D in equation (B-2) yields
BB = SBBS = SBSSES = (SBS) (S‘BS). (BS)

Therefore B = SBS or [S, B] = 0. Denoting the displacement
matrix corresponding to U’ by B', it follows that

B = SB. (B6)
Thus
d¥ = Adt + SBdW,
= Adt + BSdW, (B7)
= Adt + BdW .

where the latter equality follows because SdW(r) is also a
Wiener process, since S is orthogonal {Gardiner, 1997, p. 98],
and therefore statistically SdW = dW. It follows that

ar' = dr. (B8)

Consequently, U’ and U lead to statistically indistinguishable
random walks.
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