~ Los Alamos  fosmensl Resioranon ' .
- LOS ALAMOS NATIONAL LABORATORY
ENVIRONMENTAL RESTORATION
Rrcords Processing Facility
ER Records Index Form

" ER Record L.D.# 70Uy

AL l-hg‘;i‘ar:)?l A LhGly l

ERID NO. 70091 Datz Received: 8/1401  Processor: DSV Page Count: 6

 Privileged: (¥/N) N Record Category: P

FileFolder: NIA

-~ Correction: (Y/N) N  Corrected No. 0 Correctzd By Number: 0

v Administragive Record: (¥/N) Y

. Refilmed: (N) N  Old ERID Number: 0 New ERID Number: 0

. Miscellancous Comments:
N/A

THIS FORM IS SUBJECT TO CHANGE. CONTACT THE RPF FOR LATEST VERSION. (JUNE 1997)




NON~STEADY RADIAL FLOW IN AN INFINTTE LEAXY AQUIFER
M, S, Hantush and C, E. Jacob

An@&'l—'l‘ha non-steady drawdown distribution near & well diacharging Irom an

-infinite Joaky aguifer {s presented, Variation of drawdown with time and distance caused

" -“by a well of constant discharge i\n confined sand of uniform thickness and uniform perme~

7isphility 1% obtained, The dincharge in supplied Dy the reduction of atorage through expan—

s njon of the water and the concomitant compresaion of tha sand, and almo by leakage through
the confining bed, The leakage is assumed to be At a rate proportional to the drawdown at

point, Starage of water in the confining bed (s neglected, Two forms of the sclution
_are developed, One ia suttable for computation for large values of time and the other suit~
va. abie JOr SMall values of time, This solution ia compared with earlier solutiona for slightly

o Aliw different boundary conditions,

[
+T S introduction=~The differential equation for radial flow in an elastic artesian aquifer with linear
".Jenkag0 Nas been given by JACOB [1946], He also obtalned the non=atewdy drawdown distribution
“oproduced by & well of conatant discharge situated tn the center of a circular region whons outer

' moundary 18 maintained at constant head, The head distribution in his problem is initially uniform.

W5 gratemant af the grobiem==The problem (s to determine the variation with time of the draw=
»down induced by a weil ateadily discharging from an infinite leaky aquifer (n which the tnital head
izuniform, Leakage into the aquifer is assumed vertical and proportional to the drawdown, Stated

mathematically the boundary=value problem (s
: 828/312 « (1/1) 28/3r = 8/B2 = (S/TI B8/t covverveneornoall)

5(!’,0)-0 reo .o-ou--"o-oov----o(zl)
a(m,t)'ﬂ t=0 --sto-o.bvvo’!to.obczb)
Hmrau(r,f)/ar--Q/Tﬂ'T T2>0 cevsresovesey(Ra]

e

" 'a(r, ) in the drawdown at any time and any distance from the well,
T ia the distance to any point measured from the axis of the well,
3 1a the storage coeffizient of the arteslan aquifer (a non=dimensional conatant) defined as
{TENTH “the product of the thickness of the arteaian bed and the relative volume of water releassd

"M from storage by a unit decline of head' [JACOB, 19461.

-"Wand K* are the hydraulic conductivities (or *permeabilities’) of the artesian sand and coa~

T4 fining bed, Tenpectively, They have the dimenston L/t.
erbiand b are the thickneuses of the artesian sand and conlining bed, respectively.
L P Kl 6 the tranamissibility (of dimension L2/t) of the artesian aand, The ratio X°/b” may
be termed ‘apecific leakage’ or leakance [HANTUSH, 1640, p. 8], Tt has the dimension 1/t,
The tranamiaaibility divided by the leakance (of dimenaion L2) is symbolized by B2,

.

:.-LSolution of the prohleme=After neparating the variables, it can be shown that
I (ar/B) axp [-(a® « 1) T/SDY]  and Ky (r/D)

particular solutions of (1), where J, and K, are respectively the Bossel tunction of the first
Xind of Zaro order and the modified Bassel function of the second kind of zero order, and where

1% any real constant,
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9 HANTUSH and JACOB -

[inenrly to obtaln the following aclution

.J‘nw,l-..ﬁvf
secl/ A Tolr/B) exp(~(oF + D) TH'SBY 4o K (F/BY] wovenonen O
(-4 Vol

in which € is an arbitrary constant, and in which A{) uamumdmmwmanm“'
hence constant or independent &f the variables of (I). 1
That (3) satisfles condition (7b) is seen Lmmextiately. Recalling that

lim Ko (r/B) » = 05772 ~ In(r/2B)
r=—0

TAing the integral refation [WATSON, 1944, p. 423)
Ko, (r/B) = '[m [@/ta? « 1)] I scer/B) dax
Eq. (4) reduces o
.[mxowmtam-w(a?-mm-o

whence
Al = ~a/(eF = 1)
Substituting the valuen of ¢ and Al thus obtained, the formal aolution of the problem i»

p-‘l‘t./saz

As pumping contimues indafinitely, that is, ax t=em, the integral in (£) becomes zero and the'
drawdown is refresented by 8/(Q/2%T) = K (r/B), which is the steady~state sclutlon of the - ol
problem [JACOB, 1948],

or -
“T'o evaluate the infinite integral of (6), hereafter Teprenented by meutozm{-;;gu'
The integral regresentasion of 1/(a? « 1) 18 =

fmupt-(azmxlmc

o

b

1 exp - l J [ l" l senesrere
[+] -]




* {Hydrology} NON-STEADY RADIAL PLOW IN AN INFINITE LEAKY AQUIFER

_ Reveraing the order of integration is justified, since the Intsgral I ts convergent [BROMWICH, e
1647, . 504]. Integration with respest to & given [WATSON, 1044, p, 3} Sk

[ 1gir/m exp [~ (p » N&®]ex deca [172(p « ¥] exp [~ (r/B2),4(p » X))
[+]

Hence, (7) becomes

m
x..u/:)f [1/(p + X} exp [= p = x = (F2/BH /4 p » )] &x
-]

‘. and upon the substitution of ¥ for (p «x}, it becomes

1o/ [ Gmem-y-0/BhAY]ay ciiiiiieia ®
P

o, in the integral of (8), exp [ r2/482y] in replaced by the absolutely and uniformly convergent
v geries

[ @ (0 (2"
’ n~d nty"

[y ‘ “ xnd If the order of integration and summation are changed, integration by parts will resuitin

@ 0"l fem oo - B
te/Depp T T LU0 0 m oD (2/48) .-
nel m=0 (ah)e pr-m .

P {12
: . < © n

(r/2B)
« (/D exp (-y))/yrey [ L ——m—
-/p {[ ,ly [n-O (ni) 1

B )0 (n e m)! (r2/4BNT yDomel

« of the problem is
= ~
m=0 (ne1)!

«©
I==(1/2 exp[-r2/4B%u] &
n=0

« (/D [~ BU-r2MABU] T{r/B) eevervvrmsacrorravonnsnsoonnsss(d)

-2 WhaTe 1o (r/B) 1x the modified Bessel function of the first kind and 2ero order, and where

" u=r2/4B2p ~ r28/4TL

- That the series In (9) is uniformly and abwolutely comvergent can be seen by applying the ratio
- temt for any glven value of m, Because of the absolate and uniferm coavergence of this dovble

" seties, then, summation in any manner is justified, Separating the first column m = 0 and the
- diagomal m = from the dochle series, the serien of (9) becomes

becomet zeTo and e
»a solution of the |

i © - 1 -3 ap® @ Bl (o{yem (n = m)!
: . g e _zuﬂ,m?)u ALl i . LR RCL

>

20 p (eDMel mel (eD  almel e
oy,
= cecrcecessssonesss (10}
Ategrat obtzml""“ . Recognizing the first series in (10} as 05772 «Inu = [~ El (-u}], and me zecond aeries as
ton. o0 WFT 0 "een [l (r/B) = 11/{r2/4B4), and by changing the tndex of summation from n »2 o8 = 1 in The

m»’.;“.' o zﬁ?ﬁmu;mmmtmummm,mmhm.moum
E T L LT ‘

-




e L

-

%8 HANTUSH and JACOB [Trass. AGU, V.36 -1} 33,
it R
2/(Q/ATT) = 2K, (r/B) = Iy (r/B) [~ B (~ r2/4B%u)) X

- - ‘
R
: [[F
‘ ?

= [exp (= r?/4D2)] {05772 + 1nu o [~ B1 (-] = & = u [T (/) = 1}/(rT/4B7)

@ 0 nem 1 e
-2y p BT (emal) (r2/413’)mu""m}.................(In.’ﬁ-,. -
n=1 mal (nels o

-

' The aeries of (11) is rapidly convergent for the values /2852 and uS 1. Only a few terms ".:-f}:'_x '
are required o obtain results accurate to four decimal places, When r/2BS0.10 and uS 1 the =+
solution can be reduced to .

B/Q/ATT) » 2K, (r/B) = Ly (r/B) [~ Et(~r2/4B20)]

For the range of values r/2B50.10 and u<0,10, the solution may be approximated by
8/(Q/47T) = 2Ky (r/B) = Ly (r/D) [~ Ei(~ ro/4B2 u))

« [oxp(-r%/aB? W) [(w/4) (r/4B (1 = w/B) +u = u2/22] =333 ... . Oy R

Solution for short timen=~A solution that is more convenient for computations when t 18 nmau-:t‘} ‘:'3.14122{'3] "
can be devealoped aa follows, Making use of the integral relation [WATSON, 1844, p, 183] ¥ T e T
T 0T

® R
Mo lr/B) =f (/) exp [~y - r/4B2y) oy e
[+] N

combining (8) with () and making the substitutions, r2/4B2y « Z, (6) reduces to

L8 3,0618[=9] .3
where Eh

us r28/4‘rt

[
It i of (nterest to noto that if B == cn, that {n, either when leakage i very amall or when the
time (s very amall so that leakage does not have time to enter the main flow, (14) becomes -

which 1s the solution to the problem if leakage i not present [THEIS, 1035].

The Integral of (14), baing similar to that of (8), can be evaluated in the same way. Thefinal
exprension is -

RAQUATT) = 1o (r/B) [~ Bt (~w)] = ™ {0.5772 « In (r/4B%0)
o[- Bi(- r2/4B%u)] = (r3/4B%0) = [1, (r/D) - IL/u}

ctepd) o o WP em L) (r2483)"
nel mal (n=2)!2 y0~m

e L

which (8 in a form convenient for computation with values of u =1, Very few terms of the series - y
need be used wher +/ZBS1 and u 1, For values of u>5 and values of r/2BS 1, the saries . e
may be safely neglected and results obtained accurate to four decimal placea, U r/2B5 0.10 and ‘-'g s

u 21, the aojutions can be approximated by SN
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V. Drawdown at the welle~The drawdown at the face of the well is found by sebalituting ry, for r
.-{n any of the previous solutions, Iy being the radius of the well, However, {f the ratio re/B5 0,01
"/ the drxwdown at the Iace af the well will, for all practical purposes, be given by

I'/(Q/“m"ﬂ('“‘) ----------------------(m

IS8 S ch s the drawdown at the well if there 15 no leakage. £4. (18) is obtained by making £/B wery
: y amall in either (32) or (17).

x e . Galculated sxample—Tablen I and 2 were prepared to facilitate evaluation of (11) and (16).
1""(13)35\ _,;n*matnwmmdmmzemumwmmmm The numbers in brackets
:-,,5&».‘:,—-...'.--u'mmdmmmmnmamwvmmmmmmunpued.

o

Table 1~Valors of (n = m « 11! /(s « 212 found 1n Equations (11) and (16

d by

,‘.“ég;,}_: o1 2 s T 4 ] s |
J,,__(;;)fg:g;,,g;r.:x_:z.ma[-:] cretar  seeses R cevees
G
3t inmmall .ax?iﬁ':f@;‘zfgm{-sj LI [3] eevvnr  eeemee,  eeeens
3 R
@‘;,»;3_;:;«?3?67{-41 13889 [~4] 6.9444 [-5] ...... rrrres
i 11574 [-5] 3.8580 (6] 19290 [6] .eever  wmeeew
. 84481 [-7] 23620 [~7] T.87T34 [-B] 39367 [-8] ......
73814 [-8] 1.4763 [-8] 3.6907 [~0] L202Z [-9] BI5I12[~30] ..veer evwews
e
ceeee (30 3 _«;«_:r?,?,u:m-a] 3.4€7T [-9] 9.1129{~10] 1.8226[-10] 4.5564[-11] 1.5188[~11] T.5040[=12] ......

Ni8-3,0619{~8) 3.5274[10] 5.4677[~11] 9.3129]~12] 1.8226[~12] 4.5564[~13] 1.5188[-13] 7.5%0[-14]

Table 2—~Values of (r2/4B3)™ for B = 20,000 1t

m
nes " o 2 T 4

625 [~4]  39082[-T]  ciceeee  reeeens
25 [-3] 625 [-6]  15625[-8]  .......

1.5625[-2]  24314[~]  3.7903[-6]  5.9223[-g]
825 [-2]  3.9082(-3]  2.44l4[~4]  1.5256(~5]
25 [-1] 625 [-2]  1.5625(-2]  3.9062[-3]

1,582% 2.4414 3.7903 592

- ... Drawdown values {or one set of assumed values of the parameters are given in Table 3 and
‘Are represented graphically in Figure 1, The factor B is taken to be 20,000 ft, The abscissa is
4T1/8 « r2/u and represents the time multiplied by a constant. The straight line marked *zero
*- " Jeakage” shows the trend that the drawdown would take at a distance of 1000 ft Uf the leakage were
{5, 20TD (B=(n), The effect of leakage in ahown by the departure of the drawdown curve from this
$0.10 and BtrRight line as time increases, The effect of leakage is shown also by the drawdown curves for
. the more remote dintances.




KANTUSH and JACOB (Trans, AGU, V. 36 = 1)
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Fig. 1==Variation of drawdown with time at different distances
. in an infinite leaky aquifer with B » 20,000 1t
. Table I==Valuen of 5 /(Q/4¥T) for B = 20,000 ft

r {in {ewt)
» 1000 | 2000 | 5000 | 10000 | 20000 | 50,000
0.0002  B217T  .eee  eee- . cees ceus

0.000% 6,082 cenm
0.001 5796 4,829 oo e e
0,002 5354 4,700 —eun
0,005 4,808 4,296 3.072 oo cens
0,01 3979 3.815 2.953 ene cenn e
0,02 3328 3,244 2786 1.838 e
0.05 2457 2427 2,230 1.708 o o= s
0.10 1.818 1,805 1.715 1.443 0.819 ceun i e
0.20 1221 1.215 1,187 1.060 0.715 iz e
0.50 0,559 0.5%8 0.550 0,521 0420 0117 L
1.0 0216 0,218 0218 0220 0,125 0.£80
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