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SYNOPSIS

Equations of unsteady drawdown around a well partially screened In and
teadily discharging from anartesianagulfer of uniform thickness and uniform
wydraullc properties are developed, The dlscharge issuppliedby the reduction
i storage through expansion of water and the concomitant compreasion of the
quifer, The scluticng are puf in forms amenable to relatively simmple com-
mtation. The results are compared with that of the case of complete penetra~
ion, .Application of the theory to analysis of aquifer tests will be given in a
whsequent paper,

.

INTRODUCTION

 Producing wells irequently do not completely penetrate the aquifer from
vhich they are pumping. The hydraulics of such wells is therefore different
rom that of wells that fully penetrate the aquifer, The problem of partial
senstration has long been recognized, and approximate steady-state solutions
or various field conditions have been advanced by J, Kozeny,2 A, M. ASCE

Nota,—Digcussion openuntil December 1, 1961, To extend the closing date one month,
* written request must be filed with the Executive Secretary, ASCE, This paper ig part
% the copyrighted Journal of the Hydraulics Division, Proceedings of the American So-
futy of Civil Englnesers, Vol, 87, No, HY 4, July, 1961,
- 1 8entor Hydrol, and Prof, of Hydr,, New Mexico Inst, of Mining and Tech,, Sovorro,
%M, On leave {rom the College of Engineering, Univ, of Baghdad, lraq,

;‘%, “Theorie und Berechnung der Brunnen,” by J,Kozeny, Wasserkraft u, Wasserwirt-
ighelt, Vol. 28, 1883, p, 101,
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F. ASCE. An exact theory of steady-state flowinto a partially p

has been developed by Don Kirkham 6 The use of these solutions is limi :
the fact that they describe the flow under the equilibrium condition nly,
condition rarely attained during actual periods of well operation,

The purpose of this paper is to develop unsteady drawdown equatic
taking into consideration the length and space positon of the water ent
(screened section) of both the pumped well and the observation wel

Notation.—The symbols in this paper are defined where they
They are assembled alphabetically for convenience, in the Appendix,

v

' DRAWDOWN EQUATIONS

A well whose length of water entry isless than the thickness of th
it penetrates is known as apartially penetrating well. Fig. 1 illustr
tions characteristic of partially penetrating wells in a confined aqui f\.
flow pattern to such wells is three-dimensional rather than the radial (
dimensional) flow assumed to exist around fully penetrating wel '
down around these wells depends, therefore, among other things, )
position of the point of observation. Consequently, the drawdown observed i
partially penetrating wells will depend on the length and the space position of
the screened or perforated sections (water entry portion) of the obse ation
wells, i S

DRAWDOWN IN PIEZOMETERS

. Piezometers are small diameter pipes driven into an aquifer, so that en-
trance of water into them is solely from the bottom. The drawdown s ina
plezometer having a depth of penetration z and being at a distance r from a
steadily discharging well that is screened throughout its depth of penetration 1,
has been obtained by the writer for the case in which the pumped well is of a
small radius and the aquifer is of a uniform thickness b, hondogeneous, elastic,
isotropic, nonleaky, and infinite inareal extent (see Fig. 1 for drawdown equa-
tions of this case). A similar analysis willyield a more general solution for the
problem if the screen of the pumped well does not extend to the top of the
aquifer. In the case of a nonleaky aquifer that is drained by a well of a con-
stant discharge Q and whose screen lies betweenthe depths 1 and d (1>d), the

%
|
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3 ¢The Flow of Homogeneous Fluids Through Porous Media,” by M, Muskat, McGraw-
Hill Book Co., Inc., New York, N, Y,, 1937; or J. W, Edwards Brothers, Inc,, Ann Arbor,
Mich., 1946, | et

4 “Theory of Filtration of Liquids in Porous Media,” by P. Ya, Polubarinova-Kochina,
Advances in Applied Mechanics, Vol, 2, 1951, p. 207, S o :

5 #Steady Three-Dimensional Flow to a Well in a Two-Layered Aquifer,” by M. S,Han-
tush and C. E, Jacob, Transactions, Amer, Geophysical Union, Vol, 36, 1955, p. 286,
v 6 «Exact Theory of Flow Into a Partially PenetratingWell,” by Don Kirkham, Journal

of Geophysical Research, Vol. 64, 1959, p, 1317, 1 ra R T
: T “Nonsteady Flow to a Well Partially Penetrating an Infinite Leaky Aquifer,” by M,

8. Hantush, Proceedings, Iraq i Scientific Soc., 1957, pp. 10-19; also reprinted by New

Mexico Inst. of Mining and Tech., Socorro, N. M, ; ‘
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t is the time since pumping started, K is the hydraulic condv
specific storage (volume of water released from storage in a
the aquifer under a unit head decline, a dimension 1-1), and W(u,y)
i known as the well function for leaky aquifers. The latter function has
tabulated extenstvely. . . oo DR
The function M(u, 8) is defined by the following infinite integral

3 s

-

4

o . Vi ¢ T i
M(y, B) = [, 5 erf (BvY) dy

in which erf(x) is the error function. Because erf (-x)
that s i,

M(t, -B)= -M(u, B) . .

The function M(u,3) has? been tabulated for a sufficient rang
meters involved and is given in Table 1. The function can be app
with sufficient accuracy by : A

| 1, 2 T os T s
M(up )8) =2(Binh B -J_TT—B ‘Jl—l),ifu<_r <-Q '
M(u, ) =2 (sinh'1 B-B erf(ﬁ)), ﬂu"<‘_-_0§_ S iy
and BT
M) =W i e
3 ' L TR iy )

in which sinh-1 8 is the inverse hyperbolic sineof g and W(u) is the well func-
tion for nonleaky aquifers, or what in the mathematical literature is known as
the nel%ative exponential integral of (-u). This function is available in tabular
form, : : ;

Equation of Drawdown for Relatively Small Values of Time.—By virtue of
Eq. 6, {' termsof Eq. 2a canbe safely neglected if u > 5 [r/ (21 ~1=2z) “ For i
% equals infinity these #' terms vanish also, Thus, if either t<[(2 b« 1-2)2 %
8g/(20 K)]; that is for relatively short period of pumping, orthe aquifer is

*

8 «preliminary Quantitative Study of the Roswell Ground-Water Reservoir,” by M, 8, .
Hantush, New Mexico Inst, of Mining and Tech,, 1955 (reprinted, 1957); also “Analysis of
Data from Pumping Tests in Leaky Aquifers,” by M. S, Hantush, Transactions, Amer, o
Geophysical Union, Vol, 37, 1956, p. 702, o

9 Professional Paper 102, Research Div., New Mexico Inst. of Mining and Tech,,
Socorro, N, M, : ; i

0 #)ethods for Determining Permeability of Water-Bearing Materials,” by L. K, -
Wenzel, U. 8. Geol, Survey, Water-Supply Paper No, 887,1942, p, 88, also “Hydrology,” 1
by C. O, Wisler and E, F. Brater, John Wiley and Sons, New York, N. Y., 1951, §
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TABLE 1,-CONTINUED
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e :
infinitely deep, Eq.“ 2a reduces to

_ B'BHKl—dE(I.".—’-""'
' in which the function E is given by the four M terms of Eq. 2a.

Eq. 7 states, in effect, that in the initial period of pumping
around a partially penetrating well would be the same as though tb
‘were infinitely deep. The length of the initial period depends on the pe
depth of the pumped well, the depth of the observation point, an
of the formation, as well as the hydraulic properties of the squif

Equation of Drawdown for Relatively Large Values of Time.—It
(see tables of W(u,y)) that for u<((7r/b)2/20), the function W(u
for all practical purposes, be replaced by 2 Ko (n 7 r/b); ir
series in Eq. 1 becomes independent of time. Hence, for u<(1/

is, t (b28g/(2K)), Eq. 1 becomes i '

R I rolidie
s—4nKb[W(“)+fs(gr'5»g,g)]..-.l,...

in which ;
i5d b AT nar\/. nmwl n7d\ .
g s, 5 Re(2E ) B - BT cae

in which K, is the sero-order modified Bessel function of the se ; 3.

Eq. 8a shows that in this range of time, the rate of change or'd;a;_wqown' is
the same as though the pumped well completely penetrated the ‘aquifer. ITn
other words, the effect of partial penetration on the drawdown has attained its

maximum value.

AVERAGE DRAWDOWN IN OBSERVATION WELLS

The water level in anobservationwell reflects the average drawdown in the
aquifer profile that is occupied by the screened portion (or perforated section
of the casing) of the well. The average drawdown s in an observationwell
sereened between the depths 1' and d' (I'> d') can be obtained by integrating
the equation of drawdown in pilezometers with respect to z between the limits

" and 1', and then dividing the result by (' - d'). If this operation is per-
formed on Eq. 1, the result immediately can be seen to be:

|
Ziq r1dl d
8 _411Kb[‘w(u)’+T(u’ﬁ’b’b’b’b] (9'«1}

.

2
& 2h 1 nml Sinmd
T 112 (sin = Bl )

22(1-d) (1 -d) n=1

(stn 2L~ Cem2IL) wlp, BEE) ...l (o
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i The result of averaging Eq. 2a is rather complicated and will not be given :
here. Of interest in this result, however, isthe part representing the average
drawdown for relatively small values of time. This part is given below.
E uation of Avemge Drawdown for Relatively Small Values of Time.—For

@b-1-1)28g /(20 K) |, the {' terms of Eq, 2a drop out for all practi-
cal purposes. The result of averaging the remaining four M terms is glven by :

S AL R e d+1' d-1
METEITRI-Q@ - d [F(u, AR )-—F(u,_ PSS )
+d = ar t 1 -4d' [z
+Fu,drd,drd)_F(u’l-;d,Tg-)]: RN (102.)
" inwhich i il ‘
' i F(u,ﬁ,a)—riBM(u,ﬁ)-ch(u.a)

N

'_+2[Ge:—fc(w/'—)-xerfc(4_)+—"‘;ﬁli] S AR I0n),

Ha wh!ch x=1+p82andy=1+ 02 erfcis the complementary error function
(1 - erf), and M is the function defined by Eq. 3a.
Eq. 10a also gives the average drawdown in observation wells tapping an
infinitely deep aquifer for the whole range of pumping time.
For d = d' = 0, Eq. 7 as well as Eq. 10, will reduce to the corresponding
- special pases obtainedby K. F.Saadllinhis treatment of flow in thick artesian

G puta.tlons n Eq. 10a show that if (1'/1) < 2, results sufficiently accurate

1 dl'.d').....‘.;.‘. (11)

'“’-aKl-TE( TP T T

. erag ro! dr wdowns reglsterad in two piezometers whose penetration depths
_d' ec , provided that (I' /1)<2. :
: 1 ar 1)<1, theaverage drawdown in the observation well
rses, be taken as that given by Eq. 7, with the value
_ between l' and zero, The choice_is generally made 80

the equation is valid for t<(z b- r,s)zss/(zo K) ¢ and! ,3 being
pend on the pa,ra.meters of the flow system under considera.—

pr ented to the New Mexico Institute of Mining and Technology, :
96 j.n pa.rtial_ fulﬂlment of the requirements of the degree of
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Also, if d = 0, a choice of z = 0 will result in b

s QT
4TK1

whereas, a choice of z = 1 will give

Ble (“’21)........'.

5~ M (u, %), & 66 .‘".'-..'.,..

; E

time, become

Q
471KDb

§=

in which
2 o0
- 4b 1 /nmr
Tae : > = K.
s mauan) e e 0( b )
nm

ey | soneid nl nwd
[sm Crm el ] !:elin

- 8in
The observation made in the paragraph following Eq. 8a holds for Eq‘ 13a
also.

] .. ‘ i1ab)

b '

DRAWDOWN IN PIEZOMETERS OR WELLS FOR (r/b) > 1. 5 '

For relatively large distances, that is (r/b) >1.5, the equation of drawdown
has been shownl? to be:

Fael wwin) (14)

g I7KD

»

In fact, Eq. 14 gives results sufficiently accurate for practical purposes even
for (r/b) as small as one, provided u<0.1 (r/b)2. Eq. 14 is the same as it
would be if the pumped well completely penetrated the aquifer (Theis for-
mula).13 In other words, the actual three-dimensional flowpattern changes to
a radial type and hardly distinguished from that of a radial system at a dis-

12 “Nonsteady Flow to a Well Partially Penetrating an Infinte Leaky Aquifer,” by
M. 8, Hantush, Proceedings, Iraq i Scientific Soc., 1957, p. 10; also reprinted by New
Mexico Inst. of Mining and Tech., Socorro, N, Mex.

13 ¢Groundwater Hydrology,” by David K. Todd, John Wiley and Sons, Inc., New York,
1959, p. 90; also“Arid ZoneHydrology, Recent Development #by H, Schoeller, UNESCO
Paris, France, 1959, p. 37.
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. tance from the pumped well equal to or greater than 1.5 times the thickness
of the aquifer

RECOVERY EQUATIONS

If t and t' are the time, reckoned respectively from the commencement
and end of pumping, the residual drawdown s' in a piezometer during re-
covery can be shown to be

gto=s(t) < slEh ) e h o LR R R (15
Similarly, the average residual drawdown s' is an observation well is
g =B (t)- 8() - e il oa S R S )

" in which t =ty + t' and t, is the time at which the pumping has ceased. Thus, .
. the recovery equation corresponding to any of the drawdown equations dis-

cussed previously canbe formulated readily, subject to the same time criteria.
_ For example, by using Eq. 15 and Eq. 1, the general equation of recovery in a
" piezometer of penetration depth equal to z can be written immediately as

'=——Q—-—-; Tistitid 2

by o = grxs ) W - W) 1 g 5§

B ) : :

i : e f(u,;,b,gﬁ b SR BT )

2 in which u' is the value of u after replacing t by t'.
: If Eq. 2a is used instead of Eq. 1 in conjunction with Eq. 15, the general
i\ recovery equation can be put in the following alternative form:

= ?{'QTIH-_) ’(term_s of Eq. 2a)

: -—-(same terms, with u’ replacingu) b2 i, vt S (18)

thii‘d fonn can be ubtained by subtracting Eq.2a, withu' replacing u, from
Eq. 1. i
i Wherea.a Eq 17 is suitable for computation when t' is large, Eq. 18 is
suitable for small values of t; that is (to + t'). The third form is suitable for
obii putation when t is large and t' is small,
Other. equaiions can be obtained, of course, by using drawdown equations
for,

. different time criteria.
The' 'praceding equations give the recovery in piezometers. The recovery
baarvation ‘wells can be obtained simila.rly by using the appropriate
{ drawdown equation. 3

- CONCLUSIONS

xgore generai. equation than has previously been available for the draw-
| around a steady well partially penetrating anartesian aquifer of uniform
%sa ‘and infinite in areal extent has been developed, Additional para-
T8 deﬂning the length and space positionof the water-entry face (screened




section) of the pumped well, as wellas of the observation wells, have been in- '
troduced, The drawdown in piezometers and the average drawdown in observa-
tion wells has been expressed analytically in forms amenable to lf_e_lgum_ /
easy computation, The effect of partial penetration on the drawdown around

pumping well is shown in Figs. 2 and 8. SR

A

e fog,o(l/u) 4t (8
'I X O | 2 |'3 '-j. 4 o
0- L 1 : : .‘_7‘.“.‘ —

pumped well
0

@
Wz

Wb : :
[0 S
| b
: 8 i
:1:/! L (e 7.
. 2 ! |

A

FIG. 2.—TIME DRAWDOWN VARIATION IN PARTIALLY PENETRATING WELLS

The average drawdown developed in an observation well, however close it %
may be to the partially penetrating pumped well, is given by the Theis for-
mula (Eq. 14), provided that the observation well is screened throughout the
aquifer. The same is true in the case of a well located at (r/b) > 1.5, regard-
less of the space position of its screen. In other words, the average drawdown

\
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© in such wells is not affected by partial penetration. It is the same as though

' the pumped well completely penetrated the aquifer (see curve 1 of Fig, 2).

; Regardless of the location of the wells and the space position of their
screens, the time-drawdown curves will, at relatively large values of time
[t >Db2 Sg/2 K)], have approximately the same slope. This slope is the same
as would obtain if the pumped well completely penetrated the aquifer. In other

Iogm(llu) i
: -0 It 3 4 i 6
0 I 1 1 1 | L
. |
r';
: -
i . |
Pl @ for b=
i 5L
5 2] w| & pumped well
3
o

Eotne @
4 i et ‘ @{'wno:l

; b
;‘ AP o- 7777, oA T ITE FETd
5= —— W(u)

amKl

'FIG. 3. —TIME-DRAWDOWN VARIATION IN WELLS OF DIFFERENT
~ PENETRATION DEPTHS IN AN ARTESIAN AQUIFER

‘words, the effect of partial penetration has attained its maximum value (see

rves 1 and 2 of Fig. 2).

I the observation well is not relatively distant (r/b < 1.5) or ig not screened
¢ rousﬂbut the aquifer, the variation of the average drawdown with the
ogarithm of time will have the trend shownby the curve labeled “2” in Fig, 2

and curves 1 and2of Fig. 3. During the early period of pumping and before the




curves appears, such time-drawdown curves

general appearance as curves for the case of complete penetr'ati'o
formula); the Theis formula, of course, 18 inapplicable. Even in the very e:
period of pumping, when one may be tempted (for the purpose of apply.
Theis formula) to assume that the aquifer ends at the bottom of the
well, it cannot be applied except in the case in which the geometry of
gystem is such that the drawdown equation for relatively short time reduce
to the form of Eq. 12b, in which case the validity of using the Theis form
is assured only in the range (see Eqs. 6 and 12b) where t<(_1335/ (20 K)4), He
ever, if the drawdown equation reduces to the form of Eq. 12, the
mula, if modified in accordance with Eqs. 12 and 6, can be used t
provided that t <|:(r5)283/(20 K)]. ST S

Fig. 3 compares the drawdowns observed in two equally distant well
of zero penetration and the other screened throughout its depth of pen
It shows that two wells equally distant from a partially penetrating p
well may register two different drawdowns. In fact, depending on th
and the relative position of the screens, it ig possible for a more distan well
to reflect a greater drawdown. ; Sy

The effects of partial penetration resemble the effects of leakage from
storage in a thick, semipervious confining layer.14 Also, if the curve inflection
ig apparent, but the period of observation is not long enough to establish the
ultimate straight line variation on a semilogarithmic time-drawdownplot, the
effects of partial penetration resemble the effects of some kind of recharge
boundary, such as induced infiltrationfrombeds of streams or lakes,15 or re-
charge from water-bearing strata supplying leakagel6 through semipervious
confining beds. The same general effects are observedif the wells completely
penetrate a sloping water-table aquifer or an aquifer of nonuniform thick-
ness.17Thus, without sufficient information about a flow system that is being
studied, observational drawdown trends may be interpreted in several ways.
Indiscriminate use of such data may give erroneous and, in many cases, un-
reasonable results. This, of course, leads to the vexations that arise when
attempts are made to force the application of formulas to cases to which they
do not apply. )

The theory of unsteady flow towards wells partially penetrating an infinite
artesian aquifer will be usedto outline, ina subsequent paper, methods for the
determination of the formation coefficients, as well as the thickness of the

water~bearing formation, Applications of these methods will be illustrated by
analyzing data from ground-water basins in New Mexico, ;

|

|
14 #Modification of the Theory of Leaky Aquifers,” by M. 8. Hantush, Journal of Geo-'
physical Research, Vol, 65, 1960, p. 3713, i
15 “ Analysis of Data From Pumping Wells Near a River,” by M. S, Hantush, Journal
of Geophysical Research, Vol, 64, 1959, p. 1921, 1
16 “Nonsteady Radial Flow in an Infinite Leaky Aquifer,” by M, S, Hantush and C. E. )
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1 = depth of penetration of the pumped well, T

1 = depth of penetration of an observation hole, L;

M(u,p) = f = erf (By¥) dy, tabular values of which are gi n
u

Table 1.
Q = constant well discharge, L3 T 1 _
= radial distance measured from center of well, o

s = drawdown of piezometric surface at any time andat’a.uy
the aquifer (drawdown in piezometers), L; %
s = average drawdown in observation holes, Ly~ =~ ;
5! = residual drawdown in piézometers, L; : e b
3 = residual drawdown in observation holes, L, i J _-,;.1
2

S = b Sg = storage coefficient;
= specific storage (volume of water released from storafe by a

o Sg
unit volume of the aquifer under a unit head decline) L
t = time since pumping sta_rted T3 1
to = period of pumping, T; «.
t! = time since pumping stopped, T; i
= K b = transmissivity of the aquifer, L2 T"i;
u = (r285/ (4 K t));
u' = (r2 8g/(4 K t"));
co e—-y | et
W(u) = f ; dy = well function of (u) for nonleaky aquifers for which
tables are available; i
o0
= Wi(u,x) = f %1 exp (-y -x2/(4 y))=we11 function of (u and x) for leaky
i u
aquifers for which tables are available; and
z = vertical coordinate measured from the top of the aquifer, posi-

tive downward.
. LY




