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The phenomenon commonly known as Cdelayed viehl
that eharacterizes Buw 1o wells in unconfined aquifers has
often boean atiributed to unanturated fAaw above the wnter
table. Recently, Neuman [1972¢, 19731 showed that this
phenomenon ean be simulated mathematically by using
constant vulues of speeilic storage and specific vield without
recourse to unsuluraied flow theory, The new madel treats
the unconfined aguifer as a compressible system and the
phreatie surface as a moving waterial houndary, Tt differs
from that of Bouwlton [1054, 1963, 1970 and Boulton and
Pontin [1071] in that it iz based only on well-defined
physical parameters of ihe aguifer system. Results {rom
this model supgest that in the ahsence of vertical recharge
or plant uptake near the water table, compressibility may
“often be much more important than unsadturaded flow in
determining the mate of drawdown in the saturated zone of
- the nguifer
Coneurrently with our work, Strefisora [1972a. 0], partly
in eollaboration with Rushton [Streltsova and Rushton,
19731, was able to develop approximate golutions for the
fali of the water tahle, as well as for the average drawdown
“over the entire aquifer thickuess, i response to a fully
~penetrating well dizcharging at & constant rate. Ier medel
* has some conceptaat similarities to ours beeause the -
saturated zone = neglected and waler 3 released from
“storage only by compaction of the aquifer material, ex-
pansion of the waier, and gravity drainage at the phreatie
surface. In a later work, Streftsova [1973] relied on a
* field experiment by Afeyer [1962] {o demonstrate ihe sub-
. ordinate role that unsatnrated fow plays in the delayed
vield process. In addition. she showed that Boultor’s [1954,
1963] elassical convolution integral can be derived without
.~ considering the unsaturated zone merely by taking into
. aceount vertical gradients underneath the moving water
- table. (fooley and Case [1973] showed independently that
- this eonvolution integral ean also be viewed as the vertical
recharge intn an aquifer overlain by a rigid water table
aquitard when.nnenturated flow above the phreatic surfare
is neglected. Thev compared the rate of recharge with
. and without the presence of an unsaturated zone and found
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confined aquifer. Tt was shown (hat contraey to [

vonstant velues of speeifie storage
twmated flow theory. In the yresent work the
of a well partially penectrating o bhomogeneois

amizotropic wneonfined aquifer. ield and labortlory cvidence i quoted fo suggest that the
clastin starage properzies of wnconfined wynifers may oflen be much more proneunced thar

wed of similar materials. The need for further
neonfined aquifers and the role of unsaturated

that the lack of an unsafurated zone has litdle mfuence
on the results, In light of these findings as well as those
of Brutaaert cé of. [1971] we teml to adopt Strellsuve’s
71973, p. 2307 statement 1hat

The unigue linear relationship belween the unsteady
water table heights at any time and the flux at the
water table averaged over the aren, which has re-
peatedly been confirmed by experimental resulis of
C'hitds 19607 and Dos Suntos and Youngs [1960], iz

. actually proof of the constant value of the specific
vield. It is the free surface and the flux that have an
exponential form of change in time . . . and not the
corllivient S L ..

{In this paper, 8, is used instead of S7.)

Another argument concerns the importanee of the eiustic
storage properties of unconfined aquifers due to com-
pressibility. Here we aguin reeall Welton's [1960, p. 46]
waords, based on field experience, that

Uneonfined stratified sediments often react to pumping
for a short time after pumping beging as would an
artesian aquifer. Ciravity drainage s not immediate
hut water is released instantancously from storange by
the compaction of the arquifer und it associaled beds
angd by the expansion of the water itself,

Tater in our disenssion we shall present field and labora-
rory evidence that suggesis that unconfined aquifers may
often be mueh more compressible than comparable deep-
sonted confined materials,

In this paper the model of Newman [1972a, 1973] is
extended to aceount for the effect of partial penetration
on - drawdowns in an unconfined aguifer. The extended
model €akes into account aquifer amisotropy, and it in-
cludes Hantush’s [1964] solution for a compressible con-
fined aquifer and Dogan's [1967a. b] solution for a migid
water table nquifer as particular cases, When the pumping
weil fully penetrates the aquifer, the new solution eollapses
to that of Newman:[1972z. 1973]. Since the results apply
to hoth rising and falling water tables, the term ‘delaved
gravity tesponse’ is preferred over the classical delaved
vield concept.
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a4 Neuman: GroUNDWATER MODELING

THEORETICAL DEVELOPMENT

Consider an unconfined aquifer of infinite lateral extent
that rests on an impermeable horizontal layer such as that
shown schematically it Figure 1. The aquifer material is
uniform and anisotropie, the principal permeabilities being
oriented parallel to.the coerdinate axes. A well discharging
at a constant rate @ is open to inflow from a depth d to a
depth { beneath the initially static water table. It is assumed
that water is released from storape by compaction of the
aquifer material, expansion of the water, and gravily
drainage at the free surface.

In the analytical approach it iz convenient to treat the
well us a line sink, ie, to negleet well storage ag well us
the presence of a seepage face. Thix introduces a certain
error in the vieinity of the well bore, as has been pointed
out hy Kipp [1973], who has solved this problem for a
finite well in a rigid semiinfinite aquifer by neglecting
the seepage face. The governing equations heeome [Newmnan,
1972q]

’ar+7"5+l‘if='q'g$ 0<z<t (D
s(ry 2, 0) = 0 &)

Er, 0) = b (3)

s(e,z, ) =0 (4)

ds/az(r, 0, ) = 0 (8
K,$R,+K,g§n,m(s,g—f—f)n, at z =1t (6)
£r, ) = b —s(n £, 0) (7)

gf(i),z,t}=(]ul.0_§z£b—l b—d<2<t (8

min (B-d, 5
ds 4
¢ s sl
e R ©

Equations 1-9 ean be linearized by using a perturbation
technique similar to that employed by Dagan [1067a, b}
provided that the aquifer is thick enough and s remains
much smaller than £ Here this technique leads to a first-
order linearized approximation, obtained simply hy shifting
the boundary. condition from the free surface to the hori-
zonta] plane z = b. This climinates £ from (1)-{9), and
in the absence of recharge or plant uptake at the free
surface one obtains

Observation z
Wedll :,-)Q
L
d” I
Sy il K
i l = K b
z, I wl ¢ T«——)
(BN} l
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Tig, 1. a‘c_:hcinatm diagram of unconfined aqguifer.

8% 18s 6‘21 1 ds
wltrmtleg=gy <<t W
S(?', 2 0) =10 (11)
{m,2,0) =10 (12) g
ds/8z(r, 0, ) = 0 {13)
2 _ Lk *
Devo=-zneu0 04
(O,-,t)=03{-0£z$b—£ b—d<z< b (15

A further approximation is introduced by assuming that
flux along the perforated section of the weil is uniform,
so that (9) becomes

Q

.o s G
lrlj:? ' = TR = d) M bh—Ii<z<h—d {10}

After applying the Laplace and Hankel transfonms to
(10)~{16) and inverting the results, one obtains a first-
order approximation to the original initial boundary value
problem. The mathematics involved are ontlined in Ap-
pendix 1. The final solution is cxpressed in terms of six
dimenstonless parameters: o, 8, 2o, In, dp, and t, or.t,. The
solution has the form

s(r, z, )
- Tf Ay JalyB"’ )[t(., (n -+ E u,,(r,')] dy (l?)

where
U, (?) = —[l —_exp E—f,ﬁ(yu _ ‘Y"?)-H cosh (’Ynzh)
Y ¥ + (4 abve” — (° — ) /ol cosh (va)
— dp)] — sinh [yl — )
(lp — dp) sinh (ya}
w(y) = f1 — exp [— 630 + o) ]! _cas (Yuzn)
. ¥ — (0 4+ v — G + 7)) /o] cos (v}

sin [v.(1 = dp)] = sin [y, (1 — )]
(o — dp) sin {ya)
and the terms y, and y, are the roots of the equations

_-“inh h‘u(l

oya sinh (yo) — (F — 727 cosh (vo) = 0 7" <" {18
asinfy) + (" ) eos () =0 (19
(Zn — D(x/2) < v, < nr n>1

Sinee (17) is the solution to a linear problem, one can
use the principle of superposilion to obtain solutions for
any. number of pumping or injecting wells in the aquifer.
In the easo of a fully penctrating well, (17) reduces to (1}
of Neuman [19731

AveERagE Drawpowx In OssErvarion WELL

The drawdown rceorded in an observation well that is
perforated between the clevations 2, and 2, (Figure 1) i3
simply the average over that vertieal distance and is given
hy

bl 0 = =2 [ e a0

T'his average drawdown is aiways greater than the fall of
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the water table af the point of ohservation. It s easy to verify
that 8., can he ealewiated diveetly from {(17) by merely
redefining. the expressions

! l —_Np [—'f a(‘f = o )H [“‘“h {'Ynzzla) — sinh ('Y'lztb)”‘mh [’Yu(]
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The =um of (23) and (24) s [fantush’s | 1984, n, 350, equa-
tion 74| solution for partial penciration in a confined
aquifer without leakage.

dodt — sinh fy.{1 —_L)_H

)

L+ (L + o — (5° — va) ol cosh (y)-(ran — 200)7ollny —

dy) sinh (y.)

wilil i1 = exp [=6BOS 4 v i (yazg) — in (a2 fsin fru{l = do)i — xin [y.(1 — L))
A v fo] s (a) (ean — andvalln —

A (S T Y

Repuerion To Haxtuss's Sonvtiox pen a Coxmiyen
Aouviven
If there is o gravity drainage (S, = G and ¢ = w),
the aguifer 1= avtestan, and (17) =hould reduee 1 Han-
tush's [1064] =olution. From (18} ane hos

limey, = 0

am] when bois noted e

Csinho byl = di)l = sinb |yl{l = ()
Fie = EHE Pl ok 2/
Tasw (a',. e ri,), “xinh (ya)

it becomes ohvious 1l

Yim (i =

7 e

Vi ()

where au () ix the equivalent of w(y) for compleie pene-

qration (soc (1) of Newman [1973]). This together with

223-(26) of Neuman [1972a] shows that the first part
of {17) rednees 1a

g fr Q o .
llm -i__'I‘f Ay F LY e () dy = s - —dy (23)

which i= the Theis zolution with respect 1o {..
Om (he other hand, from (19) one has

nmy, = ur n > |

¢ o

and

lim ey, <in (v.) = lim —{F + 7.y, vos (v,)

Y nx

= —(y + n'rInw cos {um)

which wenns thud

I = oxp [ [—J ri(u

d,;)_ siv (ya)

Asvmperorie Bemavior at Lagce YaLUEs oF
Dracestosumsy Tene

At large values of dimensiontess time f. the =olution
behaves ay if the aquifer were nigid and S, weee zero
(8, = D correspends to &, = ). This asymptorie hehavior
is represented hy Dagar's [1967e, b] solution for partial
penetration in an incompressible uncoufined aquifer. Sinee
(17) eanmot he reduced analytically to Dagan's solution,
the eorrespondence hetween these fwo solitions at farge
vahies of dimensgionless time will be demonstrated nu-
mmerieally helow,

LSVALUATION OF ANALYTICAL SOLUTIONS

In order to investigate the effect of partial penefration
on flow in an elastic wmeonfined aguifer, (17) and (20}
Lhave been evaluated nwmerically, The numerieal approach
ix similar to that deseribed in Appendix I in Neuman
[1972a]. A listing of the compater program complefe
with users’ instrnetions s available from the awhor on
Tequesl.

It is instruetive to start our discussion hy ecomparing
the present delayed response zolution with the solutions
ol Hantush [1964] Tur a confiued clastie aguiler and Dagan
[ 1967a, b] for an unconfined rigid nquifer. For this purpose;
let ws eonsider a situation in whick the pumping well
penetrates 1o a depth of 026 below Ui initial water table
(ls, = 0.2) in an aquifer eharacterized by o = §/§, =
102 Figure 2 shows the ditnensionless time-drawdown
eurves obtained by all three solutions for & fixed point in
the aquifer, sitzated at a radial disfanee r = 0.65/K,'?
from the eenter of the pumping well (8 = 0.36) at an
elevarion z = 0.85b above the bottom of the layver (zp =
185}, The sketeh in Figure 2 gives a visual deseription
of thig sitnation for the particular ease in whieh the aquifer

n'z’_-z)]:_ ros {nrz,) {vin [nw{l — dy)] — sin [nr{l — Inm

I w,(y) =

- (ff + 2 inr(l, — dy)

Thiz topether with (CSY in Appendix 3 shows that the
second part of (17) reduces 1o

lim JT [ 1y B Zu“(y) dy
neal

o

0 3 =
dx T r(l.,,f..}}m EI - o [r{t — 2}
V [nill (mr?,,) — =in (ﬂﬂ'(l!n”

" s B2 |
.[:’,”‘ (.RI?( = Ty P (24)

i+ isotropie, s0 that K, = 1 and r = (LAb Tha solitions
of Hantush and Dagan were evaluated from tahles published
by Witherspoon et al. 1967} and Dagan [19675].

The time-drawdown ecurve in Figure 2 suggests that
witer is released from storage in three stages, as discussed
Ly Waiton [1960]. At early values of time tho curve
approaches  Hantuzl's solution and thus indieates that
water s released from storage primarily by compaction
of the aquifer material and expansion of the water. Dhuring
the seeond stage, gravity drainage heeomes important, and
itz offeet 3= similar to that of leakage from a nearby source.
We zhowed previously [NMewman, 1972a) that the smaller
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ax ig, the larger the coffect of gravity drainage is and there-
fore. the more pronounced this ‘leakage’ is.

As time increpses, the effect of elastic storage at tho
point considered dissipates completely, and the time-draw-
down curve approachcs Dagan’s solution asymptobically.
Note that Dagan’s solution is expressed in terms of ¢,
whereas Ilantush’s solution is expressed in terms of ..
The delayed response solution, on the other hand, ean
be expressed in terms of either ¢, or &, sinece these iwo
parameters are related by {, = of.. Both scales are indi-
cated in Figure 2,

We know [see Newmen, 1972a] that when the pumping
well completely penetrates the aquifer, the time-drawdown
curves are bounded by the Theis solution with respeet to
¢, during the carly stage and by the Theis sclution with
respect to £, during the late gravity drainage stage. Wo
now see that in the case of partial penetration, Hantush’s
solution becomes the envelope at early time and Dagan’s
sulution becomes the envelope at later times. It is im-
portant to recognize that when the aquifer is considered
to be rigid, the governing equation becomes elliptic and
thereforc Dagan’s solution is discontinuous in time at
t = 0. In fact, this solution implies that water levels at
ali points below the phreatie surface must drop instan-
tancously when pumping starts. Tn Figure 2, for example,
te dimensivnless drawdown accurding o Digun chaunges
instantancously from zero to somewhere hetween (L] and
0.2 at time ¢ = 0, and its value remains necarly constant
until ¢, execeeds 107, The bebavior of Dagan's solution at
t, < 10" 15 indicated approximately hy the hroken curve
m Figure 2,

We recall from Neuman [1972a] that the period of time
occupied by the ently seoment of the time-drawdown curve
at n fixed point in the aguifer becomes less as o decreases.
When o approaches zero, this segment disappears com-
pletely, aned hydraulic heads everywhere helow the water
table «rop instantancously when pumping starts. Thus
Dagan’s solution beecomes more representative of the actuat
behavier of the aquifer as o decreases, bnt it hecomes
more 1N Cerror Ay v inv:-rcnaca.

Comparisen of delayed response solution with the solutions of Ilantush and Dagan for ¢ = 1072, § = (.36,
0, and z;, = 0.85,

In the literature there iz an inereasing amount of ovi-
dence to support the view that the elastic properties of
shallow sandy aquifers may be too important to be ne-
glected. Prickett [1963], after baving conducted 18 pump-
ing fests in the vicinity of Lawreneceville, IHinois, found
that ¢ had excecded 107 in 14 out of the 18 different. test
locations. More recently, Huang [1973] performed a lab-
oratory pumping experiment on a confined sandy aquifer
model 40 inches thick and discovered that the elastic
storage coeflicient S was 7.04 x 107, This is equivalent to
u speeific stornge S, of 2,11 x 107 it7, which is groater
hy 2 ordlers of magnitude than numbers usually reported
for confined sandy aquifer materials. Huang explained that
this difference wus . . . probably due to the loosc nature
of the sand and the small overburden pressure employed
in the test,” Vochaud ¢! al. [1971] conducted laboratory
drainage experiments on an unconfined sandy aquifer
tnodel 2 m high, 3 m long, and 5 em wide with the waler
tuble initially a2t an elevation of 143 cm above the holivn
of the saud. In an attempt to reproduce their results
numerically by the finite element method we found [New-
man, 10726} that the only way to accomplish this was
by assigning a speeific storage value to the samd of the
order of 1.5 % 107* it"'. This value is even higher than that
reported by Huang and might possibly be due to the
loosteniog of the sad during welting aod the luck of any
significant overburden pressure during the tests. On the
hasis of such information we arc fempted to assert {hat
contrary to prevailing belief the elastic storage propertics
of unconfined aquifers may be considerably more pro-
nounced than those of corresponding deep-seated confined
materials, Additional Teseareh i needed to verify this
assertion. However, if it is true, then elastic storage mush
generally be taken into account in dealing with unconfined
aquifers.

Figure 3 shows how the dimensionless drawdawn varies
with elevation and with radial distanee from the pumping
well at ¢, = 1/# when the aquifer is isotropic, o = 107
and the well penetrates two tenths of the upper original
saturated thickness. Note that st distances oxceeding thnse
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Fig. 3. Dimeusionless flow pattern around pumping well for g = 1074, 8 = 2/, 1,8 = L0, [, = 02, and dp = B,

corresponding to 8 = ! the drawdown at the water table
is leaa than the drawdown at greater depths, Thus at &
mensiohless times fess than ¢, = | the responze of the water
table lags behind the drawdown in the test of the anuifer,
and henee the terms delayed yield, delayed graviiy re-
sponse, of delayed response of the water table are derived.

Figure 4 shows how the depth of penetration affects the
drawdown at the Lottom of the aguifer {zs = 0) when

‘o = 107 and 8 = 10 The sketch in Figure 4 depicets a
. particular case in which the horizontal permeability is 10

times the vertical permeability and the radial distanec is
r = 0.1b. The Theis solution for £, and Hantush’s solution
as obtained from rables published hy Witherspoon et al.

{1967] are incinded for reference purposes. Data about

Hantush’s solution at [, = 0.2 and z, = 0 are not available
in these tables and are therefore omiited from Figure 4.
Tt is seen that as the well penetrates nearer to the point
of observation, an earlier response i= observed and the
drawdown is greater. Owing to the small value of 8 (which

ean mean cither that the observation point iz radially
vary olose to thoe well or that the horizenial permenbility
is much greater than the vertical one), the early stage
of eastic response is highly pronounced, and the time-
drawdown curves coincide with the Theis solution when
I, = 1 or with Hantush'’s solution when I < 1 during this
stage. The less the depth of penctration is, the earlier the
drawdown deviates from these solutions, an indication
that the imporiance of gravity ecffects increases as the
depth of penctrniton deereases, This inerease is of course
expected because gravity is assoclated with the vertical
component of the flow velocity veetor, which hecomes more
important when the depth of penetration s small.

The effect of 8 on drawdown in the aquifer at z» = 0,
when the well cither completely or partially penetrates the
safurated zone, is illustraied in Figure 5 for « = 107°
The sketeh in Fizure 5 gives a visnal concept of these
situations for the partienlar ease in which the agnifer is
isotropie and B°7 is directly proportional o the radial

1, gl
y s, rl :
02 o* o Lo Klj_l T
o T I T e PR B ——— =
5 CUEVE o .
THE S
Ip= 1O W/-ﬁfé);%——"
Lo
10°1—
# .
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<
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e
10—
1g? L
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Fig, 4. LfTeet of penetration depth on time-drawdown curves fur o = 107 g = 107% dp — 0, and ep = 0.




08 NeuMaN; GrouxowaTER MopELING

t, wlli
) S, r e ; %
e ol 0" Io i0 10
10 T I i

Fig. 5. Effect of 8 on time-drawdown curves for o =

distance from the pumping well. One notes thar the greater
the value of @ io, the lces the cffcet of partial penotration
on the drawdown iz. The effect of partial penetration de-
creases with fime at an increasing rate as 8 hecomes
larger. When 8 > 1, thiz effeet disappears completely
at dimensionless time values £, > 10. This disnppearance
means that flow at radial distances exceeding r = bg**/
Ko™ becomes essentially horizontal wherens the water is
released from storage only by gravity drainage. These re-
sults are consistent with the well-known Dupuit assump-
tions, Figure 5 also indicates that the effect of clastic
storage decreases with increasing values of 8, as cne would
intuitively anticipate.

If" instead of drawdown at a point one considers the
average drawdown in an observation well that is per-
forated throughout the entire saturated depth of the aquifer,
the results will be as those shown in Figure 6. A com-
parison of Figures 5 and & will demonstrate that partial
penetration has a muech smaller effect on the average

i

W3y = G2 and 1.0, dy = 0, and 2p = ()

drawdown (han on (he drawdown at a1 paint. Thus the
time. drawdown curves are nearor to the Theis solution with
respect 1o £, al carly time and te the Theis soluion with
respect to £, at later times, as previously indieated by
Neuman £1972e]. Both Theis solutions are included in
Figure & for reference purposes. 1t appears that the cffect
of partial penetration on the average drawdown can be
neglecred for all valies of 8 > 1 whenever £, > L

CoNCLUSIONS

The precess of delayed gravity xield in response to
pumping from a well partially penetrating a homogeheous
anisotropic unconfined aquifer can be simulated by using
constant values of speeific storage S, and specific yield S,.
A simple mathematieal modal of the delayed yield process
is obtained without considering the unsaturated zone merely
by treating the unconfined aquifer as 4 compressible system
with n moving material houndary at the water table.
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There is n inereasing amount of evidence in the litera-
ture to support the view that unconfined aquifers may
often be mueh more compressible than comparable deep-
seated confined aquifers. On the other hand, unsaturated

-fow above the water table appears to have little effect

on-the drawdewn provided that the water table is below
the root zone and the aquifer is not teo thin. This suggests
that one may often be committing a much greater error

-in neglecting the elastic properties of unconfined aquifers

than in disregarding the unsaturated zone. Since uvailable

.¢ .field data are scarce, much additional research is meeded

about the mechanical properties of unconfined aquifers and
about the cffect of unsaturated flow on drawdowns in the
saturated zone hefore this conclusion ean he properly
qualified.

‘The effcet of partial penetration on drawdown in an
unconfined aquifer deereases with radial distance from the
pumping well and with the ratio K,/K,. At distances
greater than r = b/K," this cffect disappears completely
when time cxcceds t = 108,2/T. The influence of partial
pemetration ¢an be minimized by perforating the ohserva-
tion well throughout the entire saturated thickness of the
aquifer. Tn such a case the drawdown at distances exceeding
r = O/K,™ will [ullow the Theis solution with respect
to ¢, at times greater than ¢ = §,»*/T.

Arrvespix |
To solve the initial boundary value problem posed by
(10)—(16), it is eonvenient to divide s inte two components,
8(”', z, !) = S](T, 2, !) + 82(1", #y f) (A])

Although both s, and s satisfy (10)-(13) and (15), there
is a change in boundary conditions (14) and (16}, which
now take the form

s for(r, b, ) =0 (A2)
952 - 1 ds ts)

9z (r! b: t} - EY: (r: bl i') (-1\3)

[ PN P _ _
rl:;nrar = Rl = ) at b <2<l d
(A4)

. 083 r
11:]nr5T—=0 at b—l<z<bh—d (A5)

Hantush [1084, pp. 317-350] showed that s, is the sum
of two components,

8 = -"ﬁl + Asy (A‘J)

where s. represents the Theis equation with respeet to (.

_ Qm m
Sn T

P
B Ve /e, N dh’ (A.!)

and As, is a correction term due to partial penetration,
given by
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@

LI S i
4r T (i — dp) sl

gn'r" | d
sin (nrlp) — sin (nwd,)] f exp l:—y — _—] g
1741, 4y ¥

(A8)
When first Laplace und then Hankel trunsforms are ap-

plied to (A8) and when (C1) and (C4) (Appendix 3)
are used, one ohtains the double transform

Ag, = cos [nm(l — z,,)]

Asgy* © 2 E i

= 2T Rop alln — dp) =40 fim(t — 2}

; ; 1
-[sin {nxlp) — sin (nwdp)} ;3—;—?—15;5/—& (A9)

where ' = (a’/Kp) + (p/e.Ku). A similar procedure
with respect to (A7) leads to
Sn* = Q/ 22T Knp'l?z (J\lﬂ)

When the Laplace and Hankel translorms are applied
1o (10)-(12), (A3), and (A3) with respeet to s, and the
particular Hankel transform given hy (B3) (Appendix 2)
iz used, tho result is an ordinary differentinl equation in
terms of z. When ihis differeotial equation is solved by
using (13) and the result is summed with (A9) and-(A10),
ane obtaing the double tranzform of s,

s* = (G/2nT Kuon') 4 ¢ cosh (n2) + As,* (A1)

The constant ¢ is determined from boundary conditions
(A2) and {A3) by first transforming these into

as*/az(a, b: P) = _(p/av)S*(a1 br p) (‘\12)

wnd then substituting (All) into (Al12). The result ia

c[&"——-—g««sigh nb) + cosh (nb)] = S . (13 + f) )

QWT'KDP n
{(A13)

where

e

§i = 2 = sin (awlp) — sin {awd,) - i
W(fu - dn) n=s n("lg + nﬂ"r!.v'fbk)

The term f ean be rewritten in the Jorm

= = )
'l — do) &t \n w4 By
- [sin (nrlp) — sin (axrdy)]

From tables of Fourier traunsforms [Chuwrchill, 1958, 1.
299] one finds that this is cquivalent to

/= 1 _ sioh Ibn(1 — Ip)] = sinh [bn(1l — dp)]
7 7°(I, — d,) sinh (bn)
When f is substifuted inlo (Al3), ¢ is zolved lor, and
the result s inserted inte (Al1l1), the double transform of
s finally beeomes

P (1 plsinh [bn(1 — 1,)] — sinh [bn(1 — dp)i] cosh ()
2rTKpp

s (1 — dp) sinh (bma,n sivh {71} + p cush (pb))

) + As* (A14)




‘¢ cin bhe

(A15)

(A16)

tion with

(A7)

with the
at A =0
ind al an
addition,

{A18)

(A19)
(A20)

(A21)

(A22)

s residue

(A23)
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Arersmx 2 iv
The i!]flll.lil{: Hankel translorm of order zevo Fin) of a —— '
function f(r) i defined o AlY Y
HID = Fla) = [ rJolar}(r) dr (131} R 4
o
The inverse of this trmnsforin i mven by . T
i ! wAs Ag Az dadoh u
gy = 0 = , ador)ila) do (B2) e LM
0 J
The pariedlar velatiouships thd are used in thiz wark
are .
By
H{r T [ = {8¥(r, 2, IJ):‘}

(35:3)

a
= — ¥ (e, 2, p) — lim r—\s,.(r Hp

Fomn

anel

I e e 4 EYL = (= IYE R0 (B4

where & s 1 oreal eonstant and % s nonnegative INeger,
The detnils of the development have been shown else-
where [ Newman amwd TWitherspoon, 10613,

3

AvPeEnDIN 3

Lov (e, p) be the Laplace transform of zome fnetion

ftr, D). and ler fF(a, p) be the Hankel transform of (f).
Consider the partienlar double {vansform

== |pld® 891 {«n

where £ = (p/e.) 4+ (Kad=770 Aceording 1o (B
the inver=e Hankel transtorny of {(C1) s

= Krb)ip (2

From tables of definive infegrals [ radshioin and B yzbike
1865, p. 340} one finds that {C2) ean be rowrirten iz

=4 [ e (0 2 ¥

3
T 41 ( J
where {q) pl = (I'p)y exp {—=pr/deay). When tables of
Lapliee transloyms [ Churehill, 1938, po 327 are wwed,
the inverse of ((3) hecomoes

l"” . ( _Bm'":‘.-r“) iy
d exp il —y — — )
% dig, Y 4y L on

IRl (C4)

Another way to obiain the inverse Lankel transform of
(C1) i by using (132). after o change of variables

¥ o= ar/BY leads to

fiy == i =5
o= [ i
. Joonly'

By analogy 10 (A7}
(C3) may be writieh us

which

s l',,‘(_l,'B Ny
[ (pr T )

pransform ol

[(85)]

the inverse Laplace

[ = f ydw(uB'") f ,"(Q dX dy (C6)
Hi —
where gfA) = jexp (AL — 1AM Y + o= + (A

a,B) |}, v is a positive real constant,
varahie replacing p.

and A s o complex

Conlour uf integration wed with Mellin's inversion
formula.

Vig. 7.

The funetion g{A}t has a removable singularity ar A =1
and aosimple pole A, = — (7 + w0
nsine (AES), ot finds thit the residue of gtA) a1t A == Aa
3

Hvs!k "

= [1 = oxp [— 687 4+ WG 4 m ) !
aml when Cauehy's residue (heorem = apphed to (C8),
the rexult beeoines .

/= l; ad {8’ L= exp n—-li .3”(!','? + m v )]

By comparing (C4) with (C71 epe obtaine the general
relationship

“ \ PIEE _IA____EMI l ”9(” + m e )l
(ﬂ JJU(UFI / ”l + m 1|'

1 ["‘ ( 3 111212) dy
=3 expl—y — =] = (CR
iy, i 4y Loy 8

y (C7)

NOTATION

e puramcter of Hankel transform,
b initial saturated thickuess of aquifer, L.
A4 vertieal distanee hetween top of perforations in
pumping well wnd initial position of water table, L.
dn  dimensiontess o, equal to d/fb,
[ net vertical speeific rate of recharge at the water
table, LT-1.
J.{z)  zoro-order llossel funefion of the Arat kind.
K, Thorizontal peroeabiiity, LT\
K. ~vortical permeability, L7
K, imensionless permeability, equal to K, /K
{ wvertical distance between bottom of perforations in
pumping welt and initial position of water table, L.
I dimensionless {, equal to I/5.
n, component of unit suter normal in ¢ direetion,
#,  component of unit oufer normal in 2 direction.
p  parameter of Laplace transform.
¢} pumping rate, L3771
r o ruclinl distanee from pumping well, L.
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The inverse Hamkel transform of s* is obtained directly irom (A14) and (B2} in the form

) =

Q ! {sinh [bn{l — Ip)] — sinh [bn(1 — dp)]] cosh (n2) aJy(ra) rz
21rTKpj:, (5 (Ip — dp) sinh (yB){e,n sinh (nb) + p cosh (nB)] ) 7 da + (A)

where the angle brackets denote Laplace transforms. 1f we define a new variable y = ar/B1% the expression above can be
rewritten as

_ 8 {1 {sinh {1 — 15)] — sinh (1 — dp)]} ensh (v2.) U-Iu(?‘,ﬁ”’) d 5 . ;
@ = 27'1’./:, (p + (ln — dp) sinh (z){{o, /Bl sinh () + p cosh (1}] ) e G (A13)

where now ¥ = ¥ + (pr/a.f).
"T'he inversion of the baplace transiorm of 8 is accomplished by using Mellin’s inversion formula written as

1 ¥ hiwm

s(r,z, ) = p fexp (AD) — 11s)(r, 2z, M) dA (A}ﬁ)‘.

where # is a positive real constant and X is a complex variable replacing p. If one assumes that the order of integration with
respect Lo A and y is interchangcable, one obtains from (A15) and (A16)

___Q,_jm 2 ITH@.L(}))
= ), yFolyB8™) g dh dy -+ Asq

where

oxp (M) — 1 (1 faink [6(1 — 1)) — vink ({1 — d,)]] cosh (cs,,))
oW =——g N T o = dgy sinh (B)l{ew/ BE winhs (&) + & cosh (8]
and £ = 3+ (MY a,8).

The first step is to determine the singularities of g(A) in the complex domain of A. Since g(A) has many similarities with the
termy f{A) in (A10) of Newman [1972a, Appendix A], one can immediately deduce that n removable singularity occurs at A = 0
and simple poles at A = —y%,8/7, where £ = 0; at Ao = {7, — y)a, /1), where E = v, and v, is the root of (18); and at an
infinite number of locations A, = — (v, + yef/r (n = 1, 2, -+ ), where &2 = v, and ¥, are the roots of {19}, In addition,
g(\) has infinite number of simple poles at A, = — (y*+ mirt)e B/r2 (m = 1,2, - -), where £# = —m?r?,

The second step is to determine the residues of g(A) at each pole. Using formula

Resi.y, = lim (A — N)g(N) (A18)
Ak
one finds that

Rcsll-—v’aaﬂ/r’ =10
Reshoan, = 2uo(y)
Reshan, = 2us(y)

where u#o and u, have been defined in (17). In addition,

= exp [—8(4 ;{- m’x)}_Jsin (mriy) — sin (mrda)] cos [mx(l — 25)|

RL"bh-;.‘ - -2 ¥ + mir m'lf(tD - dD)

(.'\22)

To evaluate the complex integrel in (A17), the path of integration will be as shown in Figure 7, According to Cauchy’s residue
theorem one has

¥+ Voo A ) AT o @
f g&_) dy = —lim ﬂ’—‘l dh + 2 3 Resha, + 2 2 Reshon (A23)
y-im R R o4 Tt n=0 me]

The integral on the right-hand side of this expression vanishes as B~ . Therefore substituting (A20)-(A23) into (A17) and
uging (C'8) to eliminate As, and the terms arising from the residucs at X — A, lead to the finsl solution aa given by (17},




s drawdown, L.
sp dimensionless drawdown, equal to 4mis/Q.
{s} Laplace transform of s.
& Hankel transform of {s).
S storage coeflicient, equal to S.5.
K, specific {clastie) storage, L~
S, specifie yield.
t pumping time 7.
f, dimenstonless time with respect o S,, equal to 7%/ 82,
f, dimensionless time with respect to ,, equal to
TifSre.
T transmissivity K,b, L2T-.
#  vertiesl distance shave hottom of aquifer, L.
zp  dimensionless clevation, equal fo 2/b.
Oy K,/S,, 12T,
[+ 39 K,/S,, LT,
B Knrifb
t elevation of water table abeve bottom of aquifer, L.
a S/S,,.
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