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PREFACE

The series of manuals on techniques describes procedures for planning and
executing specialized work in water-resources investigations. The material is
grouped under major subject headings called books and further subdivided into
sections and chapters; section B of book 3 is on ground-water techniques.

The unit of publication, the chapter, is limited to a narrow field of subject
matter. This format permits flexibility in revision and publication as the need
arises. Chapter 3B7 deals with analytical solutions to the solute-transport
equation for a variety of boundary condition types and solute-source configura-
tions in one-, two-, and three-dimensional systems with uniform ground-water
flow.

Provisional drafts of chapters are distributed to field offices of the U.S.
Geological Survey for their use. These drafts are subject to revision because of
experience in use or because of advancement of knowledge, techniques, or
equipment. After the technique described in a chapter is sufficiently developed,
the chapter is published and is for sale from the U.S. Geological Survey, Book and
Open-File Report Sales, Federal Center, Box 25425, Denver, CO 80225.

Copies of the computer codes and sample data sets described in this report are
available on diskette from Book and Open-File Report Sales as USGS Open File
Report 92-78. They are on a 5.25” (860K) double-density diskette formatted for
the IBM PC. The computer programs were originally written for a Prime
minicomputer but all programs should run using IBM-PC Fortrans with minor
modifications as deseribed in the report. The plot routines were written with
DISSPLA software calls and can be used on the PC only with the PC version of
the DISSPLA library. Alternatively, data can be easily extracted from the
program output and plotted using PC graphics presentation programs.

Reference to trade names, commercial products, manufacturers, or distribu-
tors in this manual constitutes neither endorsement by the U.S. Geological
Survey nor recommendation for use.

1



TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS OF

THE U.S. GEOLOGICAL SURVEY

The U.S. Geological Survey publishes a series of manuals describing procedures for planning and conducting
specialized work in water-resources investigations. The manuals published to date are listed below and may be
ordered by mail from the U.S. Geological Survey, Books and Open-File Reports Section, Federal Center, Box
25425, Denver, Colorado 80225 (an authorized agent of the Superintendent of Documents, Government Printing

Office).

Prepayment is required. Remittance should be sent by check or money order payable to U.S. Geological
Survey. Prices are not included in the listing below as they are subject to change. Current prices can be
obtained by writing to the USGS address shown above. Prices include cost of domestic surface transportation.
For transmittal outside the U.S.A. (except to Canada and Mexico) a surcharge of 25 percent of the net bill should
be included to cover surface transportation. When ordering any of these publications, please give the title, book
number, chapter number, and “U.S. Geological Survey Techniques of Water-Resources Investigations.”

TWRI 1-D1.
TWRI 1-D2.
TWRI 2-D1.

TWRI 2-D2.
TWRI 2-E1.
TWRI 2-E2.
TWRI 2-F1.

TWRI 3-Al.

TWRI 3-A2.
TWRI 3-A3.
TWRI 3-Ad.
TWRI 3-A5.
TWRI 3-A6.
TWRI 3-AT.
TWRI 3-A8.
TWRI 3-A9."

TWRI 3-A10.
TWRI 3-All.

TWRI 3-A12.
TWRI 3-A13.
TWRI 3-Al4.
TWRI 3-A15.
TWRI 3-Al6.
TWRI 3-A17.
TWRI 3-A18.

TWRI 3-A19.
TWRI 3-B1.
TWRI 3-B2.2

Water temperature—influential factors, field measurement, and data presentation, by H.H. Stevens, Jr., J.F. Ficke, and
G.F. Smoot. 1975. 65 pages.

Guidelines for collection and field analysis of ground-water samples for selected unstable constituents, by W.W. Wood. 1976.
24 pages.

Application of surface geophysics to ground-water investigations, by A.A.R. Zohdy, G.P. Eaton, and D.R. Mabey. 1974.
116 pages.

Application of seismic-refraction techniques to hydrologic studies, by F.P. Haeni. 1988. 86 pages.

Application of borehole geophysics to water-resources investigations, by W.S. Keys and L.M. MacCary. 1971. 126 pages.

Borehole geophysices applied to ground-water investigations, by W. Scott Keys. 1990. 150 pages.

Application of drilling, coring, and sampling techniques to test holes and wells, by Eugene Shuter and Warren E. Teasdale.
1989. 97 pages.

General field and office procedures for indirect discharge measurements, by M.A. Benson and Tate Dalrymple. 1967.
30 pages.

Measuri)rngent of peak discharge by the slope-area method, by Tate Dalrymple and M.A. Benson. 1967. 12 pages.

Measurement of peak discharge at culverts by indirect methods, by G.L. Bodhaine. 1968. 60 pages.

Measurement of peak discharge at width contractions by indirect methods, by H.F. Matthai. 1967. 44 pages.

Measurement of peak discharge at dams by indirect methods, by Harry Hulsing. 1967. 29 pages.

General procedure for gaging streams, by R.W. Carter and Jacob Davidian. 1968. 13 pages.

Stage measurements at gaging stations, by T.J. Buchanan and W.P. Somers. 1968. 28 pages.

Discharge measurements at gaging stations, by T.J. Buchanan and W.P. Somers. 1969. 65 pages.

Measurement of time of travel in streams by dye tracing, by F.A. Kilpatrick and J.F. Wilson, Jr. 1989. 27 pages.

Discharge ratings at gaging stations, by E.J. Kennedy. 1984. 59 pages.

Measurement. of discharge by moving-boat method, by G.F. Smoot and C.E. Novak. 1969. 22 pages.

Fluorometric procedures for dye tracing, Revised, by J.F. Wilson, Jr., E.D. Cobb, and F.A. Kilpatrick. 1986. 41 pages.

Computation of continuous records of streamflow, by E.J. Kennedy. 1983. 53 pages.

Use of flumes in measuring discharge, by F.A. Kilpatrick, and V.R. Schneider. 1983. 46 pages.

Computation of water-surface profiles in open channels, by Jacob Davidian. 1984. 48 pages.

Measurement of discharge using tracers, by F.A. Kilpatrick and E.D. Cobb. 1985. 52 pages.

Acoustic velocity meter systems, by Antonius Laenen. 1985. 38 pages.

Determination of stream reaeration coefficients by use of tracers, by F.A. Kilpatrick, R.E. Rathbun, N. Yotsukura, G.W.
Parker, and L.L. DeLong. 1989. 52 pages.

Levels at streamflow gaging stations, by E.J. Kennedy. 1990. 31 pages.

Aquifer-test design, observation, and data analysis, by R.W. Stallman. 1971. 26 pages.

Introduction to ground-water hydraulics, a programmed text for self-instruction, by G.D. Bennett. 1976. 172 pages.

IThis manual is a revision of “Measurement of Time of Travel and Dispersion in Streams by Dye Tracing,” by E.F. Hubbard, F.A.
Kilpatrick, L.A. Martens, and J.F. Wilson, Jr., Book 3, Chapter A9, published in 1982.
23panish translation also available.

v



TWRI 3-B3.
TWRI 3-B4.
TWRI 3-B5.

TWRI 3-B6.
TWRI 3-B7.
TWRI 3-Cl.
TWRI 3-C2.
TWRI 3-C3.
TWRI 4-Al.
TWRI 4-A2.
TWRI 4-B1.
TWRI 4-B2.
TWRI 4-B3.
TWRI 4-D1.
TWRI 5-Al.

TWRI 5-A2.
TWRI 5-A3.

TWRI 5-A4.

TWRI 5-A5.

TWRI 5-A6.

TWRI 5-C1.
TWRI 6-Al.

TWRI 6-A2.
TWRI 7-C1.
TWRI 7-C2.
TWRI 7-C3.
TWRI 8-Al.

TWRI 8-A2.
TWRI 8-B2.

[

Type curves for selected problems of flow to wells in confined aquifers, by J.E. Reed. 1980. 106 pages.

Regression modeling of ground-water flow, by Richard L. Cooley and Richard L. Naff. 1990. 232 pages.

Definition of boundary and initial conditions in the analysis of saturated ground-water flow systems—An introduction, by
0. Lehn Franke, Thomas E. Reilly, and Gordon D. Bennett. 1987. 15 pages.

The principle of superposition and its application in ground-water hydraulics, by Thomas E. Reilly, O. Lehn Franke, and
Gordon D. Bennett. 1987. 28 pages.

Analytical solutions for one-, two-, and three-dimensional solute transport in ground-water systems with uniform flow, by
Eliezer J. Wexler. 1991. 193 pages.

Fluvial sediment concepts, by H.P. Guy. 1970. 55 pages.

Field methods of measurement of fluvial sediment, by H.P. Guy and V.W. Norman. 1970. 59 pages.

Computation of fluvial-sediment discharge, by George Porterfield. 1972. 66 pages.

Some statistical tools in hydrology, by H.C. Riggs. 1968. 39 pages.

Frequency curves, by H.C. Riggs, 1968. 15 pages.

Low-flow investigations, by H.C. Riggs. 1972. 18 pages.

Storage analyses for water supply, by H.C. Riggs and C.H. Hardison. 1973. 20 pages.

Regional analyses of streamflow characteristics, by H.C. Riggs. 1973. 15 pages.

Computation of rate and volume of stream depletion by wells, by C.T. Jenkins. 1970. 17 pages.

Methods for determination of inorganic substances in water and fluvial sediments, by Marvin J. Fishman and Linda C.
Friedman, editors. 1989. 545 pages.

Determination of minor elements in water by emission spectroscopy, by P.R. Barnett and E.C. Mallory, Jr. 1971. 31 pages.

Methods for the determination of organic substances in water and fluvial sediments, edited by R.L. Wershaw, M.J.
Fishman, R.R. Grabbe, and L.E. Lowe. 1987. 80 pages.

Methods for collection and analysis of aquatic biological and microbiological samples, by L.J. Britton and P.E. Greeson,
editors. 1989. 363 pages.

Methods for determination of radioactive substances in water and fluvial sediments, by L.L. Thatcher, V.J. Janzer, and
K.W. Edwards. 1977. 95 pages.

Quality assurance practices for the chemical and biological analyses of water and fluvial sediments, by L.C. Friedman and
D.E. Erdmann. 1982. 181 pages.

Laboratory theory and methods for sediment analysis, by H.P. Guy. 1969. 58 pages.

A modular three-dimensional finite-difference ground-water flow model, by Michael G. McDonald and Arlen W. Harbaugh.
1988. 586 pages.

Documentation of a computer program to simulate aquifer-system compaction using the modular finite-difference
ground-water flow model, by S.A. Leake and D.E. Prudic. 1991. 68 pages.

Finite difference model for aquifer simulation in two dimensions with results of numerical experiments, by P.C. Trescott,
G.F. Pinder, and S.P. Larson. 1976. 116 pages.

Computer model of two-dimensional solute transport and dispersion in ground water, by L.F. Konikow and J.D.
Bredehoeft. 1978. 90 pages.

A model for simulation of flow in singular and interconnected channels, by R.W. Schaffranek, R.A. Baltzer, and D.E.
Goldberg. 1981. 110 pages.

Methods of measuring water levels in deep wells, by M.S. Garber and F.C. Koopman. 1968. 23 pages.

Installation and service manual for U.S. Geological Survey monometers, by J.D. Craig. 1983. 57 pages.

Calibration and maintenance of vertical-axis type current meters, by G.F. Smoot and C.E. Novak. 1968. 15 pages.

'This manual is a revision of TWRI 5-A3, “Methods of Analysis of Organic Substances in Water,” by Donald F. Goerlitz and Eugene
Brown, published in 1972.

2Phis manual supersedes TWRI 5-A4, “Methods for collection and analysis of aquatic biological and microbiological samples,” edited by
P.E. Greeson and others, published in 1977.



CONTENTS

ADSELACE. . uviveeeerrernereneererttteiaee e erteernresaresaareern st
Introduction......c.coovrvnviriirinnnrenanene
Purpose and scope
Previous studies .....c....covvvvneiinneinnnniien
Acknowledgments........cooeeviiinnviiiiaiinnnee
Theoretical background...
AdVECtION....cvvverereenrrrriiicir s st ra e
Molecular diffusion.......cc.ovevvviivevinineiiiniinienieni.
Mechanical dispersion......ccoceeeeeveenrennas
Hydrodynamic dispersion
Advective-dispersive solute-transport equation..............
Chemical transformation
Linear equilibrium adsorption.........ccccoeveivieieeennnss
10N €XChANZE cevvrvrvriieniinniiiiiii st raranssenes
First-order chemical reactions
Initial conditionsS......cceevveiiiuiiiiniieiinerininii e
Boundary Conditions ........cceeveiiviunniirmeereniiiennneeinnnnens
Inflow boundary
Outflow boundary .......cceeeeeeniiiuiriimniimieenirnananian.
Lateral boundaries.......cccooviriinvienineniirenenieniieinn,
Superposition
One-dimensional solute transport........coeeeeveveireervreeineiniaeien,
Finite system with first-type source boundary
CONAILION Luvvninrenranenieiiniiiiin e cieaearanes
Governing equation..........cceeeeeveuiniirureieneinennnnienes
Analytical solution .........ccooviviiriiniiiiiiinii s
Description of program FINITE
Main Program ....cceveeverermeceenrrereresrarenoninessens
Subroutines ROOT1 and CNRML1..................
Sample problems la and 1b .....ccooiiiiiiiiiiinieienenns
Finite system with third-type source boundary
IU0) 115110 10) ¢ WP UPURRPoS
Governing equation
Analytical solution .......ccoccevviviiiiiiiiiiinnn
Deseription of program FINITE ........ccoovviviiinnnnnns
Subroutines ROOT3 and CNRML3
Sample problem 2......cceevvviiiiiiiieiiniriiiienereeeaes
Semi-infinite system with first-type source boundary
CONAILION 1euuviiiereneeeeniiiiiii e e
Governing equation
Analytical SOIUtion ......ooovvvviieriiiiiiniiice
Description of program SEMINF
Main PrOgram ...ccvevvreieeniererrmrereriermrniencscenss
Subroutine CNRMLI ....c.covunvirinviinnrinnniininennn.
Sample problems 3a and 3b ......oeoeiiiiiiiiiiiiniennnns
Semi-infinite system with third-type source boundary
78] 476 110 10)  FO OO PPN
Governing equation
Analytical solution ........
Description of program SEMINF ........cccoeeeiirnnnnnnn.
Subroutine CNRML3 ......ccccovvivniiniiiiiiniennnnnn.

Page
One-dimensional solute transport—Continued
Semi-infinite system with third-type source boundary
condition— Continued
Sample problem 4 .......cccoovviiiiiiiieriinniinniiin 24
Two-dimensional solute transport ..........coveeveievinnreniniinnian. 24
Aquifer of infinite areal extent with continuous point
SOULCE . vvvereereneenrrnsisssrsnissierasssessersssersrienasnnnnnss 26
Governing equation...........ccevveveerinieiiiiinennnieneeenn. 26
Analytical sOlution ........oocvvvviimiinieniiinieeeene, 27
Description of program POINT2 e 27
Main program ........occevvvenriiiiiiiinnirerenaeernenenn 27
Subroutine CNRML2 ......ccovevviiiiiiniininnnenne 31
Sample problem 5 ......coooiiviiiviiiiiierirnninnni e 31
Aquifer of finite width with finite-width solute source..... 31
Governing equation.........cccviiiieriuinerririenereniennnnne. 31
Analytical solution .......cceeevunnnennns 33
Deseription of program STRIPF 33
Main Program ........cccvveiverrenrerreninneneneneeenenss 33
Subroutine CNRMLF........c..coovvvinnnnns 33
Sample problem 6 33
Aquifer of infinite width with finite-width solute
SOULCE vevuerrrrnrerrieeessssrsseensverseereenrenressrassersseranss 36
Governing equation 36
Analytical solution ........coovvvviriinieinniiiininn. 36
Description of program STRIPI 36
Main program .........cceeveveveenisriinennens 36
Subroutine CNRMLI 37
Sample problem T....coooeviiiriiiiiiiiineirrninnicennennnns 38
Aquifer of infinite width with solute source having
gaussian concentration distribution 38
Governing equation.......c..eevevevinennnenns 38
Analytical solution ......co.eevvuniierinannnnn. 38
Description of program GAUSS ............ 40
Main program ........c..oevevenvenneannnns 40
Subroutine CNRMLG............oo0vnn. 40
Sample problems 8a and 8b .................. 40
Three-dimensional solute transport..........cocovvvevieveenninennnen 42
Aquifer of infinite extent with continuous point source.... 42
Governing equation .........cceeeeevivvviiiiiiiinnnnneeni, 42
Analytical solution .........cceevvieeeninnnnss 43
Description of program POINT3 47
Main program ........cc.coveenvenninnnns 47
Subroutine CNRML3 47
Sample problem 9 47
Aquifer of finite width and height with finite-width and
finite-height solute source ......c....cooeeviiiinicninin. 49
Governing equation.........ccceeveereuiiiienrinieniiinnnnnaenes 49
Analytical solution ...........covvnnennn. 51
Description of program PATCHF .... ... bl
Main program .......cceeevmnieiiiiiiireinnniinnnn .. 51
Subroutine CNRMLF.......ccccoovvvmiiiiiiinnninnnn. 51

VII



VIII CONTENTS

Page
Three-dimensional solute transport— Continued
Aquifer of finite width and height with finite-width and
finite-height solute source—Continued
Sample problem 10..........ooevvereereeieniininiiiineeeenen, 53
Aquifer of infinite width and height with finite-width
and finite-height solute source ........c...ccevvuverennnn, 53
Governing equation.............ocovereereeriiininreeeeeenenn, 53
Analytical SOIUtION .......oeeviiiiiiiiiiiniiniienir e, 53
Description of program PATCHI 55
Main program ..........c.eeeeverreennereeennereneninernanns 55
Subroutine CNRMLI ............eeeeveviiiiinnnnnnnnn, 55
Sample problem 11 57
Description of subroutines............cceevverierivieeniireiiiinnienenenns 57
Mathematical subroutines..............ccvvvvvvveriieerinreiiennnnns 57
Subroutines EXERFC and GLQPTS ...........c.......e. 57

Page
Description of subroutines —Continued

INput/QUtPUt SUBTOULINES ..vv.vevvseeeereereseeeeeeeeeeeneseesranas 59
Subroutines OFILE and TITLE . 59
Graphics subroutines............cc.coeeveiiiiinin, 59

Subroutines PLOT1D, PLOT2D, PLOT3D, and
CNTOUR.....coiiiiiiiint e 59
Running the programs....... 60
Array dimensions ....... 60
Compiling and loading .... weo 60
SUMMATY ..oiceiiiieeeeecerire e v 61
References cited 61
Attachment 1. —Derivation of selected analytical solutions..... 63
Attachment 2—Program source-code lstings............vvvvvvvnne. 81

Attachment 3—Subroutine listing and data file GLQ.PTS...... 135
Attachment 4—Program output for selected sample
ProBIEMS ..oevviiiiiiiiiiriiniitiir e erere et 163

FIGURES

Page
1. Graph showing typical shape of equilibrium adSOFPLion ISOLREITN ...cccccviiiieriiiiieiieiiieeeeeeiieiireeee e e eeraie e s e esannneessseessennnnnns 5
2. Diagrams showing examples of situations in which the principle of superposition can be applied........ccccovvveveeviiiiinniirenenenn.. 9
3. Diagrams showing two examples of contaminant movement in field settings that can be simulated as one-dimensional
SOIULE-tranSPOrt SYSLEIMS ..uvveiiiiiiiiiiiee ittt ee ettt ettt ettt a— e — e e e e e e a———————t iy —tbb——————————————tanann———— 11
4-6. Representations showing sample input data set and computer plot of concentration profiles generated by the program
FINITE for a:
4. Conservative solute in a finite-length system with first-type source boundary condition after 2.5, 5, 10, 15, and
20 HOUTS...uieeeiiii e e e ettt ee et er et e ea e e e b bt e eee e et a b s s ettt tann e eerernnraeseesranan 15
5. Solute subject to linear adsorption in a finite-length system with first-type source boundary condition after 20, 50,
100, 8N 150 NOUES .ovevutiiiiiiiiiiiiit e creeetetis et et eecereeeenreseeraseesesssnssssaneserssssernnassssssnsestanseennnrerneneserennees 16
6. Conservative solute in a finite-length system with third-type source boundary condition after 2.5, 5, 10, 15, and
20 NOUIS .0 eeiiiniririn ettt et etes st e re b s et s e et ar s e e aa et bt esteber e rarreeaares s e b et r e eraanrsosatnnsann 19
7-9. Representations showing sample input data set and computer plot of concentration profiles generated by the program
SEMINF for a:
7. Conservative solute in a semi-infinite system with first-type source boundary condition after 2.5, 5, 10, 15, and
20 MOUES....iiiiiiiii ettt et e e et e e e et te b e e ta b e e e at et et e aaann et eeran et baantatbnnnsannnnaann 22

8. Solute subject to first-order decay and linear equilibrium adsorption in a semi-infinite system with first-type
source boundary condition after 20, 50, 100, and 150 NOUIS.....cceuiieuiiiiiiiiiiiie et et e reeeeneeenesersrenneseensennns 23
9. Conservative solute in a semi-infinite system with third-type source boundary condition after 2.5, 5, 10, 15, and

20 NOUYS...evueeerereinrinirernerrrr e eaieeraeenineennes

10. Diagrams depicting plan view and vertical section of idealized two-dimensional solute transport in an aquifer of semi-infinite
length and finite width, and plan view of idealized two-dimensional solute transport in an aquifer of semi-infinite length

and infinite width.............ooooviiiiiiini

11. Diagram depicting plan view of a semi-infinite aquifer of infinite width showing location of waste-disposal pond and
monitoring wells, and graph of observed solute concentration values and gaussian curve used to approximate

concentration distribution at x=0 ........cccoevviiiiinininn,
Representations showing sample input data set and computer plot of normalized concentration contours generated by the

12-14.
program:

12. POINT?2 for a conservative solute injected continuously into an aquifer of infinite areal extent after 25 and

13. STRIPF for a conservative solute in an aquifer of finite width with finite-width solute source after 1,500 and

3,000 days ....ceveeeieniiiiiiiiiiieer e reraaaaes

14. STRIPI for a conservative solute in an aquifer of infinite width with finite-width solute source after 1,826 days....... 39
15. Histogram of normalized concentrations in relation to distance for the waste-disposal site in sample problem 8a and fitted

gaussian distribution .........c..cocciiiiiiiiniinne e
Representations showing sample input data set and computer plot of normalized concentration contours generated by the

16, 17.
program GAUSS for a:

16. Conservative solute in an aquifer of infinite width having a gaussian concentration distribution (=150 feet) at the

inflow boundary at 300 days........cccccceeveeeennnn




CONTENTS IX

Page
17. Conservative solute in an aquifer of infinite width having a gaussian concentration distribution (c=65 feet) at the
inflow boundary at 300 QaYS .....eevvvreseereiiririmiinre it st s e s e ea st st e s 45
18. Diagrams showing plan view and vertical section of idealized three-dimensional transport in an aquifer of semi-infinite
length and finite width and height .....c.coviiiiiiiiiiiiii 46
19-21. Representations showing sample input data set and computer plot of normalized concentration contours generated by the
program:
19. POINTS for a natural gradient tracer test in an aquifer of infinite extent after 400 days in the z = 10-foot plane...... 50
20. PATCHF for a conservative solute in an aquifer of finite height and width after 3,000 days at heights of 75 and
50 feet above base 0f the AQUITET . ...eueeririreiiiiireiier i ittt et s st r i essarenesaruassateuessstnnanss 54
21. PATCHI for a solute subject to first-order chemical transformation in an aquifer of infinite height and width with
solute source of finite height and width after 3,652.5 days at heights of 1,650, 1,700, and 1,750 feet above base
YR Vo 1111 (=3 o P Y PPPRFIY 58
TABLES
Page
1-6. Input data format for the program:
1. FINITE covvvveiiieeeeerriressisesseerereesnunsnsseesseseetunssssssessssssstonniessusessssenstrsarssssionstrnnmsunssieessssessnnrsunssisensreersecsnsoes 14
2. SEMINT ..eiiettttruiaoiiertieerreiueaeaeserenrannsnnsssssereamrtuisssssatisesrrstrtrshsaisessteessnnsbreestentereestensssessroneannurriooniiesseees 21
B, POINTZ .iiiiiivriitriieseeeereruersiaieaettaareeesaistaseeresttsttrettbsasssssessarsnssrtaassssssenrsrtnnrssenssesersrnrrnissssneseeeseesnnssersssns 30
B, STRIPE ..ecoviiiivtenrtiesisseertrrerstsssssssssnsssssnssesassssssressssssnsrsisssssrssstunisssssrestssstinniisssssssesssstvenssennesternrnnnssssssens 34
By ST RIP . .uuueiieertrnreiiireervetteeriensenasesassnnennsnssansaeaeeessersssaanmsssotsststssssssssssrssessnnsnthuiiiirieseesatennsiensesrsennurtiosiies 37
LT £ N 01 O OO UUUUUUU PO UUU NP PPN 41
7. Measured solute concentrations in monitoring wells downgradient from the waste-disposal site in sample problem 8b............ 42
8-10. Input data format for the program:
B, POINTS ... iiiiiitriiiiiiseeerernenrssaeeirartaeerassnssetesaassnneetesssrsasnssssesssstnsshsnsniiessssaesnnssisesssssersunsteonsnrsesensrunsssssnnsons 48
0. PATCHTE ...uiiiiiiiritiiiiieeereeeernennuunessersreesstassnmesssstssssentressmassssesstassssuashaonsrnseeteestansisesssseesenssturnessnnnstssiessssons 52
10, PATOHL....covvuuueeeieeeerrerrenaeassereertsstssssiereteessuannssessssssseemememstisssistsssesessssmsrsssststmmmrsrsisiesssssssssustoseesssassesssnns 56

METRIC CONVERSION FACTORS

For readers who wish to convert measurements from the inch-pound
system of units to the metric system of units, the conversion factors are
listed below:

Multiply inch-pound units By To obtain metric units
inch (in) 25.4 millimeter (mm)
inch per hour (in/h) 25.4 millimeter per hour (mm/h)
foot (ft) 0.3048 meter (m)
foot per day (ft/d) 0.3048 meter per day (m/d)
gallon (gal) 0.003785 cubic meter (m®)
square inch per hour (in“/h) 6.4516 square centimeter per hour
(em*/h)
foot squared per day (ft%/d) 0.09290 meteg squared per day
(m*“/d)
cubie foot (ft%) 0.02832 cubic meter (m®)
cubic foot per day (ft%/d) 0.02832 cubic meter per day (m%d)
pound per cubie foot (Ib/ft?) 0.01602 gram per cubic centimeter
(g/em®)
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Symbol Dimension Definitions
C M/L3 Volumetric concentration
Co M/L? Specified concentration value along a boundary
CEC M Cation exchange capacity
D L&T Coefficient of hydrodynamic dispersion for one-dimensional solute transport
I;) LT Hydrodynamic dispersion tensor in an isotropic system
D, LT Molecular diffusion tensor
D, LT Mechanical dispersion tensor
D’ LT Dispersion coefficient divided by the retardation factor, R
D,,D,,D, LT Magnitudes of the hydrodynamic dispersion tensor in a system having uniform flow
erf — Error function
erfe — Complimentary error function
exp - Exponential
L Head
M/LAT Solute flux due to dispersion or diffusion
LM Slope of the linear equilibrium adsorption isotherm
L¥M Distribution coefficient
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ANALYTICAL SOLUTIONS FOR ONE-, TWO-, AND
THREE-DIMENSIONAL SOLUTE TRANSPORT IN GROUND-WATER
SYSTEMS WITH UNIFORM FLOW

By Eliezer ). Wexler

Abstract

Analytical solutions to the advective-dispersive solute-transport
equation are useful in predicting the fate of solutes in ground water.
Analytical solutions compiled from available literature or derived by
the author are presented for a variety of boundary condition types
and solute-source configurations in one-, two-, and three-
dimensional systems having uniform ground-water flow. A set of
user-oriented computer programs was created to evaluate these
solutions and to display the results in tabular and computer-
graphics format. These programs incorporate many features that
enhance their aceuracy, ease of use, and versatility. Documentation
for the programs describes their operation and required input data,
and presents the results of sample problems. Derivations of selected
solutions, source codes for the computer programs, and samples of
program input and output also are included.

Introduction

Contamination of ground water by inorganic and
organic chemicals has become an increasing concern in
recent years. These chemicals enter the ground-water
system by a wide variety of mechanisms, including
accidental spills, land disposal of domestic and indus-
trial waste, and application of agricultural fertilizers
and pesticides. Once introduced into an aquifer, these
solutes will be transported by flowing ground water
and may degrade water quality at nearby wells and
streams.

To improve management and protection of ground-
water resources, it is important to first understand
the physical, chemical, and biological processes that
control the transport of solutes in ground water.
Predictions of the fate of ground-water contaminants
can then be made to assess the effect of these chemi-
cals on local water resources and to evaluate the
effectiveness of remedial actions.

Two physical processes that govern the movement
of ground-water solutes are (1) advection, which
describes the transport of solutes by the bulk motion

of flowing ground water (Freeze and Cherry, 1979),
and (2) hydrodynamic dispersion, which describes the
spread of solutes along and transverse to the direction
of flow resulting from both mechanical mixing and
molecular diffusion (Bear, 1979, p. 230). Chemical
reactions, including those mediated by microorgan-
isms or caused by interaction with aquifer material or
other solutes, may also affect the concentration of the
solute.

These processes have been described quantitatively
by a partial differential equation referred to as the
“advective-dispersive  solute-transport equation.”
Solution of the equation yields the solute concentra-
tion as a function of time and distance from the
contaminant source. To apply the equation to a par-
ticular ground-water contamination problem, data
must be provided on the ground-water velocity, coef-
ficients of hydrodynamic dispersion, rates of chemical
reactions, initial concentrations of solutes in the aqui-
fer, configuration of the solute source, and boundary
conditions along the physical boundaries of the
ground-water flow system.

In ground-water systems having irregular geome-
try and nonuniform aquifer properties, numerical
techniques are used to determine approximate solu-
tions to the solute-transport equation. In aquifers
having simple flow systems and relatively uniform
hydrologic properties, analytical solutions, which rep-
resent exact mathematical solutions to the solute-
transport equation, have been used to predict contam-
inant migration. These solutions are also used
extensively in analysis of data from soil-column exper-
iments and field tracer tests to determine aquifer
properties, and have been used to verify the sound-
ness of numerical models. In complex hydrogeologic
systems, analytical solutions can still be useful to the
hydrologist because they can provide estimates of
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rates of solute spread and, thus, guide data collection
and water-quality-monitoring efforts.

Although deriving an analytical solution for the
solute-transport equation requires knowledge of
higher mathematics, analytical solutions have already
been derived and published for many combinations of
solute-source configurations and boundary-condition
types. After the solutions have been derived, they can
be evaluated easily using electronic calculators or
digital computers.

Purpose and scope

This report briefly describes the theoretical back-
ground of solute transport in a porous medium and
then presents analytical solutions to the advective-
dispersive solute-transport equation for a variety of
aquifer and solute-source configurations and boundary
conditions in systems having uniform (unidirectional)
ground-water flow. Solutions for one-dimensional sol-
ute transport were compiled from various journals and
reports, many of which are not readily available.
Many of the solutions for two- and three-dimensional
solute transport were modified from those presented
in a report by Cleary and Ungs (1978), whereas others
were derived by the author using integral transform
techniques. (Detailed derivations of these solutions
are provided in attachment 1.) All solutions are given
in a simplified format, together with information on
important assumptions in their derivation and limita-
tions to their use.

Simple computer programs, written in FORTRAN-
77, have been provided for evaluation of the analytical
solutions presented. The programs were designed for
ease of use and for enhanced accuracy. Documentation
for these programs includes descriptions of program
operation and the input data required. Source codes
and samples of program output are provided at the
end of the report. Subroutines that allow for graphical
display of the program output, created using DISS-
PLA software, are also described. Computer-
generated plots are presented within the report.

Previous studies

Analytical solutions for the one-dimensional form of
the solute-transport equation have appeared in
reports and journals concerning physical chemistry,
soil science, and water resources. These solutions,
generally determined through Laplace transform
techniques, have been applied to studies of solute
movement in laboratory columns, unsaturated soils,
and natural-gradient tracer tests. Solutions to the
one-dimensional solute-transport equation for most

combinations of boundary and initial conditions are
given in van Genuchten and Alves (1982); some of the
more useful solutions appear in this report. Other
sources that list several analytical solutions include
Gershon and Nir (1969), Bear (1972), and Bear (1979).

Fewer analytical solutions have been published for
the two- and three-dimensional forms of the solute-
transport equation. Cleary and Ungs (1978) give sev-
eral solutions derived using integral transform tech-
niques, and Yeh (1981) presents a computer program
that evaluates Green’s function to model one-, two-,
and three-dimensional transport.
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Theoretical Background

Most models that simulate migration of dissolved
contaminants in ground water solve the advective-
dispersive solute-transport equation. This partial dif-
ferential equation is derived from the conservation-
of-mass principle (continuity equation), whereby the
net rate of change of solute mass within a volume of
porous media is equal to the difference between the
flux of solute into and out of the volume, adjusted for
the loss or gain of solute mass due to chemical reac-
tions (Freeze and Cherry, 1979). The flux of solute
into the volume is controlled by two physical process-
es—advection and hydrodynamic dispersion. Hydro-
dynamic dispersion, in turn, represents the combined
effects of two other physical processes—molecular
diffusion and mechanical dispersion.

Advection

Advective transport describes the bulk movement
of solute particles along the mean direction of fluid
flow at a rate equal to the average interstitial fluid
velocity. In a saturated medium, this velocity can be
calculated from Darcy’s law, such that
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where
i =average interstitial fluid velocity [L/T],
K =hydraulic conductivity tensor for medium
[(L/T],
n =effective porosity [dimensionless], and
=gradient in head [dimensionless] (equal to
dh/dx, the change in head per unit distance
along the x-axis for uniform flow along the
X-axis).

Head, h in equation 1, is equal to the sum of the
elevation head, z, with respect to a datum level, and
the pressure head, p/y, where p is the fluid pressure
(gage pressure) and v is the specific weight of water
(Bear, 1979, p. 62). Water flows from areas of higher
head toward areas of lower head. Effective porosity,
n, differs from total porosity (volume of pore space per
unit volume of aquifer material) in that it does not
include pores that are too small to transmit water or
“dead-end” pores, those that are not interconnected
with other pores.

In unsaturated porous media, the average intersti-
tial fluid velocity can be approximated (Bear, 1979, p.
209) as

3:—%92-%, )

where

_ ¥ =average interstitial fluid velocity [L/T],

K(0) =unsaturated hydraulic conductivity tensor for
medium, which is a function of moisture con-
tent [L/T], and

6 =moisture content of soil [dimensionless].

This form of the equation assumes that the movement

of air in the soil is negligible and that the density of

water is constant.

Molecular diffusion

In addition to advective transport, solutes spread
within the fluid in the porous medium by molecular
diffusion. Diffusion results from the random collision
of solute molecules and produces a flux of solute
particles from areas of higher to lower, solute concen-
tration (Bear, 1979). The solute flux, J, can be given
by Fick’s first law as

J=0Dq.vC, (3a)

where
D4 =second-rank diagonal tensor of molecular diffu-
sion [L%T],
VC =concentration gradient [M/L*], and
C =concentration of solute (mass of solute per unit
volume of fluid) [M/L®].

Bear and Bachmat (1967) state that the coefficients of
molecular diffusion in an isotropic medium are depend-
ent on the diffusion coefficient of the particular solute
in water and the tortuosity of the medium. Rates of
molecular diffusion are independent of ground-water
velocity, and diffusion occurs even in the absence of
fluid movement.

Mechanical dispersion

The average interstitial fluid velocity represents a
mathematical approximation. True velocities at points
in the aquifer will differ from this average value, in
both magnitude and direction. Local variations in
ground-water velocity may not greatly affect the bulk
movement of ground water, but they do control the
fate of solute particles.

Mechanical dispersion describes the mixing and
spreading of solutes along and transverse to the
direction of flow in response to local variations in
interstitial fluid velocities. On a microscopic scale (the
scale of individual pores), mechanical dispersion
results from (1) the distribution of velocities within an
individual pore due to friction effects along the surface
of soil grains, (2) differences in size of pores, (3)
differences in path length for individual solute parti-
cles, and (4) the effect of converging and diverging
flow paths (Freeze and Cherry, 1979, p. 75). On a
larger (macroscopic) scale, mechanical dispersion
results from local variations in hydraulic conductivity,
and thus fluid velocity, owing to the heterogeneity of
aquifer material (Bear, 1979, p. 229).

Laboratory tests on soil columns have shown that
the flux of solutes due to mechanical dispersion can
also be described using Fick’s first law, as

7 =—0DmevC, 3b)

where Dy, is the second-rank symmetric tensor of
mechanical dispersion [LZ/T].

Scheidegger (1961) stated that the coefficients of
mechanical dispersion can be related to the average
interstitial fluid velocity by means of the geometric
dispersivity of the medium. For a saturated porous
medium, geometric dispersivity depends on hydraulic
conductivity, length of a characteristic flow path, and
tortuosity (Bear, 1972, p. 614). In a medium that is
isotropic with respect to dispersion, geometric disper-
sivity can be expressed in terms of just two coeffi-
cients—longitudinal dispersivity, o;, and transverse
dispersivity, o, (Bear, 1979, p. 234).

The elements of the mechanical dispersion tensor
can be expressed in terms of longitudinal and trans-
verse dispersivities, the magnitude of the velocity
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vector, v, and the magnitudes of its components, v,,
vy, and v, (Bear, 1979, p. 235) as

——[alv +0Lt(V +v )]/V
D yy——[alv 2oy (v, 2+v Wy
Dmxy_D yx—(al VIV

DmyZ=D y—(al—at)vyvzlv
Dm =D, =(oyq— at)v Vz/V
Dy, =loyv, +at(v +Vy . 4)

If a coordinate system is chosen, such that the
direction of the average ground-water velocity is
aligned with the x-direction (v=v, and v,=v,=0), the
off-diagonal terms in the dispersion tensor (eq. 4) will
equal zero, and the mechanical dispersion tensor can
be simplified to

D, =Dp,
Dmy= Dmyy= oV
D,, =Dy, =c,. 5)

=V
XX

Hydrodynamic dispersion

As stated earlier, hydrodynamic dispersion is the
flux of solute due to the combined effect of molecylar
diffusion and mechanieal dispersion. Solute flux, J, is
given by Fick’s first law as

J=—eD-VC, ©6)

where D is the hydrodynamic dispersion tensor.

In a flow system having uniform flow aligned with
the x-axis, the coefficients of the hydrodynamic dis-
persion tensor, Dy, Dy, and D, are given by

DXZDmx+Dd=aIV+Dd
Dyszy+Dd=atv+Dd

The effects of mechanical dispersion generally are
much greater than those of molecular diffusion, and,
except at low ground-water velocities, the contribu-
tion of molecular diffusion often is negligible.

In laboratory experiments using homogeneous
materials, values for longitudinal dispersivity, o, are
typically between 0.004 and 0.4 inch (in), whereas in
field studies, longitudinal dispersivities of as much as
328 feet (ft) have been determined (Freeze and
Cherry, 1979). The larger field values can be attrib-
uted to increased mixing due to local variations in
hydraulic conduectivity (macrodispersion). A discus-
sion of the apparent scale dependency of hydrody-
namic dispersion is given in Anderson (1984). Trans-

verse dispersivity is generally less than longitudinal
dispersivity, by a factor of 5 to 20 (Freeze and Cherry,
1979, p. 400).

Advective-dispersive solute-transport
equation

The advective-dispersive solute-transport equation
describes the time rate of change of solute concentra-
tion for a single solute and can be written as

>

"gc=—v -[6vC—6D+ VC]+6Q,, ®
where Q, is used to represent a general source or sink
term for production or loss of solute within the sys-
tem.

Equation 8 (after Bear, 1979, p. 241) can be written
in terms of volumetric rather than mass concentra-
tions because the fluid density is assumed to be
constant. This is usually valid for most ground-water
flow systems in which solutes are present in relatively
low concentrations.

The analytical solutions presented in this report are
derived for idealized systems in which the ground-
water velocity is assumed to be uniform, aligned with
the x-axis, and of constant magnitude. The moisture
content (equal to porosity for saturated material) and
the coefficients of hydrodynamic dispersion (see eq. 7)
are also assumed to be constant. Given these assump-
tions, the three-dimensional form of the solute-
transport equation for a uniform flow system can be
expressed as

aC 82C 92C _ 3%C
=Dy—+ Dy—yz' D,~ —z V +Qs, 9

ot X 0z
where V represents the uniform velocity aligned with
the x-axis.

In a thin aquifer in which the solute is uniformly
mixed in the vertical (y-z) plane at the inflow bound-
ary, the concentration gradient in the z-direction,
3C/dz, equals zero. The two-dimensional solute-
transport equation can be expressed as

3C__ &C, _ #°C _aC

oD 5+
ot ax +Qs

x> (10)

Finally, if the solute concentration is uniform over
the entire inflow boundary, such as in a soil column,
the term aC/oy would also equal zero, yielding the
one-dimensional solute-transport equation that can be
expressed as

aC_ 2ca

T 0l *‘Qs, (11)
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where D represents the dispersion coefficient along
the direction of flow.

Chemical transformation

In addition to physical mechanisms that govern the
movement of solutes through the ground-water sys-
tem, chemical transformations may alter the concen-
tration of a contaminant species in solution. Possible
chemical transformations include dissolution, precipi-
tation, oxidation, reduction, biological degradation,
radioactive decay, and adsorption and ion-exchange
reactions between the solute and the solid matrix of
the aquifer.

If the processes involved in chemical transformation
can be described mathematically, they then can be
incorporated in the source term, Q,, in the solute-
transport equation for each chemical species. The
analytical solutions described herein have been
derived for systems in which the chemical transforma-
tion terms are given by first-order (linear) relations.
The relations and their incorporation in the solute-
transport equation are described below.

Linear equilibrium adsorption

Many ionic inorganic solutes and nonpolar organic
solutes can be removed from solution by adsorption
onto the surface of soil particles. The solute may be
attracted to soil surfaces by either electrical attrac-
tion, Van der Wals forces, or chemical bonding (chemi-
sorption). A general expression for the change in
solute concentration due to partitioning of solute par-
ticles on the solid matrix (in the absence of dispersive
or advective fluxes) can be stated as

aC a3
83t = Pyt s (12)

where

pp, =bulk density of solid matrix measured as mass
per unit volume of aquifer material [M/L®], and
S =mass of solute adsorbed on solid matrix per

unit mass of solid material [dimensionless].
The amount of solute remaining in solution depends
on the amount of solute in the adsorbed phase. The
functional relation is usually determined experimen-
tally through a series of batch tests in which solutions
of known initial concentration are mixed with differing
amounts of adsorbate. After equilibrium is achieved,
the final solute concentration of each solution is meas-
ured, and the mass of solute adsorbed is calculated.
An equilibrium adsorption curve can then be fitted to
these data. Equilibrium concentrations are dependent
on temperature, and the adsorption curve at a partic-

T T T T 1
Q,
Q =Maximum mass of solute removed by

adsorption per unit mass of adsorbate

-
<
[
T

~ Equilibrium adsorption
1sotherm

-
(=]
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T

k=slope of linear approximation to
equilibrium adsorption isotherm
10° |

MASS OF SOLUTE ADSORBED PER UNIT MASS
OF ADSORBATE, IN MILLIGRAMS PER LITER

/- Observed mass concentration values

i 1 1 1 1
108 106 104 102 10° 10+2 10+4
CONCENTRATION OF SOLUTE IN SOLUTION, IN MILLIGRAMS PER LITER

Figure 1.—Typical shape of equilibrium adsorption
isotherm.

ular temperature is termed an “equilibrium adsorption
isotherm.” A typical equilibrium adsorption isotherm
is shown in figure 1.

A linear approximation of the equilibrium adsorp-
tion isotherm is generally applicable in systems in
which the solute concentration is low relative to the
adsorptive capacity of the porous medium. The
adsorption of various nonionic organic solutes at trace
concentrations onto sediments and soils has also been
shown to be linear (Cherry and others, 1984). Many
nonlinear forms for the adsorption isotherm, some
empirical and some that account for the physical
mechanisms of adsorption, are suggested in the liter-
ature (see Helfferich, 1962). However, the transport
equation that incorporates these other forms must be
solved by numerical methods.

Because the amount adsorbed depends solely on the
solute concentration, equation 12 can be expressed as

aC aS aC

85t = ~Po3C 3t (13)

where 385/8C is determined from the functional rela-
tion between C and S. For a linear equilibrium adsorp-
tion isotherm, 8S/dC is equal to the slope of the
adsorption isotherm and often is termed k or the
“partitioning coefficient.” The source term can be
incorporated in the general three-dimensional form of
the solute-transport equation (eq. 9) to yield

aC _9#C _d*C _éC _oC
RT‘){= Dx&z+ DVW+ Dz&z— V& R (14)

where R is referred to as the “retardation factor,”
given by

kpy,

R=1+T. (15)
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Dividing through by R yields

IC__.#C . _*C, _.6°C _.oC

at _Dxax2+Dyay2+Dz oz? v ax’ (16)
where V" and D}, Dj, and D, are the scaled (or
retarded) velocity and dispersion coefficients, respec-
tively. Equation 16 shows that transport of solutes
subject to linear adsorption can be simulated in the
same manner as a nonadsorbed solute using these
scaled coefficients. Because the apparent velocity of
the adsorbed solute is reduced, the solute will arrive
at a given point later than a nonadsorbed solute.

The use of equilibrium isotherms assumes that
equilibrium exists at all times between the porous
medium and the solute in solution. This assumption is
generally valid when the adsorption process is fast in
relation to the ground-water velocity (Cherry and
others, 1984). If adsorption proceeds slowly, kinetics
of the reaction must be considered. Nonequilibrium
adsorption relations can be incorporated in the trans-
port equation, but numerical methods are needed for
solution of the resulting equation.

The process of adsorption is also assumed to be
reversible. If hysteresis effects during desorption are
significant, other forms of the adsorption isotherms
must be considered, and numerical methods would be
required.

lon exchange

Ion exchange is an adsorption process in which a
cation in solution replaces another cation that is elec-
trically bound to collodial material in the soil. Under
certain conditions, ion exchange can be modeled in a
manner similar to linear adsorption (R.W. Cleary,
Princeton University, written commun., 1977). The
exchange reaction for monovalent ions can be
expressed as

A*+B*R2B*+A"R, an

where A* is used to represent a cation in solution, R
is the exchange medium, and B* represents the
counter ion released from the exchanger. At equilib-
rium, a selectivity coefficient, Ks, can be defined, such
that

[B*I[A"R]
where the bracketed terms represent the activities of
each constituent.

Measured values of K¢ can be used in simulating
transport by making the following assumptions: (1) if
all exchange sites are assumed to be occupied initially,

then [B*R] represents the total cation exchange
capacity (CEC) of the medium, which can be deter-
mined experimentally and then treated as a constant;
(2) the counter ion, B*, is usually present in solution
at much greater concentrations than the solute A*,
and releases of additional amounts of the counter ion
by exchange will not significantly alter its concentra-
tion; thus, [B*] can also be treated as a constant; and
(3) the relation between the amount of solute on the
exchange sites and the amount remaining in solution
can be defined as

[A™]
d [ A+ R] ’ (19)
where the distribution coefficient, kg4, is determined
through laboratory batch tests.
Given these assumptions, the general expression for
the change in solute concentration due to cation
exchange can be expressed as

aC aC
057 =—PuKagp ) (20)
where
K.CEC

This term would replace k in equation 15. For
monovalent-divalent cation exchange, where

AT"+2B*R22B*+A**R, (22)
the distribution coefficient can be given by

_ K, *CEC?
kd—w. (23)

First-order chemical reactions

Simple chemical reaction terms can be formulated to
account for the kinetics of reactions under nonequilib-
rium conditions. A first-order chemical process, such
as radioactive decay or biological degradation,
involves the irreversible unimolecular conversion of
solute A to solute B (A—B). The rate of the reaction
can be given by

dIAl__
= -MAl @4)

where A is the rate coefficient [1/T]. The rate coeffi-
cient can be expressed in terms of the half-life of the
solute, T, (the time required for the concentration of
the solute species to be reduced to half the initial
concentration), as




ANALYTICAL SOLUTIONS FOR SOLUTE TRANSPORT IN GROUND-WATER SYSTEMS WITH UNIFORM FLOW 7

A=In(@)/T,,=0.693/Ty,. (25)

Equation 9 can be written to incorporate the first-
order reaction as
aC 9C 620 aC
5t Dxa—z Dy—yz z&z’ V AC. (26)
If the solute is subject to linear adsorption and to

first-order chemical transformation in both the solute
and adsorbed phases, equation 9 can be expressed as

aC . #C _ o*C azc aC

Ré)t Dx—z' Dy—}g z—z V —-RAC (@7

where R is the retardation factor (eq. 15) or

aC *azc *azc *azc 0C
E_Dxax —yz z-a—zz' V— X -\C, (@8

where V" and D" represent the scaled velocity and
dispersion coefficients. If the adsorbed phase is not
subject to chemical transformatlon \ in equation 28
should be replaced by \*, where

*

A =MR. (29)

Some multiple-ion reactions can be approximated as
a first-order reaction if all ions, except the species
being considered, are present at high concentrations
(R.W. Cleary, Princeton University, written com-
mun., 1977). For example, if the reaction involves the
conversion of solutes A and B to form solute C(A+B
—C), the rate of reaction would be given as

diA]_

~it = ~Mas[AlBI. (30)

If solute B is present at high concentration, its
concentration will not change significantly due to
conversion of A and [B] can be treated as a constant.
Equation 26 or 28 can then be used with a modified A
term, where A=MAap[B]. General bimolecular or
multiple-ion reactions result in nonlinear chemical
source terms. Reversible reactions and multistep
reactions require simultaneous solution of the trans-
port equation written for each species. Simulation of
transport involving these chemical processes usually
requires numerical methods.

Initial conditions

To solve the solute-transport equation, a complete
set of boundary and initial conditions must be speci-
fied. Initial conditions are used to define the solute
concentration in the aquifer at the time inflow of
solute begins. For the analytical solutions presented

in this report, the initial conditions are specified such
that all initial concentrations are zero. If the solute is
conservative, a constant initial background solute
concentration can be added to the calculated concen-
trations. Analytical solutions for one-dimensional
transport of nonconservative solute transport with
nonzero initial concentrations are given in van Genu-
chten and Alves (1982).

Boundary conditions

Three types of boundary conditions are generally
associated with the solute-transport equation. The
first-type (or Dirichlet) boundary condition specifies
the value of the concentration along a section of the
flow-system boundary. The second-type (or Neu-
mann) boundary condition specifies the gradient in
solute concentration across a section of the boundary.
The third-type (or Cauchy) boundary condition is
applied where the flux of solute across the boundary is
dependent on the difference between a specified con-
centration value on one side of the boundary and the
solute concentration on the opposite side of the bound-
ary. These three types of boundary conditions are
used to describe conditions at the inflow and outflow
ends of the flow system and also along the lateral
boundaries of two- and three-dimensional systems.

Inflow boundary

The third-type boundary condition best describes
solute concentrations at the inflow end in a uniform
flow system (Bear, 1979, p. 268), where a well-mixed
solute enters the system by advection across the
boundary and is transported away from the boundary
by advection and dispersion. The boundary conditions
can be given as

aC

VC—DX-3;=VCO, x=0, (31)

where C, is the known measured concentration in the
influent water. The third-type boundary condition
allows for solute concentration at the inflow boundary
to be lower than C, initially and then to increase as
more solute enters the system. Over time, the concen-
tration gradient across the boundary, 9C/dx,
decreases as the concentration at the inflow boundary
approaches C,.

Alternatively, a first-type boundary condition can
be specified at the inflow end, such that
x=0.

C=C,, (32)

Application of this simpler form of boundary condition
presumes that the concentration gradient across the
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boundary equals zero as soon as flow begins. How-
ever, this may lead to overestimation of the mass of
solute in the system at early times.

Equation 31 indicates that the difference between
concentrations predicted for a system having a first-
type source boundary condition and a system having a
third-type boundary condition should decrease as the
quantity D/V decreases. Additional discussions of the
effect and relative merits of the different types of
inflow boundary conditions are presented in Gershon
and Nir (1969), van Genuchten and Alves (1982), and
Parker and van Genuchten (1984).

Outflow boundary

Often, the outflow boundary of the system being
simulated is far enough away from the solute source
that the boundary will not affect solute concentrations
within the area of interest. Such a system can be
treated as being “semi-infinite,” and either a first-type
or second-type boundary condition can be specified as

aC_
C, ax_O’ X

o, (33)

When the system has a finite length, and solute
concentrations near the outflow boundary are of inter-
est, selection of an appropriate boundary condition
becomes more difficult. In general, if the system
discharges to a large, well-mixed reservoir and the
additional solute will not significantly alter reservoir
concentrations, then a third-type or first-type bound-
ary condition (similar to the inflow boundary) can be
used. If the reservoir is small or not well mixed, such
as at the end of the soil column in figure 24, concen-
trations in the reservoir would equal solute concentra-
tion at the discharge end of the system, and thus no
concentration gradient would exist across the bound-
ary. This can be specified by a second-type boundary
condition as

aC_ =
a—X—O, x=L, (34)

where L represents the length of the finite system.

Van Genuchten and Alves (1982, p. 90-96) analyzed
the difference between predicted econcentrations
obtained using analytical solutions for a semi-infinite
system and a finite system having a second-type
boundary condition in terms of two dimensionless
numbers: (1) the column Peclet number (P) and (2) the
number of displaced pore volumes (T), which are
defined by

p=YL (35)

and

They found that the predicted concentration at points
near the outflow boundary begins to differ signifi-
cantly for T greater than 0.25 and that the differences
increase as T approaches 1 (corresponding to move-
ment of the solute front closer to the outflow bound-
ary). The magnitude of the difference and distance
inward from the outflow boundary at which the solu-
tions diverge decreases as P values increase.

Lateral boundaries

In two- and three-dimensional systems, imperme-
able or no-flow boundaries may be present at the base,
top, or sides of the aquifer. Because there is no
advective flux across the boundary, and molecular
diffusion across the boundary is assumed to be negli-
gible, the general third-type boundary condition sim-
plifies to a second-type boundary condition, expressed
as

9C_

oy =0 y=0and y=W (37a)
and
%:0, z=0and z=H 37)

where W and H represent the width and height of the
aquifer, respectively.

In many eases, lateral boundaries of the system may
be far enough away from the area of interest that the
system can be treated as being infinite along the y-
and z-axes. Boundary conditions can then be specified
as

C, %=o, y= oo (382)
and
oC_ o
C,%2=0, z=zo, (38D)
Superposition

Because the solute-transport equation is a linear
partial-differential equation, the principle of superpo-
sition can be used to calculate concentrations in the
system if solute concentrations at the inflow boundary
vary over time. The general form of the solution can
be expressed as

C=C. A(x,y,z,t) +H(C;—C AR,y z[t -t D, BD
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Figure 2.—Examples of situations in which the principle of superposition can be applied: A, soil column with
time-varying input concentration (cases A and B in text), B, waste-disposal site with spatially varying input
concentrations (case C in text), and C, plot of average concentration measured along waste-disposal site boundary.
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where
C, =initial solute concentration at boundary,
A(x,y,z,t) =general form of analytical solution where
concentration is a function of space and

time,
C, =solute concentration at boundary after
t=t,, and

t, =time at which solute concentration chang-
es at boundary.

The principle of superposition should be familiar to
most hydrologists who have used analytical solutions
(such as the Theis equation) in analyzing aquifer tests.
Several examples are provided to illustrate its appli-
cation to solute-transport simulation.

Case A:

A solution is passed through a 100-in-long soil
column (fig. 2A) for a period of 10 hours, with V=0.5
inch per hour (in/h), D=0.05 square inch per hour
(in*/h), and C,=100 milligrams per liter (mg/L). At the
end of the 10-hour period, the concentration of the
influent is increased to C,=300 mg/L. Of interest is
the concentration at x=10 in at the end of a total
elapsed time of 20 hours.

The analytical solution for transport of a conserva-
tive solute in a semi-infinite column (assuming that
boundary effects at x=L are negligible) with a first-
type inflow boundary condition was given by Ogata

and Banks (1961) as
Vt Vx x+Vt
Ax,t)= {erfc[2 \/Dt]+exp|: ]oerfc[2 \/—D_t]}’

where erfc is the complementary error function. (The
solution is desecribed in more detail later.) For the
values given, equation 39 becomes

C(10 in, 20 hours)=100 mg/L+A(10 in, 20 hours)+ (300
mg/L-100 mg/L)A(10 in, [20
hours-10 hours])

=100 mg/Le(0.984)+200 mg/L
+(0.088)
=116.0 mg/L.

Case B:

This case is similar to case A, except that at the end
of 10 hours, solute-free water (C,=0.0 mg/L) is passed
through the soil column, thus creating a solute pulse of
finite duration. The concentration of solute at x=10in
and t=20 hours can be given from equation 39 as

C(@10 in, 20 hours)=100 mg/L+A (10 in, 20 hours)+
(0-100 mg/L)*A (10 in, [20-10
hours))

=100 mg/lf(U 984)—100 mg/L
+(0.088)
=89.6 mg/L.

The principle of superposition can also be used to
simulate more complex solute configurations at the
boundary of two- and three-dimensional systems, as
shown in case C. Also, if solute sources are at two
locations, the calculated concentration from the first
source at a particular point of interest can simply be
added to the calculated concentration from the second
source at that point.

Case C:

A waste-disposal site, shown in plan view in figure
2B, has a solid-waste landfill and a smaller area for
sludge disposal. Measured concentrations in fully
screened wells along the eastern boundary downgra-
dient from the landfill had chloride concentrations
averaging 300 mg/L. Wells downgradient from both
the sludge pond and the landfill had concentrations
averaging 900 mg/L. Background chloride concentra-
tions are 50 mg/L. Given V=1 foot per day (ft/d), D,
=20 feet squared per day (ft%d), and D,=4 ft%/d,
calculate the concentration at a private well located at
x=500 ft and y=300 ft at the end of 1 year.

The analytical solution for transport of a conserva-
tive solute in an infinitely wide aquifer having a
finite-width or “strip” source along the inflow bound-
ary is modified from Cleary and Ungs (1978, p. 17):

Vx\t =3
A%y, Y, Yo )= 4\/ 7D, eXp(ZD )j T
—x2 V2 :l { [YI Y:|
exp[4D —Z]‘)‘ * eI’fC 2'\/D T

Yo-y
erfe [2 \/DyT_]}dT’

where Y; and Y2 are coordinates of the endpoints of
the source on the y-axis and 7 is a dummy variable of
integration. The solute source can be represented by
two strip sources, the first extending from Y;=200 to
Y2=800 ft, with an effective concentration, C,, of 250
mg/L (difference between measured and background
concentration) and the second extending from Y=
400 to Y2=600 ft, with a concentration, Cg, of 600
mg/L (measured concentration minus first-source
effective concentration and background concentra-
tion). The concentration at the private well can be
calculated as

C(500 ft, 300 ft)zcbackg-round"' CI°A(500 ft/, 300 ft, 200
ft, 800 ft, 365 days)+Cgr A(500 ft,
300 ft, 400 ft, 600 ft, 365 days)
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A

Land surface

— X=0

Septic tank drain field

Direction of
fluid movement

Unsaturated zone

Water table

Not to scale

Figure 3.—Two examples (A and B) of contaminant movement in field settings that can be simulated as
one-dimensional solute-transport systems.

=50 mg/L+250 mg/L+(0.1612)+600  developed for study of dispersion phenomena in soil or

mg/L(0.1354) adsorption columns. Some field situations can also be

=171.5 mg/L. idealized as one-dimensional transport systems; two

. . examples are shown in figure 3. Figure 3A represents
O"E'Dlmensu)nal SOIUte steady vertical flow through the unsaturated zone

‘ Transport beneath a septic tank drain field. Transport at the

center of the field is simulated, and the horizontal
Many analytical solutions for the one-dimensional  spread of solutes along the edges of the field is
form of the solute-transport equation (eq. 11) were  ignored. Figure 3B represents a case of steady hori-
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zontal ground-water flow from river A, which has
been contaminated, to river B. ’
One-dimensional systems can be finite, semi-
infinite, or infinite in extent. In the finite or semi-
infinite systems, water containing a known concentra-
tion of a contaminant species enters the system at the
origin (at x=0). Water and solute exit at the opposite
end of the system (at x=L), which could represent the
water table, a stream, or the end of a soil column (fig.
3).
In the finite-length system, the outflow boundary is
close enough that it will have an effect on the magni-
tude of concentrations within the area of interest. If
the outflow boundary is far enough away as to have
negligible effect on solute concentrations in the area of
interest (equivalent to T<<0.25, where T is the number
of displaced pore volumes), solutions for a semi-
infinite system can be used and are generally easier to
evaluate.
An example of transport in an infinite system might
be the injection of a solute into the center of a long soil
column. In this case, the spread of solute, both upgra-
dient and downgradient from the source, is of interest.
Solutions for an infinite system can be found in van
Genuchten and Alves (1982) and Bear (1972, 1979).
For the four analytical solutions presented in this
section, either a first- or third-type boundary condi-
tion is specified at the inflow end of a finite or
semi-infinite system. Specifically, the solutions are
for a
® Finite system with a first-type boundary condition
at the inflow end,
® Finite system with a third-type boundary condition
at the inflow end,

e Semi-infinite system with a first-type boundary
condition at the inflow end, and

¢ Semi-infinite system with a third-type boundary
condition at the inflow end.

Solutions for the finite systems assume a second-type

boundary eondition at the outflow end.

Two computer programs, FINITE and SEMINF,
were developed to calculate concentrations in these
four systems as a function of distance and elapsed
time. These programs are also described in this sec-
tion. The format used in presenting each of the
solutions may seem repetitive, but it provides for easy
reference.

Finite system with first-type source
boundary condition

Governing equation

One-dimensional solute-transport equation:

%=D‘;27§ —V‘;—S—)\C (40)
Boundary conditions:
C=C,, x=0 (41)
%% . x=L (42)
Initial condition:
C=0, 0<x< L at t=0 (43)
Assumptions:

1. Fluid is of constant density and viscosity.

2. Solute may be subject to first-order chemical trans-

formation (for a conservative solute, A=0).

Flow is in x-direction only, and velocity is constant.

. The longitudinal dispersion coefficient (D), which ig
equivalent to D, (eq. 7), is constant.

P o

Analytical solution

The following equation is modified from van Genu-
chten and Alves (1982, p. 63-65):

[(V—U)x]+(U—V) [(V+U) _gg]
P 7op [T\ 2D D

Cix,t)=C,

{1+ U-v) exp [__— ULH
U+Vv) D

2 2
sl ol 221

2 / 2
Bi2+(‘£1) +E][Bi2+ y_L_) +x_L2]
2D 2D 2D D

where U=+/VZ+4AD and B, are the roots of the
equation

B cot B+3=0. 45)
Comments:

Values of the first six roots of equation 45, ascot(a)
+c=0, are tabulated in Carslaw and Jaeger (1959, p.
492) for various values of the constant c. Additional
roots of equation 45 can be found through standard
root-search techniques.

The maximum number of terms that should be
computed in the infinite series summation depends on
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how fast the series converges. Convergence is usually
a problem at early times (or at T << 1) near the origin
(x=0), especially when the column Peclet number (P
in eq. 85) is relatively large. The program described
below determines that the series has converged if the
absolute value of the last term in the series is less than
1x107'2. A good initial estimate for the maximum
number of terms is 100, but more should be used if the
program indicates that the series did not converge. A
minimum of 25 roots is used by the program.

For a solute that is not subject to first-order chem-
ical transformation (A=0), equation 44 can be replaced
(Cleary and Adrian, 1973; Wexler and Cleary, 1979)

by

2
Cx,t)=C,J) 1-2 expl}%—%]

2
. in( 2oy -E2Y)

2
= B{“+(‘LL_) +VL
2D 2D

(46)

For large values of time (steady-state solution),
equation 44 can be reduced (van Genuchten and Alves,
1982, p. 58) to

[(V—U)x] (U-V) [(V+U)x UL]
+ exp =

2D U+V) 2D D
C(x)=C exp . 4N
REey
U+Vv) D

Linear equilibrium adsorption and ion exchange can
be simulated by first dividing the coefficients D and V
by the retardation factor, R (eq. 15). (Note: U in egs.
44 and 47 would be given by U=+/V +4AD"). Tempo-
ral variations in source concentration can be simulated
through the principle of superposition (eq. 39).

Description of program FINITE

The program FINITE computes the analytical solu-
tion to the one-dimensional solute-transport equation
for a finite system with a first-type (eq. 44) or third-
type (eq. 52) source boundary condition at the inflow
end. It consists of a main program and four
subroutines—ROOT1, ROOT3, CNRML1, and
CNRML3. The function of the main program and
subroutines ROOT1 and CNRML1 are outlined below;
the program code listing is presented in attachment 2.
Subroutines ROOT3 and CNRMLS3 are called when a
third-type boundary condition is specified and are
described in a subsequent section.

The program also calls the output subroutines
TITLE, OFILE, and PLOT1D, which are common to
most of the programs described in this report. These
subroutines are described in detail later.

Main program

The main program reads and prints all input data
needed to specify model variables. The required input
data and the format used in preparing a data file are
shown in table 1.

The program calls subroutine ROOT1 to compute
the positive roots of equation 45 when a first-type
source boundary condition is specified and then exe-
cutes a set of nested loops. The inner loop calls
subroutine CNRML1 to calculate the concentration
for a particular time value and distance; the outer loop
cycles through all specified time values and prints a
table of concentration in relation to distance for each
time value. Graphs of concentration in relation to
distance can also be plotted.

Subroutines ROOT1 and CNRML1

Subroutine ROOT1 calculates the roots of the equa-
tion

accot(a)+c=0

by an iterative procedure. The first root is known to
lie between n/2 and 7, and an initial estimate of 0.75 =
is made. Newton’s second-order method (Salvadori
and Baron, 1961, p. 6) is used to correct and update
the estimate at each iteration. A maximum of 50
iterations and a convergence criterion of 1.0x107°
are set in the subroutine. Each subsequent root of the
equation is about m greater than the previous one.
This value is used as an initial estimate in the search
for the remaining roots.

Subroutine CNRMLI1 calculates the normalized con-
centration (C/C,)) for a particular time value and
x-distance value, using equation 44 for a solute subject
to first-order chemical transformation and equation 46
if the solute is conservative (A=0). The number of
terms taken in the infinite series summation is speci-
fied in the input data.

Sample problems 1a and 1b

Two sample problems are presented that use data
similar to the data given in Lai and Jurinak (1972). In
sample problem la, a conservative solute is introduced
into a saturated soil column under steady flow. Model
variables are

Velocity (V) =0.6 in/h
Longitudinal dispersion (D) =0.6 in%h
System length (L) =12 in
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Table 1.—Input data format for the program FINITE

Data Variable
set Columns  Format name Description
1 1 -60 A60 TITLE Data to be printed in a title box on first page of program output.
Last line in data set must have an "=" in columm 1. First four lines
are also used as title for plot.
2 1-4 I4 NBC Boundary condition type (NBC = 1 for a first-type boundary condition;
NBC = 3 for a third-type boundary condition).
5-8 I4 NX Number of x-coordinates at which solution will be evaluated.
9-12 I4 NT Number of time values at which solution will be evaluated.
13 - 16 14 KROOT Number of terms used in infinite series summation.
17 - 20 I4 IPLT Plot control variable. Concentration profiles will be plotted if IPLT
is greater than 0.
3 1-10 Al CUNITS Character variable used as label for units of concentration in program
‘ output.
11 - 20 Al0 VUNITS Units of ground-water velocity.
21 - 30 Alo DUNITS Units of dispersion coefficient.
31 - 40 Al0 KUNITS Units of solute-decay coefficient.
41 - 50 Al0 LUNITS Units of length.
51 - 60 Al0 TUNITS Units of time.
4 1-110 Flo.0 co Solute concentration at inflow boundary.
11 - 20 F10.0 X Ground-water velocity in x-direction. 1
21 - 30 Flo0.0 DX Longitudinal dispersion coefficient. !
31 - 40  F10.0 DK First-order solute-decay coefficient.l
41 - 50 F10.0 XL Length of flow system.!
51 - 60 F1l0.0 XSCLP Scaling factor by which x-coordinate values are divided to convert them
to plotter inches.
5 1 - 80 8F10.0 X(I) X-igggsi{.nates at which solution will be evaluated (esight values per
6 1- 80 8Fl10.0 T(I) Tini::nzglues at which solution will be evaluated (eight values per
1211 units must be consistent.
i
Solute concentration at inflow =1.0 mg/L. Retardation factor (R) =8.31
boundary (C,) Scaled velocity (V") =0.072 in/h
Scaled dispersion coefficient (D*)  =0.072 in%/h.

Concentrations are calculated for points 0.5 in apart at
elapsed times of 2.5, 5, 10, 15, and 20 hours.

In sample problem 1b, a solute is removed by linear
equilibrium adsorption. Additional model variables
are

Soil bulk density (p,) =0.047
Ib(mass)/in®

Porosity (n) =0.45

Slope of adsorption isotherm (k) =70 in*1b
(mass).

From these values and equations 15 and 16 (substitut-
ing n for 8), the terms obtained are

Concentrations are calculated for points 0.5 in apart at
elapsed times of 20, 50, 100, and 150 hours.

The input data sets for sample problems 1a and 1b
are shown in figures 44 and 54; computer plots of
concentration profiles generated by the program
FINITE are shown in figures 48 and 5B. Comparison
of the concentration profiles at 20 hours shows the
retarding effect of adsorption on solute movement.

Program output for sample problem 1a is presented
in attachment 4. Sample problems la and 1b each
required 3.9 seconds (s) of central processing unit
(CPU) time on a Prime model 9955 Mod I1.
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A
Sample Problem la -- Solute transport in a finite-length
soil columm with a first-type boundary condition at x=0
Model Parameters: L=12 in, V=0.6 in/h, D=0.6 in**2/h
K1=0.0 per h, C0=1.0 mg/L
1 25 05 50 1
MG/L IN/H IN**2/H PER HOUR INCHES HOURS
1.0 0.6 0.6 0.0 12,0 1.2
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5
8.0 8.5 9.0 9.5 10.0 10.5 11.0 11.5
12.0
2.5 5.0 10.0 15.0 20.0
B

Somple Problem la == Solute tronsport in a finite-length
soil column with o first-type boundary condition at x=0
Model Parameters: L=12 in, V=0.6 in/h, B=0.6 Ln%x2/h

K1=0.0 per h, CO=1.0 mg/L

T T T T T
ELAPSED TIME, IN HOURS
TIME = 2.500

0.9

0.8

NORMALIZED CONCENTRATION
o
u
T

0 ! 1 1 1 L o—r1 ——l o
0 1.2 2.4 3.8

4.8 3 7.2 8.4 9.6 10.8 12
DISTANCE ALONG X-AXIS, IN INCHES |

Figure 4.—(A) Sample input data set, and (B) concentration profiles generated by the program
FINITE for a conservative solute in a finite-length system with first-type source boundary
condition after 2.5, 5, 10, 15, and 20 hours (sample problem 1a).
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Sample Problem 1b -- Solute transport in a finite-length

soil column with a first-type boundary condition at x=0

Model Parameters: L=12 in, V=0.072 in/h, D=0.072 in**2/h
K1=0.0 per h, C0=1.0 mg/L

Solute is subject to linear adsorption

1 25 04 50 1

MG/L IN/H IN**2/H PER HOUR INCHES HOURS
1.0 0.072 0.072 0.0 12.0 1.2
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5
8.0 8.5 9.0 8.5 10.0 10.5 11.0 11.5
12.0
20.0 50.0 100.0 156.0

Sample Problem 1b -- Solute transport in o finite-length
soil column with a first-type boundary condition at x=0
Model Parameters: L=12 in, V=0.072 in/h, D=0.072 inxx2/h

K1-0.0 per h, C0O-1.0 mg/L

1 T T T T T T
ELAPSED TIME, IN HOURS
o TIME - 20.00
& TIME = 50.00
+ TIME = 100.0
X A
0.9 | TIME - 150 i
0.8 m
0.7 4
=
o W,
= - -
= °e \\’\
=
=
z
[ 78]
()
5
S o5t ]
Q
Ll
~N
&
= 0.4 F .
o
o
P
0.3 4
.
0.2 b \\“
0.1 4
o 1 ! 1 L 1 ig. ol — St
0 1.2 2.4 3.8 4.8 6 7.2 8.4 9.6 10.8 12

DISTANCE ARLONG X-AXIS, IN INCHES

Figure 5.—(A) Sample input data set, and (B) concentration profiles generated by the program FINITE for
a solute subject to linear adsorption in a finite-length system with first-type source boundary
condition after 20, 50, 100, and 150 hours (sample problem 1b).
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Finite system with third-type source
boundary condition

Governing equation

One-dimensional solute-transport equation:

aC_ aZC aC
e az_Vx AC (48)

Boundary conditions:

VC,=VC-DLX,  x=0 49)
%o, x=L (50)
Initial condition:
C=0, 0<x<L at t=0 (561)
Assumptions:

1. Fluid is of constant density and viscosity.

2. Solute may be subject to first-order chemieal trans-
formation (for a conservative solute, A=0).

Flow is in x-direction only, and velocity is constant.
The longitudinal dispersion coefficient (D), which is
equivalent to D, (eq. 7), is constant.

Ll

Analytical solution

The solution to equation 48 was first presented by
Selim and Mansell (1976). The following equation is
modified from a form presented in van Genuchten and
Alves (1982, p. 66-67):

[(V—U)x]+(U—V) [(V+U)x I_J_L_]
2d | W+ 20 D

e ]
2V 2Vv(U+V) D

Cix,t)=C,

2Dt
exp[ - BlIJz :|
N , (52)

oo (75 5]
' \2D D

where U=+/VZ+4\D and B; are the roots of the
equation

’D VL
B co tB—Ef_L - (53)

For a solute that is not subject to first-order chem-
ical transformation (A=0), equation 52 can be simpli-
fied (Gershon and Nir, 1969, p. 837; van Genuchten
and Alves, 1982, p. 13) as

Cx,t)=C,

1 2VL Vx V&
D “*P|2D 4D

- BI[BICOS(B‘ )+(2D)Sin(%)}
.; 2, (VL\?, VL
o ()

ZDt
exp[ - B L2 ]

—_ . (64)
]
2D

For large values of time (steady-state solution),
equation 52 can be reduced (van Genuchten and Alves,
1982, p. 59) to

[(V—U)x] (U-v) [((V+U)x) UL]
exp + eXp —_——

0x)=C,4 2D (U+V) 2D D (55
[(U+V) __(U-vy ]exp[_gg]
2V 2V(U+V) D
Comments:

The roots of equation 53 can be found by standard
root-search techniques. An iterative technique using
Newton’s second-order correction method was
described in the preceding section.

Linear equilibrium adsorption and ion exchange can
be simulated by first dividing the coefficients D and V
by the retardation factor, R (eq. 15). (Note: U in egs.
52 and 55 would be given by U=+/V +4AD"). Tempo-
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ral variations in source concentration can be simulated
through the principle of superposition (eq. 39).

Description of program FINITE

The analytical solution to the one-dimensional
solute-transport equation for a finite system with a
third-type (or first-type) source boundary condition at
the inflow end is computed by the program FINITE,
described in detail in the preceding section. The main
program reads and prints all input data needed to
specify model variables. The required input data and
the format used in preparing a data file are shown in
table 1.

The main program then calls subroutine ROOTS to
compute the positive roots of equation 53 when a
third-type source boundary condition is specified, and
executes a set of nested loops. The inner loop calls
subroutine CNRML3 to calculate the concentration
for a particular time value and distance; the outer loop
cycles through all specified time values and prints a
table of concentration in relation to distance for each
time value. Graphs of concentration in relation to
distance can also be plotted.

Subroutines ROOT3 and CNRML3

Subroutine ROOTS3 calculates the roots of the equa-
tion ascot(a)—bea?+c=0. The procedure followed is
similar to that for subroutine ROOT1 (described in the
preceding section), with w/2 as an initial estimate for
the first root.

Subroutine CNRMLS3 calculates the normalized con-
centration (C/C,) for a particular time value and
distance value, using equation 52 for a solute subject
to first-order chemical transformation and equation 54
if the solute is conservative (\=0). The number of
terms taken in the infinite series summation is speeci-
fied in the input data.

Sample problem 2

In sample problem 2, the solute introduced into the
soil column is assumed to be conservative. Model
variables are identical to those in sample problem 1a
and are

Velocity (V) =0.6 in‘h
Longitudinal dispersion (D) =0.6 in®/h
System length (L) =12 in
Solute concentration opposite =1.0 mg/L.

inflow boundary (C,)

Concentrations are calculated for points 0.5 in apart at
elapsed times of 2.5, 5, 10, 15, and 20 hours.

The input data set for sample problem 2 is shown in
figure 6A4; a computer plot of concentration profiles
generated by the program FINITE is shown in figure
6B. Output for this sample problem is presented in

attachment 4. Sample problem 2 required 4.3 s of CPU
time on a Prime model 9955 Mod II.

Comparison of figures 4B and 6B shows that the
principal difference between the solutions for a first-
type and a third-type source boundary condition is
reflected in the solute concentrations near the inflow
boundary at early times. As mentioned previously,
these differences decrease with decreasing values for
the quantity D/V.

Semi-infinite system with first-type
source boundary condition
Governing equation

One-dimensional solute-transport equation:

aC azc aC
—=D5-V——1C (56)

Boundary conditions:

c=C,, x=0 (567
c2-0, x=c (58)
Initial condition:
C=0, 0<x<oo at t=0 (59)
Assumptions:

[uy

. Fluid is of constant density and viscosity.

2. Solute may be subject to first-order chemical trans-

formation (for a conservative solute, A=0).

Flow is in x-direction only, and velocity is constant.

. The longitudinal dispersion coefficient (D), which is
equivalent to D, (eq. 7), is constant.

~ o

Analytical solution

The following equation was modified from Bear
(1972, p. 630) and van Genuchten and Alves (1982,
p- 60):

Clx, ty=Se {exp[ sp(V - U)} erfe [; \/gt]

+exp[2D(V+U)} erfc[ifj/gﬂ} (60)

where U=+/VZ+4AD.

The analytical solution for a solute not subject to
first-order chemical transformation (A\=0) was derived
by Ogata and Banks (1961) as
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Sample Problem 2 -~ Solute transport in a finite-length

soil colunn with a third-type boundary condition at x=0

Model Parameters: L=12 in, V=0.6 in/h, D=0.6 in**2/h
K1=0.0 per h, C0=1.0 mg/L

3 25 05 50 1
MG/L IN/H IN**2/H PER HOUR INCHES HOURS
1.0 0.6 0.6 0.0 12.0 1.2
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5
8.0 8.5 9.0 9.5 10.0 10.5 11.0 11.5
12.0
2.5 5.0 10.0 15.0 20.0

ModelL Parameters: L=12 in, V=0.6 in/h, D=0.6

Sample Problem 2 ~- Solute transport in a finite-lLength
soll column with a third-type boundary condition at x=0

Lnx2/h

K1-0.0 per h, CO=1.0 mg/L

T T
ELAPSED TIME, IN HOURS
O TIME - 2.500
4 TIME -~ S.000
+ TIME - 10.00
x  TIME - 15.00
¢ TIME - 20.00 b

NORMALIZED CONCENTRATION

0 1.2 2.4 3.6 6 7.2 8.4

4.8
DISTANCE ALONG X-AXIS, IN INCHES

9.8 10.8 12

Figure 6.—(A) Sample input data set, and (B) concentration profiles generated by the program
FINITE for a conservative solute in a finite-length system with third-type source boundary

condition after 2.5, 5, 10, 15, and 20 hours (sample problem 2).
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C(x,t)=%{erfc[%]+exp[%]-erfc[;—\j%%]}. (61)

For large values of time (steady-state solution),
equation 60 reduces (modified from Bear, 1972, p. 631)
to

C(x)=C, exp [%(V—U)]. 62)

Comments:

Equations 60 and 61 are presented in this form to
utilize computer routines that accurately compute the
product of an exponential term (exp [x]) and the
complementary error function (denoted as erfe [y]).

Linear equilibrium adsorption and ion exchange can
be simulated by first dividing the coefficients D and V
by the retardation factor, R (eq. 15). (Note: U in eqs.
60 and 62 would be given by U=+/V +4AD"). Tempo-
ral variations in source concentration can be simulated
through the principle of superposition (eq. 39).

Description of program SEMINF

The program SEMINF computes the analytical
solution to the one-dimensional solute-transport equa-
tion for a semi-infinite system with a first-type or
third-type source boundary condition at the inflow
end. It consists of a main program and two
subroutines—CNRML1 and CNRMLS3. The function
of the main program and subroutine CNRML1 are
outlined below; the program code listing is presented
in attachment 2. Subroutine CNRMLS3, called when a
third-type boundary condition is specified, is
described in a subsequent section.

The program also calls the subroutine EXERFC
and the output subroutines TITLE, OFILE, and
PLOT1D, which are common to most programs
described in this report. These subroutines are
described in detail later.

Main program

The main program reads and prints all input data
needed to specify model variables. The required input
data and the format used in preparing a data file are
shown in table 2.

The program next executes a set of nested loops.
The inner loop calls subroutine CNRML1 to calculate
the concentration for a particular time value and
distance. The outer loop cycles through all specified
time values and prints a table of concentration in
relation to distance for each time value. Graphs of
concentration in relation to distance can also be
plotted.

Subroutine CNRML1

Subroutine CNRMLI] calculates the normalized con-
centration (C/C,) for a particular time value and
distance, using equation 60 for a solute subject to
first-order chemical transformation and equation 61 if
the solute is conservative (A\=0).

Sample problems 3a and 3b

Two sample problems are presented. In sample
problem 3a, a conservative solute is introduced into a
long soil column. The system is idealized as being
semi-infinite in length, with model variables as

Velocity (V) =0.6 in/h
Longitudinal dispersion (D) =0.6 in*h
Solute concentration at inflow =1.0 mg/L.

boundary (C,)

Concentrations are calculated for points 0.5 in apart at
elapsed times of 2.5, 5, 10, 15, and 20 hours.

In sample problem 3b, solute is removed by both
first-order solute decay and linear equilibrium adsorp-
tion. Additional model variables are

Solute half-life (T, ) =7.6 days

Soil bulk density (p,) =0.047
Ib(mass)/in®

Porosity (n) =0.45

Slope of adsorption isotherm (k) =70 in*b
(mass).

From these values, the following terms are obtained
using equations 15 and 25:

Decay constant (\) =0.0038 per
hour
Retardation factor (R) =8.31
Scaled velocity (V") =0.072 in/h
Scaled dispersion coefficient (D)  =0.072 in%h.

Concentrations are calculated for points 0.5 in apart at
elapsed times of 20, 50, 100, and 150 hours.

Input data sets for sample problems 3a and 3b are
shown in figures 7A and 8A4; computer plots of con-
centration profiles generated by the program SEM-
INF are also shown. Qutput for sample problem 3a is
presented in attachment 4. Sample problems 3a and 3b
each required 3 s of CPU time on a Prime model 9955
Mod II.

Comparison of the concentration profiles at 20 hours
in each plot (figs. 7B and 8B) shows the effect of both
solute decay and adsorption on solute movement.
Comparison of figures 7B and 4B shows the difference
in concentration profiles that would result if the
solution for a semi-infinite system were used to sim-
ulate transport in a finite system. The most significant
difference is the lower solute concentrations and the
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Table 2. —Input data format for the program SEMINF
Data Variable
set Columms  Format name Description
1 1~ 60 A60 TITLE Data to be printed in a title box on first page of program output.
Last line in data set must have an "=" in column 1. First four lines
are also used as title for plot.
2 1-4 I4 NBC Boundary condition type (NBC = 1 for first-type boundary condition;
NBC = 3 for third-type boundary condition).
5-8 I4 NX Number of x-coordinates at which solution will be evaluated.
8 - 12 I4 NT Number of time values at which solution will be evaluated.
13 - 18 14 IPLT Plot control variable. Concentration profiles will be plotted if IPLT
is greater than 0.
3 1-10 Al CURITS Character variable used as label for units of concentration in program
output.
11 - 20 AlD VUNITS Units of ground-water velocity.
21 - 30 A0 DUNITS Units of dispersion coefficient.
31 - 40 Al0 KUNITS Units of solute-decay coefficient.
41 - 50 Al0 LUNITS Units of length.
51 - 60 Al0 TUNITS Units of time.
4 1-10 F10.0 co Solute concentration at inflow boundary.
11 - 20 F10.0 VX Ground-water velocity in x-directionm. 1
21 - 30 Fl1l0.0 DX Longitudinal dispersion coefficient. 1
31 - 40 Fl0.0 DK First-order solute decay coefficient. !
41 - 50 F10.0 XSCLP Scaling factor by which x-coordinate values are divided to convert them
to plotter inches.
5 1 - 80 8F10.0 X(I) X-ioordinates at which solution will be evaluated (eight values per
ine).
6 1- 80 8F10.0 (I Time values at which solution will be evaluated (eight values per

line).

1411 units must be consistent.

steeper gradients near x=12.0 in (fig. 7B). As men-
tioned previously, differences between the two solu-
tions decrease with increased column Peclet number
(P) and lower values for the number of displaced pore
volumes (T).

Semi-infinite system with third-type
source boundary condition

Governing equation

One-dimensional solute-transport equation:

3C__C _4C
at'Daxz —Vax—)\C (63)
. Boundary conditions:
VCO=VC+D%, x=0 (64)

C, %g=0, X= (65)
Initial condition:
C=0, O<x<eo at t=0 (66)
Assumptions:

1. Fluid is of constant density and viscosity.

2. Solute may be subject to first-order chemical trans-
formation (for a conservative solute, A=0).

3. Flow is in x-direction only, and velocity is constant.

4. The longitudinal dispersion coefficient (D), which is
equivalent to D, (eq. 7), is constant.

Analytical solution

The following equation is modified from Cleary and
Ungs (1978, p. 10):
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Sample Problem 3a -- Solute transport in a semi-infinite
soil column with a first-type boundary condition at x=0
Model Parameters: V=0.6 in/h, D=0.6 in**2/h
K1=0.0 per h, C0=1.0 mg/L
1 25 05 1
MG/L IN/H IN**2/H PER BOUR INCHES HOURS
1.0 0.6 0.6 0.0 1.2
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5
8.0 8.5 9.0 9.5 10.0 0.5 11.0 11.5
12.0
2.5 5.0 10.0 15.0 20.0
Sample Problem 30 -— Solute transport in a semi-infinite
soll column with o first-type boundory condition at x=0
Model Parameters: V=0.6 in/h, D=0.6 inxx2/h
K1-0.0 per h, C0-1.0 mg/L
1 T T T T T T T
ELAPSED TIME, IN HOURS
o TIME - 2.500
a4 TIME - 5,000
+ TIME - 10.0)
x TIME - 15.00
0.9 ¢ TIME ~ 20.00 7
0.6 -
0.7 - N 4
=
=
i(]—:' 0.6 - -
h%
=
=
[f8)
O
=
S o0s 4
o)
o
N %
.
E 04l ]
%
=
=
0.3
0.2 B
‘
err \\\k\\»\\;
0 1 1 1 1 A ] v L o o £
0 1.2 2.4 3.6 4.8 6 7.2 8.4 9.6 10.8 12

DISTANCE ALONG X-AXIS, IN INCHES

Figure 7.—(A) Sample input data set, and (B) concentration profiles generated by the program SEMINF
for a conservative solute in a semi-infinite system with first-type source boundary condition after

2.5, 5, 10, 15, and 20 hours (sample problem 3a).
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A

Sample Problem 3b -- Solute transport in a semi-infinite
soil colum with a first-type boundary condition at x=0
Model Parameters: V=0.072 in/h, D=0.072 in**2/h

K1=0.0038 per h, C0=1.0 mg/L
Solute is subject to first-order decay and linear adsorption

1 25 04 1
MG/L IN/H IN**2/H PER HOUR INCHES HOURS
1.0 0.072 0.072 0.0038 1.2
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5
8.0 8.5 9.0 8.5 10.0 10.5 11.0 11.5
12.0
20.0 50.0 100.0 150.0
Sample Problem 3b -- Solute transport in a semi-infinite
sotl column with o first-type boundary condition at x=0
Model Porameters: V=0.072 in/h, 0=0.072 inxx2/h
K1-0.0038 per h, CO-1.0 mg/L
1 T T T T T T T T T
ELAPSED TIHE, IN HOURS
0 TIME - 20.00
& TIME - 50.00
+ TIME - 100.0
0.8 F X TIME - 150.0 1
0.8 |
0.7
z
=
iu—:‘ 0.6 |
2
=]
z
i
o
4
8 ost+
=
]
=
3
£ o4l
o4
o
=
0.3
0.2
0.1 |
0 1 1 1 J
0 1.2 2.4 3.6 4.8 6 7.2 8.4 9.6 10.8 12
[ DISTANCE ALONG X-AXIS, IN INCHES

Figure 8.—(A) Sample input data set, and (B) concentration profiles generated by the program SEMINF
for a solute subject to first-order decay and linear equilibrium adsorption in a semi-infinite system
with first-type source boundary condition after 20, 50, 100, and 150 hours (sample problem 3b).
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_covz{ [xV } [x+Vt]
C(x,t)= D 2 exp D At [serfe /Dt

+ (% -1 )exp [Q’—(ﬁ(V - U)]- erfc [’2(\_/%2]

_(%4. l)expli%(v-f-U):|'erf0[§¢/g§:|}, (67)

where

U=+/VZ+41D.

For a conservative solute (A=0), the solution to
equation 63 is given by Lindstrom and others (1967)
and van Genuchten and Alves (1982, p. 10) as

o x-vt] v [(x—Vt)z}
C(x,t)—Co{zerfc[z \/ﬁ]"‘ P Dt

1. vx Vzt] (Vx) |:x+Vt]}
2[1+D+D exp D erfe st (68)

For large values of time (steady-state solution),
equation 67 can be reduced (Gershon and Nir, 1969, p.
837) to

2V
(V+U)

C(x)=C -exp[%(V—U)]. (69)

Comments:

Equations 67 and 68 are presented in this form to
utilize computer routines that compute the product of
an exponential term and the complementary error
function. For extremely small values of A, calculations
of concentration values using equation 67 may be
subject to round-off errors as both the denominator in
the first term and the terms within the bracket
approach zero.

Linear equilibrium adsorption can be simulated by
dividing the coefficients D and V by the retardation
factor, R (eq. 15). Temporal variations in source
concentration can be simulated through the principle
of superposition (eq. 39).

Description of program SEMINF

The analytical solution to the one-dimensional
solute-transport equation for a semi-infinite system
with a third-type (or first-type) source boundary con-
dition is computed by the program SEMINF,
described in detail in the preceding section. The main
program reads and prints all input data needed to

specify model variables. The required input data and
the format used in preparing a data file are shown in
table 2.

The program next executes a set of nested loops.
The inner loop calls subroutine CNRML3 to calculate
the concentration for a particular time value and
distance. The outer loop cycles through all specified
time values and prints a table of concentration in
relation to distance for each time value. Graphs
of concentration in relation to distance can also be
plotted.

Subroutine CNRML3

Subroutine CNRMLS3 calculates the normalized con-
centration (C/C,) for a particular time value and
distance, using equation 67 for a solute subject to
first-order chemical transformation and equation 68 if
the solute is conservative (A=0).

Sample problem 4

In sample problem 4, a conservative solute is intro-
duced into a long soil column. The system is idealized
as being semi-infinite in length, with model variables
as

Velocity (V) =0.6 in/h
Longitudinal dispersion (D) =0.6 in%h
Solute concentration opposite inflow

boundary (C,) =1.0 mg/L.

Concentrations are calculated for points spaced 0.5 in
apart at elapsed times of 2.5, 5, 10, 15, and 20 hours.

The input data set for sample problem 4 is shown in
figure 9A; a computer plot of concentration profiles
generated by the program SEMINF is shown in figure
9B. Because of the third-type boundary condition,
solute concentration computed near x=0 at early
times differs from C,.

Program output for this sample problem is pre-
sented in attachment 4. Sample problem 4 required
3.6 s of CPU time on a Prime model 9955 Mod II.

Two-Dimensional Solute
Transport

Several analytical solutions are available for the
two-dimensional form of the solute-transport equation
(eq. 10). These solutions can be used to simulate
transport of contaminants from sources within rela-
tively thin aquifers, provided the sclute is generally
well mixed throughout the thickness of the aquifer and
vertical concentration gradients are negligible. Trans-
port of contaminants within a vertical section along
the centerline of a contaminant plume in a thick
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A
. Sample Problem 4 -- Solute transport in a semi-infinite
80il column with a third-type boundary condition at x=0
Model Parameters: V=0.6 in/h, D=0.6 in**2/h
K1=0.0 per h, C0=1.0 mg/L
3 25 05 1
MG/L IN/H IN**2/H PER HOUR INCHES HOURS
1.0 0.6 0.8 0.0 1.2
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5
8.0 8.5 9.0 9.5 10.0 10.5 11.0 11.5
12.0
2.5 5.0 10.0 15.0 20.0
B
Somple Problem 4 —- Solute transport in o semi-infinite

sotl column with o third-type boundary condition at x=0
Model Parameters: V=0.6 in/h, D=0.6 inxx2/h
K1-0.0 per h, CO0-1.0 mg/L
T T T T T

ELAPSED TIME, IN HOURS
- 0 TIME - 2.500

4 TIME - 5.000

+ TIME = 10.00

0 9‘ x TIME = 15.00
. ¢ TIME - 20.00 i

0.8

0.7

0.5

0.4

NORMALIZED CONCENTRATION

0.3

0.2

0 L L o L A o e S

a 1.2 2.4 3.6 4.8 6 7.2 8.4 8.6 10.8 12

. DISTANCE ALONG X-AXIS, IN INCHES
Figure 9.—(A) Sample input data set, and (B) concentration profiles generated by the program SEMINF
for a conservative solute in a semi-infinite system with third-type source boundary condition after
2.5, 5,10, 15, and 20 hours (sample problem 4).
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aquifer can be simulated with these solutions if the
solute source is wide enough that horizontal concen-
tration gradients, which cause solute movement per-
pendicular to the centerline, are negligible.

In the first solution presented, the aquifer is
assumed to be of infinite areal extent and to have a
continuous point source in the x,y plane (equivalent to
a line source extending the entire thickness of the
aquifer). Fluid having a known solute concentration is
injected into the aquifer at a constant rate. It is
further assumed that the injection rate is small, and
that the uniform flowfield around the well is not
disturbed. Solutions in which radial flow away from an
injection well is considered are discussed by Hseih
(1986). A solution for an areal source where solute
enters the aquifer at a known flux and concentration is
given by Codell and others (1982).

For the remaining solutions presented in this sec-
tion, aquifers are assumed to be of semi-infinite length
and to have a solute source at the inflow boundary (at
x=0). The width of the aquifer can be treated as being
finite or infinite in extent. In an infinite-width system,
impermeable boundaries at the edges of the aquifer
are presumed to be far enough away as to have a
negligible effect on solute distribution within the area
of interest. Idealized diagrams of both types of sys-
tems are shown in figure 10.

One type of source configuration, referred to as a
“strip” source (Cleary and Ungs, 1978), has a finite
width extending from y=Y, to y=Y, at x=0 (fig. 10).
The concentration within the strip is uniform and
equal to C,. At the boundary of the strip source (at
y=Y, or y=Y,), the concentration is equal to 0.5 C,.
Elsewhere along the inflow boundary, the concentra-
tion is zero. Combinations of strip sources could be
used to simulate odd-shaped concentration distribu-
tions or multiple sources through use of the principle
of superposition, as previously described.

A solute source can also have a “gaussian” concen-
tration distribution (Cleary and Ungs, 1978, p. 80)
given by

2
M_)] =0, (D)

20?

C= Cmexp[

where

C,, =maximum concentration at center of gaussian

concentration distribution,

Y, =y-coordinate of center of solute source (X,=0),

and
o =standard deviation of the gaussian distribu-
tion.

A field situation in which a gaussian distribution can
be found is shown in figure 11. The solute concentra-
tion at the waste-disposal pond is unknown, but a line
of monitoring wells downgradient from the site and

normal to the direction of flow shows a concentration
distribution that approximates a gaussian curve. (This
is expected, as the concentration distribution along a
cross section normal to the direction of flow taken at
any point downgradient from an ideal point source
would be gaussian.) The standard deviation of the
distribution can be determined from the data as

oYY
v—-2In(C/C_y

(71)

where C is the concentration observed at a well a
distance (y—Y, away from the point of maximum
concentration.

Solving equation 71 may lead to differing values of o
if the observed data are not perfectly gaussian. An
alternative procedure (R.M. Cleary, Princeton Uni-
versity, written commun., 1978) is to (1) normalize the
data by dividing the observed concentrations by C,,,
(2) plot a histogram of the normalized concentration
with respect to y, and (3) calculate the area under the
curve. The standard deviation can be approximated by
o=area/\/2m. A sample problem illustrating the use of
both methods is presented later.

This section presents analytical solutions for an
® Aquifer of infinite areal extent with a continuous

point source, when fluid is injected at a constant

rate and concentration,
® Semi-infinite aquifer of finite width with a strip
source,
® Semi-infinite aquifer of infinite width with a strip
source, and
® Semi-infinite aquifer of infinite width with a gaus-
sian source.
All solutions ean account for first-order solute decay.
Four computer programs (POINT2, STRIPF,
STRIPI and GAUSS) were written to calculate con-
centrations in these systems as a function of distance
and elapsed time.

Aquifer of infinite areal extent with
continuous point source

Governing equation

The analytical solution for a continuous point source
has been presented by several authors, including Bear
(1972, 1979), Fried (1975, p. 132), and Wilson and
Miller (1978). The solution is derived by first solving
the solute-transport equation for an imstantaneous
point source and then integrating the solution over
time. The two-dimensional solute-transport equation
for an instantaneous point source is given by
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2 2
€_p2Cp Tl v¥ \c
at ax

Yoy? T ax
+%dt Chx-X)By—-YIst—t)  (72)

Boundary conditions:

C, %=O, X=*0 (73)
oC_ s
07 5_};_07 y=*x, (74)

where
V =V,, velocity in x-direction,
Q' =fluid injection rate per unit thickness of aqui-
fer,
n =aquifer porosity,
dt =infinitesimal time interval,
d =dirac delta (impulse) function,
X., Y =x- and y-coordinates of point source, and
t’ =instant at which point source activates
(assumed to be 0).

Initial condition:
C=0, —oo<y<+wand —w<x<t+ow att=0 (75)

Assumptions:

E—l

Fluid is of constant density and viscosity.

2. Solute may be subject to first-order chemical trans-
formation (for a conservative solute, A=0).

3. Flow is in x-direction only, and velocity is constant
(no radial flow).

4. The longitudinal and transverse dispersion coeffi-

cients (D, and D,) are constant.

Analytical solution

The following equation, modified from Bear (1979,
p. 274), represents the analytical solution for an
instantaneous point source integrated with respect to
time, such that

CQ . [V(x—Xc)] ftl
inm/DD, P 2D, o

v ) (x=XJ)? (y—Yc)z}
exp[ ( 4Dx+)\ T D1 1D,z dr,(76)

Cx,y,t)=

where T is a dummy variable of integration for the
time integral.

The steady-state solution is given (modified from
Bear, 1979, p. 274) as

Vx—-X,
Q Coexp[ (;Dx )]

2nm\/D,D,

\& (x—Xc)i(y—Yc)z]
K \/(4Dx+")[ p. b, || ™

Clx,y)=

y

where K, is the modified Bessel function of second
kind and zero order. Tables of values and polynomial
approximations for K (x) are given by Abramowitz
and Stegun (1964, p. 37, p. 417-422).

Comments:

The integral in equation 76 cannot be simplified
further and must, therefore, be evaluated numeri-
cally. A Gauss-Legendre numerical integration tech-
nique, used in the computer program written to
evaluate the analytical solution (eq. 76), is described
later.

The integral in equation 76 is difficult to evaluate
correctly at x and y values near the point source.
(Mathematically, when (x-X,) and (y-Y,) approach
zero, the integral in eq. 76 becomes a form of the
exponential integral, E;(t), which becomes infinite at
t=0; see Abramowitz and Stegun, 1964, p. 228.)
Farther away from the point source, generally when
(x-X,)? is larger than V2, a meaningful solution can be
obtained.

Linear equilibrium adsorption and ion exchange can
be simulated by first dividing Q' and the coefficients
D,, Dy, and V by the retardation factor, R (eq. 15).
Temporal variations in source concentration or multi-
ple sources can be simulated through the principle of
superposition.

Description of program POINT2

The program POINTZ2 computes the analytical solu-
tion to the two-dimensional solute-transport equation
for an aquifer of infinite areal extent with a continuous
point source. It consists of a main program and the
subroutine CNRML2. The functions of the main pro-
gram and subroutine are outlined below; the program
code listing is presented in attachment 2.

The program also calls subroutine GLQPTS and the
output subroutines TITLE, OFILE, PLOT2D, and
CNTOUR, which are common to most programs
described in this report. These subroutines are
described in detail later.

Main program

The main program reads and prints all input data
needed to specify model variables. The required input
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of semi-infinite length and infinite width.



ANALYTICAL SOLUTIONS FOR SOLUTE TRANSPORT IN GROUND-WATER SYSTEMS WITH UNIFORM FLOW 29

Direction of ground-water flow

—_———

Zone of contamination
y=200 feet @
SN
y: X o>
x
- oo
B |
700 |-
E 600
w _ ~—— Gaussian curve fitted to data
2 —
- e
e ——
£ 500 o —
< >
> -
(29 400 — —
(o] o -
E -
W 300 o —
(&)
Z
<
'_
w 200}
a
100 I | | |
0 250 500 750 1,000

SOLUTE CONCENTRATION, IN MILLIGRAMS PER LITER

Figure 11.—(A) Plan view of a semi-infinite aquifer of infinite width showing location of waste-disposal pond and
monitoring wells, and graph of (B) observed solute concentration values and gaussian curve used to
approximate concentration distribution at x=0.



30 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

Table 3.—Input data format for the program POINT2

Data Variable
set Colums _ Format name Description
1 1-60 A60 TITLE Data to be printed in a title box on the first page of program output.
Last line in data set must have an "=" in columm 1. First four lines
are also used as title for plot.
2 1- 4 14 NX Number of x-coordinates at which solution will be evaluated.
5- 8 14 NY Number of y-coordinates at which solution will be evaluated.
9-12 I4 NT Number of time values at which solution will be evaluated.
13 - 16 I4 NMAX Number of terms used in the numerical integration technique (must be
equal to 4, 20, 60, 104, or 256).
17 - 20 1I4 IFLT Plot control variable. Contours of normalized concentration will be
plotted if IPLT is greater than 0.
3 1-10 Al0 CUNITS Character variable used as label for units of concentration in program
output.,
11 - 20 A10 VUNITS Units of ground-water velocity.
21 - 30 Al0 DUNITS Units of dispersion coefficient.
31 - 40 Al0 KUNITS Units of solute-decay coefficient.
41 - 50 Al0 LUNITS Units of length.
51 - 60 Al0 TUNITS Units of time.
4 1-10 F10.0 co Solute concentration in injected fluid.
11 - 20 F10.0 X Ground-water velocity in x-direction.
21 - 30 F10.0 DX Longitudinal dispersion coefficient.
31 - 40 F10.0 DY Transverse dispersion coefficient.
41 - 50 F10.0 DK First-order solute-decay coefficient.
5 1-10 F10.0 XC X-coordinate of point source.
11 - 20 F10.0 YC Y-coordinate of point source.
21 - 30 Fl10.0 QM Fluid injection rate per unit thickness of aquiferl.
31 - 40 F10.0 POR Aquifer porosity.
6 1 - 80 8F10.0 X(I) X-]c-g::c)linates at which solution will be evaluated (eight values per
7 1-80 8F10.0 (I Y-iggzc)ﬁnates at which solution will be evaluated (eight values per
8 1-80 8Fl0.0 (1) Thﬁn\en)alues at which solution will be evaluated (eight values per
29 1-10 F10.0 XSCLP Scaling factor by which x-coordinate values are divided to convert them
to plotter inches.
11 - 20 F10.0 YSCLP Scaling factor used to convert y-coordinates into plotter inches.
21 - 30 Fl0.0 DELTA Contour increment for plot of normalized concentration (must be between

0.0 and 1.0).

1For the solution to be consistent, units of QM must be identical to those of the dispersion coefficients,

2Dat’.a line is needed only if IPLT (in data set 2) is greater than 0.

data and the format used in preparing a data file are The program next executes a set of three nested
shown in table 3. The routine then calls the subroutine  loops. The inner loop calls subroutine CNRML2 to
GLQPTS, which reads the data file GLQ.PTS contain-  calculate the concentration at all specified y- ‘
ing values of the positive roots and weighting func-  coordinate values for a particular x-coordinate value
tions used in the Gauss-Legendre numerical integra- and time. The middle loop cycles through all x-
tion technique. coordinate values. The outer loop cycles through all
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specified time values and prints a table of concentra-
tions in relation to distance for each time value. Model
output can also be plotted as a series of maps showing
lines of equal solute concentration.

Subroutine CNRML2

Subroutine CNRMLZ calculates the normalized con-
centration (C/C,) for a particular time value and
distance. The integral in equation 76 is evaluated
through a Gauss-Legendre numerical integration
technique. The Gauss integration formula used is
given by Abramowitz and Stegun (1964) as

[ llf(x)dx=2wi-f(zi), (78)
- i=1

where
n =order of Legendre polynomial,

w; =weighting functions,

f(z;) =value of integrand calculated with variable of

integration equal to z;, and
z, =roots of n"* order polynomial.

The normalized roots of the Legendre polynomial and
the corresponding weighting functions are passed by
subroutine GLQPTS and scaled in the subroutine to
account for the non-normalized limits of integration
(from 0 to t rather than from —1 to +1).

The number of terms summed in the numerical
integration (equivalent to the order of the polynomial)
is specified by the user. Roots of the Legendre poly-
nomial of order 4, 20, 60, 104, and 256 (from data in
Cleary and Ungs, 1978) are provided in data file
GLQ.PTS. In general, the more terms used in the
integration, the more accurate the approximation;
however, this must be weighed against the corre-
sponding increase in computational effort and time.
Additional discussions of the numerical integration
technique are presented in a later section describing
subroutine GLQPTS.

Sample problem 5

In sample problem 5, an abandoned borehole that
penetrates a brackish artesian formation is discharg-
ing into an overlying freshwater aquifer. Model vari-
ables are

Aquifer thickness =100 ft
Discharge rate =1,250 ft?/d
Ground-water velocity (V) =2 ft/d
Longitudinal dispersivity (a;) =30 ft
Transverse dispersivity (a) =6 ft

Source concentration (C,) =1,000 mg/L
Point-source location (X,,Y,) =0, 500 ft
Aquifer porosity (n) =0.25.

From these values, the terms obtained are
Discharge rate per unit thickness

of aquifer (Q") =12.5 ft¥/d
Coefficient of longitudinal

dispersion (D,) =60 ft/d
Coefficient of transverse

dispersion (D) =12 ft%d.

Concentrations are calculated at 10-ft intervals along
the x-axis from x=-60 ft to x=200 ft, and at 5-ft
intervals along the y-axis from y=450 ft to y=550 ft.
Chloride concentration distribution after 25 days and
100 days is simulated.

The input data set for sample problem 5 is shown in
figure 124. A computer-generated contour plot of
normalized concentrations (C/C,) at both time values
is shown in figure 12B. Program output for this
sample problem is presented in attachment 4. Sample
problem 5 required 9 s of CPU time on a Prime model
9955 Mod II.

Aquifer of finite width with
finite-width solute source

Governing equation

Two-dimensional solute-transport equation:

3C__ #*C _ #C__ oC
E‘—Dx e +Dy'éF—V a—x—)\C (79)

Boundary conditions:

C=GC,, x=0and Y,< y<Y, (80a)
C=0, x=0 and y<Y, or y>Y, (80b)
c, %=0, y=0 @1)

c, %(}—3= . y=W (82)
c,L=0, x== 83)

where
V =velocity in x-direction,
Y, =y-coordinate of lower limit of solute source at
x=0,
Y, =y-coordinate of upper limit of solute source at
x=0, and
W =aquifer width.
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Initial condition:

C=0, 0<x<o and 0<y<W at t=0 (84)

Assumptions:

1. Fluid is of constant density and viscosity.

2. Solute may be subject to first-order chemical trans-

formation (for a conservative solute, A=0).

Flow is in x-direction only, and velocity is constant.

4. The longitudinal and transverse dispersion coeffi-
cients (D,, D,) are constant.

®

Analytical solution

The following equation is modified from Hewson
(1976):

C(X,y,t)=CoanPn cos (my)
n=0

V- -3t
.{exp[x(ZDxB)]erfc[;i/gxt]

x(V+B) x+Bt
*e"p[ 2D, ]erf"[zvmtﬂ (85)
where
12, n=0
an{ 7, 10
Y2_Y1 n:O
p = w
174 [sin (nYy)—sin (nY,)] n>0
nmw ’
n=nn/W, n=0,1,2,3. ..
B=\/V?+4D,(n°D,+\)
Comments:

Terms in the infinite series in equation 85 tend to
oscillate, and the series converges slowly for small
values of x; thus, a large number of terms may be
needed to ensure convergence. A good initial estimate
is 100 terms. For larger values of x, the series
converges more quickly.

The solution can yield results with either D, or A=0.
Linear equilibrium adsorption and ion exchange can
be simulated by first dividing the coefficients D,, Dy,
and V by the retardation factor, R (eq. 15). Temporal
variations in solute concentration and odd-shaped
source configurations can be simulated through the
principle of superposition.

Description of program STRIPF

The program STRIPF computes the analytical solu-
tion to the two-dimensional solute-transport equation
for an aquifer of finite width with a finite-width or
“strip” solute source at the inflow boundary. It con-
sists of a main program and subroutine CNRMLF.
The functions of the main program and subroutine are
outlined below; the program code listing is presented
in attachment 2.

The program also calls the subroutine EXERFC
and the output subroutines TITLE, OFILE,
PLOT2D, and CNTOUR, which are common to most
programs described in this report. These subroutines
are described in detail later.

Main program

The main program reads and prints all input data
needed to specify model variables. The required input
data and the format used in preparing a data file are
shown in table 4.

The program next executes a set of three nested
loops. The inner loop calls subroutine CNRMLF
to calculate the concentration at all specified y-
coordinate values for a particular x-coordinate value
and time. The middle loop cycles through all x-
coordinate values. The outer loop cycles through all
specified time values and prints a table of concentra-
tion in relation to distance for each time. Model output
can also be plotted as a map showing lines of equal
solute concentration.

Subroutine CNRMLF

Subroutine CNRMLF calculates the normalized
concentration (C/C,) for a particular time value and
distance using equation 85. The maximum number of
terms in the infinite series summation is specified by
the user. Because terms in the series tend to oscillate,
a subtotal of the last 10 terms is kept, and when the
subtotal is less than a convergence criterion set at
1x107 2, the series summation is halted. If the series
does not converge after the specified maximum num-
ber of terms are taken, a warning message is printed
on the program output.

Sample problem 6

In sample problem 6, migration of chloride ion in
landfill leachate through a narrow, relatively thin,
valley-fill aquifer is simulated. Model variables are

Aquifer width (W) =3,000 ft
Lower limit of solute source (Y,) =400 ft
Upper limit of solute source (Y,) =2,000 ft
Ground-water velocity (V,) =1 ft/d
Longitudinal dispersivity (o) =200 ft
Transverse dispersivity (o) =60 ft
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Data Variable
set Columns _ Format name Description
1 1-60 A60 TITLE Data to be printed in a title box on the first page of program output.
Last line in data set must have an "=" in colum 1. First four lines
are also used as title for plot.
2 1-4 I4 ) 12.4 Number of x-coordinates at which solution will be evaluated.
5-8 I4 NY Number of y-coordinates at which solution will be evaluated.
9-12 I4 NT Number of time values at which solution will be evaluated.
13 - 16 I4 NMAX Maximum number of terms used in the infinite series summation.
17 - 20 I4 IPLT Plot control variable. Contours of normalized concentration will be
plotted if IPLT is greater than O.
3 1~-10 Al10 CUNITS Character variable used as label for units of concentration in program
output.
11 - 20 Al10 VUNITS Units of ground-water velocity.
21 - 30 Al0 DUNITS Units of dispersion coefficient.
31 - 40 A0 KUNITS Units of solute-decay coefficient.
41 - 50 AlD LUNITS Units of length.
51 - 60 Al0 TUNITS Units of time.
4 1-10 Fi10.0 co Solute concentration at inflow boundary.
11 - 20 F10.0 VX Ground-water velocity in x-direction.
21 - 30 F10.0 DX Longitudinal dispersion coefficient.
31 - 40 F10.0 DY Transverse dispersion coefficient.
41 - 50 Fl10.0 DK First-order solute-decay coefficient.
5 1-10 F1l0.0 W Aquifer width (aquifer extends fromy = 0 to y = W).
11 - 20 F10.0 Y1 Y-coordinate of lower limit of finite-width solute source.
21 - 30 F10.0 Y2 Y-~coordinate of upper limit of finite-width solute source.
8 1 - 80 8Fl10.0 X(I) X-;gor?inates at which solution will be evaluated (eight values per
ne).
7 1 - 80 8Fl0.0 ¥(I) Y-;gor?inates at which solution will be evaluated (eight values per
ne). .
8 1~ 80 8F10.0 (I) TiT: vglues at which solution will be evaluated (eight values per -
ne).
1g 1-10 F10.0 XSCLP Scaling factor by which x-coordinate values are divided to convert them
to plotter inches.
11 - 20 F10.0 YSCLP Scaling factor used to convert y-coordinates into plotter inches.
21 - 30 Fl10.0 DELTA Contour increment for plot of normalized concentration (must be between

0.0 and 1.0).

1pata line is needed only if IPLT (in data set 2) is greater than 0.

Source concentration (C,)

From these values, the terms obtained are

Dispersion in x-direction (D,)
Dispersion in y-direction (D,)

The input data set for sample problem 6 is shown in
figure 13A. A computer-generated contour plot of
normalized concentration (C/C,) at each time value is
shown in figure 13B. The lack of symmetry about the
centerline of the chloride plume is due to the effect of
the closer lateral boundary (at y=0). Lines of equal

=1,000 mg/L.

=200 ft%/d
= 60 ft¥d.

Concentrations are calculated at 150-ft intervals along
the x-axis for 4,500 ft, and at 100-ft intervals along the
y-axis for 3,000 ft. Chloride concentration distribution
after 1,500 and 3,000 days is simulated.

concentration are perpendicular to the lateral bound-
ary, indicating that conecentration gradients in the
y-direction equal zero and, thus, no solute flux oecurs
across the boundary. Program output for this sample
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problem is presented in attachment 4. Sample prob-
lem 6 required 52 s of CPU time on a Prime model
9955 Mod II.

Aquifer of infinite width with
inite-width solute source

Governing equation
Two-dimensional solute-transport equation:

aC azc FC_9C
E‘ DYV—V AC (86)

Boundary conditions:

C=C,, x=0and Y,<y<Y, (87a)
C=0, x=0 and y<Y, or y>Y, (87b)
C, %%z ’ y=%ow (88)

aC _ -
C, =0 X=00, 89

where
V =velocity in x-direction,
Y, =y-coordinate of lower limit of solute source at
x=0, and
Y, =y-coordinate of upper limit of solute source at
x=0.

Initial condition:

C=0, 0<x<o and —oo<y<+c0 at t=0 (90)

Assumptions:

1. Fluid is of constant density and viscosity.

2. Solute may be subject to first-order chemical trans-
formation (for a conservative solute, A=0).

3. Flow is in x-direction only, and velocity is constant.

4. The longitudinal and transverse dispersion coeffi-
cients (D,, D,) are constant.

Analytical solution

The following equation is modified from Cleary and
Ungs (1978, p. 17):

v
Cx,y,t)= 4\/ D exp(sz)

el

]
T4Dx'r

Y-y Yo-y)
{erf [2 \/D ] erfc[ \/—D?]}dﬂr, (91a)

To improve the accuracy of the numerical integration,
a variable substitution can be made where =74
yielding

g4

Cx,y,b= \/ D ex pI:ZD:| JZL I: (

. -y [ Y-y
{e"fc[zzzx/D_y] erfc[zzz\/D_y]}dz

Comments:

2
X
)Z 4I)xz4]

(91Db)

The integral in equation 91b cannot be simplified
further and must be evaluated numerically. A Gauss-
Legendre numerical integration technique was used in
the computer program written to evaluate the analyt-
ical solution and is described later. Round-off errors
may still occur when evaluating the solution for very
small values of x at late times.

Linear equilibrium adsorption and ion exchange can
be simulated by dividing the coefficients D, D,, and V
by the retardation factor, R (eq. 15). Temporal vari-
ations in solute concentration and odd-shaped source
configurations can be simulated through the principle
of superposition.

Description of program STRIPI

The program STRIPI computes the analytical solu-
tion to the two-dimensional solute-transport equation
for an aquifer of infinite width with a finite-width or
“strip” solute source at the inflow boundary. It con-
sists of a main program and the subroutine CNRMLI.
The functions of the main program and subroutine are
outlined below; the program code listing is presented
in attachment 2.

The program also calls subroutines EXERFC and
GLQPTS and the output subroutines TITLE, OFILE,
PLOT2D, and CNTOUR, which are common to most
programs described in this report. These subroutines
are described in detail later.

Main program

The main program reads and prints all input data
needed to specify model variables. The required input
data and the format used in preparing a data file are
shown in table 5. The routine then calls the subroutine
GLQPTS, which reads the data file GLQ.PTS contain-
ing values of the positive roots and weighting fune-
tions used in the Gauss-Legendre numerical integra-
tion technique.
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Table 5. —Input data format for the program STRIPI

Data Variable
set Columms Format name Description
1 1-60 A60 TITLE Data to be printed in a title box on the first page of program output.
Last line in data set must have an "=" in colum 1. First four lines
are also used as title for plot.
2 1-4 T4 X Number of x-coordinates at which solution will be evaluated.
5-8 I4 NY Number of y-coordinates at which solution will be evaluated.
9 -12 14 NT Number of time values at which solution will be evaluated.
13 - 16 I4 NMAX Number of terms used in the numerical integration techniques (must be
equal to 4, 20, 60, 104, or 256).
17 - 20 14 IPLT Plot control variable. Contours of normalized concentration will be
plotted if IPLT is greater than 0.
3 1-10 Al CUNITS Character variable used as label for units of concentration in program
output.
11 - 20 Al0 VUNITS Units of ground-water velocity.

21 - 30 AlO DUNITS Units of dispersion coefficient.

31 - 40 AlO KUNITS Units of solute-decay coefficient.

41 - 50 Al0 LUNITS Units of length.

51 - 60 Al0 TUNITS Units of time.

4 1-10 F10.0 Cco Solute concentration at inflow boundary.

11 - 20 F10.0 A4 Ground-water velocity in x-direction.

21 - 30 F10.0 DX Longitudinal dispersion coefficient.

31 - 40 F10.0 DY Transverse dispersion coefficient.

41 - 50 F10.0 DK First-order solute~decay coefficient.

5 1-10 F10.0 Y1 Y-coordinate of lower limit of finite-width solute source.
11 - 20 F1l0.0 Y2 Y-coordinate of upper limit of finite~width solute source.
6 1-280 8F10.0 X(I) X-:gor?inates at which solution will be evaluated (eight values perxr
ne).
7 1-80 8F10.0 Y(I) Y-igor?inates at which solution will be evaluated (eight values per
ne).
8 1 - 80 8F10.0 T(I) TiT: v§lues at which solution will be evaluated (eight wvalues per
ne).
1g 1~ 10 F1l0.0 XSCLP Scaling factor by which x-coordinate values are divided to convert them
to plotter inches.
11 - 20 F10.0 YSCLP Scaling factor used to convert y-coordinates into plotter inches.
21 - 30 F10.0 DELTA Contour increment for plot of normalized concentration (must be between

0.0 and 1.0).

1pata line is needed only if IPLT (in data set 2) is greater than O.

The program next executes a set of three nested
loops. The inner loop calls subroutine CNRMLI to
calculate the concentration at all specified y-
coordinate values for a particular x-coordinate value
and time. The middle loop cycles through all x-
coordinate values. The outer loop cycles through all
specified time values and prints a table of concentra-
tion in relation to distance for each time. Model output
can also be plotted as a map showing lines of equal
solute concentration.

Subroutine CNRMLI

Subroutine CNRMLI calculates the normalized con-
centrations (C/C,) for a particular time value and
distance. The integral in equation 91 is evaluated
through a Gauss-Legendre numerical integration
technique. The normalized roots of the Legendre
polynomial and the corresponding weighting functions
are passed by subroutine GLQPTS and scaled in the
subroutine to account for the non-normalized limits of
integration (from 0 to t" rather than from —1 to +1).
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The number of terms summed in the numerical
integration (equivalent to the order of the polynomial)
is specified by the user. Roots of the Legendre poly-
nomial of order 4, 20, 60, 104, and 256 are provided in
data file GLQ.PTS. In general, the more terms used in
the integration, the more accurate the approximation;
however, this must be weighed against the corre-
sponding increase in computational effort and time.
Additional discussions of the numerical integration
technique are presented in a later section describing
subroutine GLQPTS.

Sample problem 7

In sample problem 7, contaminant migration from a
waste-disposal pond through the upper glacial aquifer
of Long Island, N.Y., is simulated. Data are from a
numerical modeling study by Pinder (1973). Model
variables are

Lower limit of solute source (Y,) =635 ft
Upper limit of solute source (Y,) =865 ft
Ground-water velocity (V) =1.42 ft/d

Longitudinal dispersivity (o) =70 ft
Transverse dispersivity () =14 ft
Source concentration (C,) =40 mg/L.

Lateral boundaries are far enough from the area of
interest that the aquifer can be treated as being
infinite in width, From these values, the terms
obtained are

100 ft2/d
20 ft%/d.

Concentrations are calculated at 100-ft intervals along
the x-axis for 3,000 ft, and at 50-ft intervals on the
y-axis for 1,500 ft. Concentration distributions after 5
years (1,826 days) are simulated.

The input data set for sample problem 7 is shown in
figure 14A. A computer-generated contour plot of
normalized concentration (C/C,) is shown in figure
14B. Program output for this sample problem is
presented in attachment 4. Sample problem 7 required
1 min (minute) 25 s of CPU time on a Prime model
9955 Mod II.

Dispersion in x-direction (D,)
Dispersion in y-direction (D,)

Aquifer of infinite width with solute
source having gaussian concentration
distribution

Governing equation

Two-dimensional solute-transport equation:

aC _ 4°C C _. aC
at—Dx8x2+Dyay2 Vax AC 92)

Boundary conditions:

—(r— 2
c=cmexp[—(¥2L°)J, x=0  (93)
20
aC_ _
C, ay—O, y=*w (94)
aC_ o
c, £=0, x=00, (95)

where
C,, =maximum concentration at center of gaussian
solute source,
Y. =y-coordinate of center of solute source at x = 0,
and
o =standard deviation of gaussian distribution.

Initial condition:

C=0, 0<x<wand —w<y<+o att=0 (96)

Assumptions:

1. Fluid is of constant density and viscosity.

2. Solute may be subject to first-order chemical trans-
formation (for a conservative solute, A=0).

3. Flow is in x-direction only (V,=0), and velocity is
constant.

4. The longitudinal and transverse dispersion coeffi-
cients (D, D,) are constant.

Analytical solution

The following equation is modified from Gureghian
and others (1980, p. 905):

Cxo Vx
Ckxy,t)= \/é—{ﬁ_exl)[ﬁ]

[_ X =Y ]
R L T LY o
: f 2_, O

3
12 V/Dyr+02
2

[

where
2
B=1D,

+\

and 7 is a dummy variable of integration for the time
integral.

To improve the accuracy of the numerical integra-
tion, a variable substitution (modified from Cleary and
Ungs, 1978, p. 20) can be made where r=Z%, yielding
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o f

Sample Problem 7 -- Solute transport in a semi-infinite
aquifer of infinite width with a continuous 'strip’ source
Model Data: V-1.42 ft/d, DX=~100.0 ft*¥2/d, DY=20.0 ft**2/d
Y1=635 ft, Y2=865 ft, CO=40.0 mg/L
31 31 1106 1
MG/L FT/D FT*%2/D PER DAY  FEET DAYS
40.0 1.42 100.0 20.0 0.0
635.0 865.0
0.0 100.0 200.0 300.0 400.0 500.0 600.0 700.0
800.0 900.0 1000.0 1100.0 1200.0 1300.0 1400.0 1500.0
1600.0 1700.0 1800.0 1900.0 2000.0 2100.0 2200.0 2300.0
2400.0 2500.0 2600.0 2700.0 2800.0 2900.0 3000.0
0.0 50.0 100.0 150.0 200.0 250.0 300.0 350.0
400.0 450.0 500.0 550.0 600.0 650.0 700.0 750.0
800.0 850.0 900.0 950.0  1000.0  1050.0  1100.0  1150.0
1200.0  1250.0  1300.0  1350.0  1400.0  1450.0  1500.0
1826.0
500. 500, 0.1
B
SOnPLe Problem 7 —- Solute transport in a semi-tnfinite
aquifer of iLnfinlte width with a continuous “strip’ source
Model Data: V=1.42 ft/d, DX=100.0 fixx2/d, DY=20.0 ftxx2/d

Y1=635 ft, Y2=865 ft, C0=40.0 mg/L

T 7 T T
NORMALIZED CONCENTRATION AT TIME - 1826. DAYS
CONTOUR INTERVAL ~ 0.1C/Co

2000

1500 ~

1000

500

DISTANCE ALONG Y-AXIS, IN FEET

0 500 1000 1500 2000 2500 3000
DISTANCE ALONG X-AXIS, IN FEET

. Figure 14.—(A) Sample input data set, and (8) computer plot of normalized concentration contours generated by the
program STRIPI for a conservative solute in an aquifer of infinite width with finite-width solute source after 1,826 days
(sample problem 7).
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2C,xo Vx
C(X’y’t)_\/Z’TTDX expl:ZDx:l
2 2
N _(y-Yc)]
exp[ BZ D73 iy dz
¢ ’ (98)
v
where
o2
’y=I:DyZ4+E .
Comments:

The integral in equation 98 cannot be simplified
further and must be evaluated numerically. A Gauss-
Legendre numerical integration technique was used in
the computer program written to evaluate the analyt-
ical solution and is described later.

Linear equilibrium adsorption and ion exchange can
be simulated by first dividing the coefficients D,, D,
and V by the retardation factor, R (eq. 15). Temporal
variations in solute concentration can be simulated
through the principle of superposition.

Description of program GAUSS

The program GAUSS computes the analytical solu-
tion to the two-dimensional solute-transport equation
for an aquifer of infinite width with a solute source
having a gaussian concentration distribution along the
inflow boundary. It consists of a main program and the
subroutine CNRMLG. The funetions of the main pro-
gram and subroutine are outlined below; the program
code listing is presented in attachment 2.

The program also calls the subroutine GLQPTS
and the output subroutines TITLE, OFILE, and
PLOT2D, which are common to most programs
described in this report. These subroutines are
described in detail later.

Main program

The main program reads and prints all input data
needed to specify model variables. The required input
data and the format used in preparing a data file are
shown in table 6. The routine then ealls the subroutine
GLQPTS, which reads the data file GLQ.PTS contain-
ing values of the positive roots and weighting func-
tions used in the Gauss-Legendre numerical integra-
tion technique.

The program next executes a set of three nested
loops. The inner loop calls subroutine CNRMLG
to calculate the concentration at all specified y-
coordinate values for a particular x-coordinate value
and time. The middle loop cycles through all x-

coordinate values. The outer loop cycles through all
specified time values and prints a table of concentra-
tion in relation to distance for each time value. Model
output can also be plotted as a map showing lines of
equal solute concentration.

Subroutine CNRMLG

Subroutine CNRMLG calculates the normalized
concentration (C/C,,) for a particular time value and
distance. The integral in equation 98 is evaluated
through a Gauss-Legendre numerical integration
technique. The normalized roots of the Legendre
polynomial and the corresponding weighting functions
are passed by subroutine GLQPTS and scaled in the
subroutine to account for the non-normalized limits of
integration, from 0 to t" rather than from —1 to +1.

The number of terms summed in the the numerical
integration (equivalent to the order of the polynomial)
is specified by the user. Roots of the Legendre poly-
nomial of order 4, 20, 60, 104, and 256 are provided in
data file GLQ.PTS. In general, the more terms used in
the integration, the more accurate the approximation;
however, this must be weighed against the corre-
sponding increase in computational effort and time.
Additional discussions of the numerical integration
technique are presented in a later section describing
subroutine GLQPTS.

Sample problems 8a and 8b

Two sample problems are presented. Sample prob-
lem B8a is modified from an example presented in
Gureghian and others (1980) for a conservative solute
uniformly mixed in a thin aquifer of infinite width.
Model variables are

Maximum concentration (C,,) =1,000 mg/L
Standard deviation of gaussian

distribution (o) =130 ft
Center of solute source (Y,) =450 ft
Ground-water velocity (V) =4 ft/d
Coefficient of longitudinal

dispersion (D,) =150 ft?/d
Coefficient of transverse dispersion

(D,) =30 ft?/d.

Concentrations are calculated at 50-ft intervals along
the x-axis for 1,700 ft, and at 25-ft intervals on the
y-axis for 900 ft. The chloride concentration distribu-
tion after 300 days is simulated.

Sample problem 8b demonstrates two methods of
calculating a value for o. Aquifer dimensions, ground-
water velocity, and dispersion coefficients are the
same as in problem 8a. Concentrations measured in
monitoring wells 500 ft downgradient from a waste-
disposal site are presented in table 7; figure 15 pre-
sents a plot of the normalized concentration (C/C,,) in
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Table 6. —Input data format for the program GAUSS

Data Variable
set Columms  Format name Description
1 1 - 60 A60 TITLE Data to be printed in a title box on the first page of program output.
Last line in data set must have an "=" in column 1. First four lines
are also used as title for plot.
2 1- &4 T4 NX Nunber of x-coordinates at which solution will be evaluated.
5- 8 14 NY Number of y-coordinates at which solution will be evaluated.
9 -12 14 NT Number of time values at which solution will be evaluated.
13 - 18 I4 NMAX Number of terms used in the numerical integration technique (must be
equal to 4, 20, 60, 104, or 256).
17 - 20 14 IPLT Plot control variable. Contours of normalized concentration will be
plotted if IPLT is greater than 0.
3 1-10 A10 CUNITS Character variable used as label for units of concentration in program
output.
11 - 20 Al0 VUNITS Units of ground-water velocity.
21 - 30 Al0 DUNITS Units of dispersion coefficient.
31 - 40 Al0 KUNITS Units of solute-~decay coefficient.
41 - 50 AlD LUNITS Units of length.
51 - 60 Al0 TUNITS Units of time.
4 1-10 F10.0 (o] Maximum solute concentration at inflow boundary.
11 - 20 F10.0 X Ground-water velocity in x-direction.
21 - 30 F10.0 DX Longitudinal dispersion coefficient.
31 - 40 F10.0 DY Transverse dispersion coefficient.
41 - 50 F10.0 DK First-order solute-decay coefficient.
5 1-10 Fl10.0 YC Y-coordinate of center of gaussian-distributed solute source,
11 - 20 F10.0 Wws Standard deviation of gaussian distribution describing solute source.
6 1 - 80 8F10.0 XD X-]c:orc)iinat.es at which solution will be evaluated (eight values per
ne).
7 1 - 80 8F10.0 Y(I) Y-tl:gorc)iinates at which solution will be evaluated (eight values per
ne). :
8 1-80 8F10.0 T(I) T:lT: vglues at which solution will be evaluated (eight values per
ne).
1g 1 -1 F10.0 XSCLP Scaling factor by which x-coordinate values are divided to convert them
to plotter inches.
11 - 20 F10.0 YSCLP Scaling factor used to convert y-coordinates into plotter inches.
21 - 30 F10.0 DELTA Contour increment for plot of normalized concentration (must be between

0.0 and 1.0).

1pata line is needed only if IPLT (in data set 2) is greater than 0.

relation to distance along the y-axis (normal to the
direction of flow). An average value of o, calculated
from the observed concentrations (table 7) using equa-
tion 70, is 66.1 ft. The area under the curve in figure
15 can also be approximated and yields a o value of
65.0 ft. A value of 65 ft was used in the input data for
sample problem 8b.

Input data sets for sample problems 8a and 8b are
shown in figures 16A and 17A. Computer-generated
contour plots of normalized concentration (C/C,,) are
shown in figures 16B and 17B. Comparison of figures
16B and 17B shows the effect of varying ¢ on the
concentration distribution. Program output for sample
problem 8a is presented in attachment 4. Sample



42 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

Table 7.—Measured solute concentrations in monitoring
wells downgradient from the waste-disposal site in
sample problem 8b

[Well locations shown in fig. 11}

Well location

(x and y Measured solute Calculated value
coordinates), concentration, in of o, in feet

in feet milligrams per liter (from eq. 71)

0, 200 2 70.9

0, 250 12 67.2

0, 300 65 64.2

0, 350 310 65.3

0, 400 725 62.3

0, 450 1,000 .

0, 500 760 67.5

0, 550 290 63.6

0, 600 82 67.1

0, 650 9 65.2

0, 700 1 67.3

problems 8a and 8b required 24 s of CPU time on a
Prime model 9955 Mod II.

Three-Dimensional Solute
Transport

Several analytical solutions are available for the
three-dimensional form of the solute-transport equa-
tion (eq. 9), including those presented in Cleary and
Ungs (1978), Huyakorn and others (1987), Codell and
others (1982), Sagar (1982), and Hunt (1978). These
solutions are particularly useful, as they can simulate
transport of contaminants from sources in relatively
thick aquifers when both vertical and horizontal
spread of the solute is of interest. In addition to a
solution modified from Cleary and Ungs (1978, p.
24-25), two solutions were derived by the author for
this report. Detailed derivations of these solutions are
presented in attachment 1.

In the first solution presented, the aquifer is
assumed to be of infinite extent along all three coor-
dinate axes. Fluid is injected into the aquifer through
a point source at a constant rate and solute concentra-
tion (C,). It is further assumed that the rate of
injection is low and does not disturb the predomi-
nantly uniform flow field. In the remaining solutions
presented in this section, the aquifer is assumed to be
semi-infinite in length and to have a solute source
located along the inflow boundary. The semi-infinite
aquifer can be either finite in both width and height,
extending from y=0 to y=W and from z=0 (the base

of the aquifer) to z=H, or infinite in width and height.
A diagram of an idealized three-dimensional aquifer of
semi-infinite length and finite width and height is
presented in figure 18.

The solute source, referred to as a “patch” source
(Cleary and Ungs, 1978), is of finite width and height
and extends from y=Y, to y=Y, and from z=7, to
z=Z, at x=0 (fig. 18). The concentration within the
patch is uniform and is equal to C,, except along the
boundary of the patch source, where it is equal to 0.5
C,. Elsewhere along the inflow boundary, the concen-
tration is 0. Combinations of patch sources could be
used to simulate odd-shaped concentration distribu-
tions or multiple sources through the principle of
superposition. First-order solute decay, adsorption,
and ion exchange can also be simulated. A solution for
a “gaussian source” of finite height along the boundary
is given in Huyakorn and others (1987).

Three computer programs, POINT3, PATCHF,
and PATCHI, were developed to calculate concentra-
tions in these systems as a function of distance and
elapsed time. They are described in this section.

Aquifer of infinite extent with
continuous point source

Governing equation

The analytical solution for a continuous point source
has been derived by first solving the solute-transport
equation for an instantaneous point source and then
integrating the solution over time. The three-
dimensional solute-transport equation for an instan-
taneous point source is given by

aC _é*C _ o*C _&C _aC Qdt
ot Dz tDypztD 2=V mACH= 7
B(x—X)¥(y~-Y )d(z—Z)d(t -t"). 99)
Boundary conditions:
G, %mp,  xmrw (100
ax
c, aC_ ’ g=to0, (102)
0z
where

V =velocity in x-direction,

Q =fluid injection rate,

dt =infinitesimal time interval,
8( ) =dirac delta function,
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Figure 15.—Normalized concentrations in relation to distance for the waste-disposal site in sample problem 8a and
fitted gaussian distribution.

X Y., Z, =coordinates of point source, and and that the spread of solute due to radially diverg-
t’ =time at which instantaneous point source ing flow paths is negligible.
activates (assumed to be 0). 4. The coefficients of longitudinal dispersion (D,) and

transverse dispersion (D, D,), from equation 7,

Initial Condition: are constant.

C=0, —o<x<®, ~0oly<n, —w<z<o at t'=0 (103) Analytical solution

Assumptions:
Hunt (1978, p. 76) presented a solution for a point
1. Fluid is of constant density and viscosity. source with a conservative solute. A solution for the
2. Solute may be subject to first-order chemical trans-  instantaneous point source with solute decay was
formation (for a conservative solute, A=0). derived by the author using exponential Fourier

3. Flow is in x-direction only, and velocity is constant.  transforms (detailed derivation in attachment 1) and
This presumes that the fluid injection rate is small  can be expressed as
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A
Sample Problem 8a -- Solute transport in.a semi-infinite
aquifer of infinite width with a continuous gaussian source
Model Data: V=4.0 ft/d, DX=150.0 ft**2/d, DY=30.0 ft**2/d
Ws=130 ft, YC=450 ft, CO=1000.0 mg/L
33 37 1 104 1
MG/L FT/D FT*%2/D PER DAY FEET DAYS
1000.0 4.00 150.0 30.0 0.0
450.0 130.0
0.0 50.0 100.0 150.0 200.0 250.0 300.0 350.0
400.0 450.0 500.0 550.0 600.0 650.0 700.0 750.0
800.0 850.0 900.0 950.0 1000.0 1050.0 1100.0 1150.0
1200.0 1250.0 1300.0 1350.0 1400.0 1450.0 1500.0 1550.0
1600.0
0.0 25.0 50.0 75.0 100.0 125.0 150.0 175.0
200.0 225.0 250.0 275.0 300.0 325.0 350.0 375.0
400.0 425.0 450.0 475.0 500.0 525.0 550.0 575.0
600.0 625.0 650.0 675.0 700.0 725.0 750.0 775.0
800.0 825.0 850.0 875.0 900.0
300.0
250.0 250.0 0.1
B
Sample Problem 8a == Solute transport in a semi-infinite

aquifer of infinite width with a continuous gaussian source
Model Data: V-4.0 ft/d, DX=150.0 fix=x2/d, DY-30.0 ftxx2/d
WS-130 ft, YC-450 ft, C0-1000.0 mg/L

T T T T T
NORMAL IZED CONCENTRATION AT TIME - 300.DAYS
CONTOUR INTERVAL = 0.1C/Co

1250

1000 -

750 :/_,./—-’0-‘ -

DISTANCE ALONG Y-AXIS, IN FEET

(]
500 - .
250 -
0 1 | 1 1 | 1
0 250 500 750 1000 1250 1500 1750

DISTANCE ALONG X-AX1S, IN FEET

Figure 16.—(A) Sample input data set, and (B) normalized concentration contours generated by the program
GAUSS for a conservative solute in an aquifer of infinite width having a gaussian concentration distribution
(0=150 feet) at the inflow boundary at 300 days (sample problem 8a).
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‘ Sample Problem 8b -- Solute transport in a semi-infinite
aquifer of infinite width with.a continuous gaussian source
Model Data: V=4.0 ft/d, DX=150.0 ft#*2/d, DY=30.0 ft¥¥2/d
Ws=65 ft, YC=450 ft, C0=1000.0 mg/L
33 37 1 104 1
MG/L FT/D FT**2/D PER DAY FEET DAYS
1000.0 4,00 150.0 30.0 0.0
450.0 65.0
0.0 50.0 100.0 150.0 200.0 250.0 300.0 350.0
400.0 450.0 500.0 550.0 600.0 650.0 700.0 750.0
800.0 850.0 900.0 950.0 1000.0 1050.0 1100.0 1150.0
1200.0 1250.0 1300.0 1350.0 1400.0 1450.0 1500.0 1550.0
1600.0
0.0 25.0 50.0 75.0 100.0 125.0 150.0 175.0
200.0 225.0 250.0 275.0 300.0 325.0 350.0 375.0
400.0 425.0 450.0 475.0 500.0 525.0 550.0 575.0
600.0 625.0 650.0 675.0 700.0 725.0 750.0 775.0
800.0 825.0 850.0 875.0 900.0
300.0
250.0 250.0 0.1
‘ Sample Problem 8b == Solute transport in o semi-infintte
oguifer of infinite width with o continuous gaussion source
Model Data: V-4.0 ft/d, DX-150.0 fixx2/d, 0Y-=30.0 fixx2/d
WS=65 ft, YC-450 ft, CO-1000.0 mg/L
1250 : — , , . .
NORMALIZED CONCENTRATION AT TIME - 300.DARYS
CONTOUR INTERVAL - 0.1C/Co
1000 | i
=
Wl
78]
.
=
. 750 F J
V2]
> —
e N
— 0.3 .7
o 500 m 4
=
=0
2 e .
e
\\ .
] -
) \-—’%2
% 250 0 _
=
)
]
0 1 ] | i 1 1
0 250 500 750 1000 1250 1500 1750
’ DISTANCE ALONG X-AXIS, IN FEET
|

Figure 17.—(A) Sample input data set, and (B) normalized concentration contours generated by the program
GAUSS for a conservative solute in an aquifer of infinite width having a gaussian concentration distribution
{a=65 feet) at the inflow boundary at 300 days (sample problem 8b).
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_ 2
. C,Qdt exp {%—(%H\)@—t’)}
Cx,y,z,t)= X X

snw*® (t~t') **/D,D,D,

[ x-X? -Y)? (@-Z)
cexp| —

Equation 104 can be integrated with respect to time
to yield a closed-form solution for the continuous
solute source as

Vx-X,)
CoQ exp |: 2Dx ]. o _’Y_B_ i ('Y+ Bt)
— Plop, % 2v/Dt
8nmy\/D,D, x x

+exp[;—gﬁ]erfc[ 2(———-—‘1;1[)3—2] },

Cx,y,z,t)=

(105)

where

D,(y-Y)? Dx(z—Zc)z]l’z
D "D,

y

'y=[(x—Xc)2+

and
B=[VZ+4DA]"".

When A=0, equation 105 reduces to a form similar to
that presented in Hunt (1978, p. 77) for a continuous
point source with a conservative solute.

Comments:

Equation 105 is valid only when vy does not equal
zero. Also, concentrations determined at locations
close to the point source may exceed C, for certain
combinations of values of Q, V, D,, D,, and D,. In
general, this can occur when Q is large relative to

vY*VD;D,.

A solution that accounts for radial flow away from the
point source would be more appropriate at large
injection rates.

Linear equilibrium adsorption and ion exchange can
be simulated by dividing the coefficients Q, V, D,, Dy,
and D, by the retardation factor, R (eq. 15). Temporal
variations in solute concentration can be simulated
through the principle of superposition.

Description of program POINT3

The program POINT3 computes the analytical solu-
tion to the three-dimensional solute-transport equa-

tion for an aquifer of infinite extent with a continuous
point source. It consists of a main program and the
subroutine CNRML3. The functions of the main pro-
gram and subroutine are outlined below; the program
code listing is presented in attachment 2.

The program also calls the subroutine EXERFC
and the output subroutines TITLE, OFILE, PLOTS,
and CNTOUR, which are common to most programs
described in this report. These subroutines are
described in detail later.

Main program

The main program reads and prints all input data
needed to specify model variables. The required input
data and the format used in preparing a data file are
shown in table 8.

The program next executes a set of four nested
loops. The innermost loop calls subroutine CNRML3
to calculate the concentration at all specified y-
coordinate values for a particular x-coordinate value,
z-coordinate value, and time. The second loop cycles
through all x-coordinate values. The third loop eycles
through all z-coordinate values and prints a table of
concentration in relation to x and y for each z value.
The outer loop cycles through all specified time val-
ues. Model output can be plotted as a series of maps
showing lines of equal solute concentration in a hori-
zontal (x-y plane) eross section at each point along the
z-axis.

Subroutine CNRML3

Subroutine CNRMLS3 calculates the normalized con-
centration (C/C,) for a particular time value and
distance using equation 105. A warning message is
printed on the program output if the values of (x-X,),
¥-Y,.), and (z—Z,) all equal to zero are passed to the
subroutine.

Sample problem 9

In sample problem 9, a natural gradient tracer test
was conducted by injecting a chloride solution into an
aquifer. The solution was injected through three wells
spaced 2 ft apart, laterally, each having a small
screened interval centered about z=10 ft. A total of
22.5 gallons (3 ft%) of solution was injected during a
24-hour period. Other model variables are

Aquifer porosity (n) =0.25
Ground-water velocity (V,) =0.1 ft/d
Longitudinal dispersivity (o;) =0.60 ft

Horizontal transverse dispersivity (o,)=0.03 ft
Vertical transverse dispersivity (a,,) =0.006 ft
Chloride concentration in injected :

solution =1,000 mg/L
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Table 8.—Input data format for the program POINT3

Data Variable
set Columns  Format name Description
1 1 - 60 A60 TITLE Data to be printed in a title box on the first page of program output.
Last line in data set must have an "=" in colum 1. First four lines
are also used as title for plot.
2 1- 4 14 NX Kumber of x-coordinates at which solution will be evaluated.
5- 8 I4 NY Number of y-coordinates at which solution will be evaluated.
9-12 T4 NZ Number of z-coordinates at which solution will be evaluated.
13 - 16 1I4 NT Number of time values at which solution will be evaluated.
17 - 20 1I4 IPLT Plot control variable. Contours of normalized concentration will be
plotted if IPLT is greater than 0.
3 1-10 Al0 CUNITS Character variable used as label for units of concentration in program
output.
11 - 20 Al0 VUNITS Units of ground-water velocity.
21 - 30 Al0 DUNITS Units of dispersion coefficient.
31 - 40 AlD KUNITS Units of solute-decay coefficient.
41 - 50 Al0 LUNITS Units of length.
51 - 60 Al0 QUNITS Units of solution injection rate.
61 - 70 AlD TUNITS Units of time.
4 1-10 Fi10.0 co Solute concentration in injected fluid.
11 - 20 Fi10.0 X Ground-water velocity in x-direction.
21 - 30 Fl0.0 DX Longitudinal dispersion coefficient.
31 - 40 F10.0 DY Transverse dispersion coefficient in y-direction.
41 - 50 F10.0 DZ Transverse dispersion coefficient in z-direction.
51 - 60 F10.0 DK First-order solute-decay coefficient.
5 1-10 F10.0 XxC X-coordinate of continuous point source.
11 - 20 F10.0 YC Y-coordinate of continuous point source.
21 - 30 F10.0 zc Z-coordinate of continuous point source.
31 - 40 F10.0 QM Solution injection rate.
41 - 50 F10.0 POR Aquifer porosity.
6 1-80 8rio.o XD X-;gor?inates at which solution will be evaluated (esight values per
nej.
7 1- 80 8F10.0 (I Y-;:::?inates at which solution will be evaluated (2ight values per
8 1 - 80 8Fl10.0 Z(I) Z-i:orginates at which solution will be evaluated (eight values per
ne)j.
<) 1- 80 8F10.0 T(I) Ti?: vglues at which solution will be evaluated (eight values per
ne).
110 1-10 Fl0.0 XSCLP Scaling factor by which x-coordinate values are divided to convert them
to plotter inches.
11 - 20 F10.0 YSCLP Scaling factor used to convert y-coordinates into plotter inches.
21 - 30 Fl0.0 DELTA Contour increment for plot of normalized concentration (must be between

0.0 and 1.0).

1pata line is needed only if IPLT (in data set 2) is greater tham 0.
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Injection well coordinates (X, Y., Z,)

Well 1 =(Oa 989 10)
Well 2 =(0, 100, 10)
Well 3 =(0, 102, 10).

From these values, the terms obtained are

Coefficient of longitudinal dispersion

Do =0.06 ft%/d
Coefficient of horizontal transverse
dispersion (D,) =(0.003 ft%d

Coefficient of vertical transverse
dispersion (D,)
Injection rate per well (Q,,)

= 0.0006 ft%d
=1.0 ft¥/d.

Chloride concentrations are computed in the z=10-
ft plane at x=0 and at 2-ft intervals along the x-axis
from x=20 ft to x=60 ft, and at 1-ft intervals along the
y-axis from y=90 ft to y=110 ft, after an elapsed time
of 400 days. The injection period was simulated using
the principle of superposition by first calculating the
concentrations resulting from a continuous point
source after 400 days and then subtracting the con-
centrations resulting from a continuous point source
after 399 days. The effect of the multiple injection
wells was simulated by summing the calculated con-
centrations for each well.

Rather than running the program POINT3 six
times and then summing all the concentration values
manually, it was easier to temporarily modify the
main program by adding nine lines within the inner-
most loop, as follows:

DO 50 IY=1,NY
YY=YIY)-YC
CALL CNRML3(QM,POR,DK,T(IT),XX,YY,ZZ,
DX,DY,DZ,VX,CN)
CXY(IX,IY)=CO*CN
YY1=YY+2.0
YY2=YY-2.0
CALL CNRML3(QM,POR,DK,T(IT),XX,YY]1,
ZZ,DX,DY,DZ,VX,CN1)
CALL CNRML3(QM,POR,DK,T(IT),XX,YY2,
77,DX,DY,DZ,VX,CN2)
T1=T{IT)-1.0
CALL CNRML3(QM,POR,DK,T1,XX,YY,ZZ,
DX,DY,DZ,VX,CN3)
CALL CNRML3(QM,POR,DX,T1,XX,YY1,ZZ,
DX,DY,DZ,VX,CN4)
CALL CNRML3(QM,POR,DK,T1,XX,YY2,ZZ,
DX,DY,DZ,VX,CN5)
CXY (IX,IY) = CXY (X, IY)+ CO*(CN1 + CN2
~CN3—-CN4-CN5)
50 CONTINUE

The input data set for sample problem 9 is shown in
figure 194; a computer-generated contour plot of
normalized eoncentrations (C/C,) in the x-y plane at
z=10 ft are shown in figure 19B. Sample problem 9
required 5 s of CPU time on a Prime model 9955 Mod
I1.

Aquifer of finite width and height
with finite-width and finite-height
solute source

Governing equation
Three-dimensional solute-transport equation:

oC _*C __¢*C _ 9 C _aC

—+D,—5+D,—5+D,—5-V—-
at D"ax2 Dyay2 Doz Vix G (106)
Boundary conditions:
Cc=C,, x=0 and Y;<y<Y, (107a)
and Z,<z<Z,
C=0, x=0 and y<Y; or y>Y, (107b)
and z<Z, or z>2Z,
aC _ -
G, E—O, y=0 (108)
aC_ -
C, ay—O, y=W (109)
aC_ -
C, aZ—O, z=0 (110)
C_ _
C, 62—0, z=H (111)
aC_ -
C, aX—O, X=00 (112)
where

V =velocity in x-direction,

Y, =y-coordinate of lower limit of solute source,
Y, =y-coordinate of upper limit of solute source,
Z, =z-coordinate of lower limit of solute source,
Z, =z-coordinate of upper limit of solute source at

x=0,
W =aquifer width, and
H =aquifer height.

Initial condition:
C=0 0<x< o, 0<y<W, and 0<z< H at t=0 (113)
Assumptions:

1. Fluid is of constant density and viscosity.
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A
Sample Problem 9 -- Solute transport in an infinite aquifer
with multiple point sources of finite duration
Model Data: V=0.1 ft/d, DX=0.06 ft**2/d, DY=0.003 ft**2/d
DZ~=0.0006 ft**2/d, QM=1.0 ft**3/d, €0=1000.0 mg/L, n=0.25
21 21 1 01 1
MG/L FT/D FT**2/D PER DAY FEET FT**3/D DAYS
1000.0 0.1 0.06 0.003 0.0006
0.0 100.0 10.0 1.00 0.25
20.0 22.0 24.0 26.0 28.0 30.0 32.0 34.0
36.0 38.0 40.0 42.0 44.0 46.0 48.0 50.0
52.0 54.0 56.0 58.0 60.0
90.0 91.0 92.0 93.0 94.0 95.0 96.0 97.0
98.0 99.0 100.0 101.0 102.0 103.0 104.0 105.0
106.0 107.0 108.0 109.0 110.0
10.0
400.0
5.0 5.0 0.01
B
Sample Problem 9 -- Solute transport in an infinite aquifer
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with multiple point sources of finite duration

Model Data: V=0.1 ft/d, DX=0.06 fixx2/d, BY=0.003 ft=»*2/d

DZ=0.0006 ftx=x2/d, OM=1.0 ftxx3/d, C0=1000.0 mg/L, n=0.25

DISTANCE ALONG X-AXIS, IN FEET

T T T T T T
NORMALIZED CEIJNCENTRHTION AT TIME - 400. DAYS
AND AT Z - 10.FEET
CONTOUR INTERVAL - 0.01C/Co
t L 1 1 1 ! 1
20 25 30 35 40 45 50 55

60

Figure 19.—(A) Sample input data set, and (B) normalized concentration contours generated by the program POINT3 for a
natural gradient tracer test in an aquifer of infinite extent after 400 days in the z=10-foot plane (sample problem 9).
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2. Solute may be subject to first-order chemical trans-

formation (for a conservative solute, A=0).

Flow is in x-direction only, and velocity is constant.

4. The coefficients of longitudinal dispersion (D,) and
transverse dispersion (D,, D,), from equation 7,
are constant.

®w

Analytical solution

The solution to equation 106 was first derived by
Cleary and Ungs (1978, p. 24-25). A modified form of
the equation (derived in detail by the author in attach-
ment 1) can be given as

C(x,y,z,t)=Coz sznOmPn cos ({z) cos (my)

V- —Bt
. {exp[x(ZDxB)]-erfc[ Z)i/g_xt]

x(V+B)] [ x+Bt ]}
+ L] —_—
exp[ 2D, erfe oDt 114)
where
Yo m=0, and n=0
1 m=0, and n>0
Lymn=41 m>0, and n=0
2 m>0, and n>0
.
zz"Zl _
TH m=0
0m=< . .
L[sm ({Zzzn—:m &Zy] m>0
(Y,-Y
2W 1 n=0
I>n=<
| [sin (-nYz)n—:m (Y] 10
{=mmn/H m=0,1,2,3. ..
n=nw/W n=0,1,2,3. ..

B=VV*+4D,(m’D,+*D,+\).
Comments:

The terms in the infinite series in equation 114 tend
to oscillate, and the double series converges slowly for
small values of x and time. Therefore, many terms
may be needed to ensure convergence. A good initial
estimate is 200 terms for each series.

The solution can yield results with either D, D,, or
A=0. Linear equilibrium adsorption and ion exchange
can be simulated by dividing the coefficients D,, D,,
D,, and V by the retardation factor, R (eq. 15).
Temporal variations in solute concentration and odd-
shaped source configurations can be simulated
through the principle of superposition.

Description of program PATCHF

The program PATCHF computes the analytical
solution to the three-dimensional solute-transport
equation for an aquifer of finite width and height with
a finite-width and finite-height solute source at the
inflow boundary. It consists of a main program and
subroutine CNRMLF. The functions of the main pro-
gram and subroutine are outlined below; the program
code listing is presented in attachment 2,

The program also calls the subroutine EXERFC
and output subroutines TITLE, OFILE, PLOT3D,
and CNTOUR, which are common to most programs
described in this report. These subroutines are
described in detail later.

Main program

The main program reads and prints all input data
needed to specify model variables. The required input
data and the format used in preparing a data file are
shown in table 9.

The program next executes a set of four nested
loops. The innermost loop calls subroutine CNRMLF
to calculate the concentration at all specified y-
coordinate values for a particular x-coordinate value,
z-coordinate value, and time. The second loop cycles
through all x-coordinate values. The third loop cycles
through all z-coordinate values and prints a table of
concentration in relation to x and y for each z value.
The outer loop cycles through all specified time val-
ues. Model output can be plotted as a series of maps
showing lines of equal solute concentration in the
horizontal (x-y) plane at each point along the z-axis.

Subroutine CNRMLF

Subroutine CNRMLF calculates the normalized
concentration (C/C,) for a particular time value and
distance using equation 114. The maximum number of
terms in the infinite series summation is specified by
the user. Because terms in the series tend to oscillate,
a subtotal of the last 10 terms is kept, and when the
subtotal is less than a convergence criterion set at
1x107'2, the series summation is halted. If the series
does not converge after the specified maximum num-
ber of terms are taken, a warning message is printed
on the program output.
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Table 9.—Input data format for the program PATCHF

Data Variable
set Colums _ Format name Description
1 1- 60 A60 TITLE Data to be printed in a title box on the first page of program output.
Last line in data set must have an "=" in columm 1. First four lines
are also used as title for plot.
2 1- 4 1I4 NX Number of x-coordinates at which solution will be evaluated.
5- 8 I4 NY Number of y-coordinates at which solution will be evaluated.
9 -12 I4 NZ Number of z-coordinates at which solution will be evaluated.
13 - 16 I4 NT Number of time values at which solution will be evaluated.
17 - 20 I4 NMAX Maximum number of terms to be used in inner loop of the infinite series
summation.
21 - 24 I4 MMAX Maximum number of terms to be used in outer loop of the infinite series
summation.
25 -28 14 IPLT Plot control variable. Contours of normalized concentration will be
plotted if IPLT is greater than 0.
3 1-10 A1l0 CUNITS Ch:‘rlggzgr variable used as label for units of concentration in program
11 - 20 AlO VUNITS Units of ground-water velocity.
21 - 30 A10 DUNITS Units of dispersion coefficient.
31 - 40 AlO KUKRITS Units of solute-decay coefficient.
41 - 50 Al0 LUNITS Units of length.
51 - 60 Al0 TUNITS Units of time.
4 1-10 F10.0 co Solute concentration at inflow boundary.
11 - 20 F10.0 vX Ground-water velocity in x-direction.
21 - 30 F10.0 DX Longitudinal dispersion coefficient.
31 - 40 F1l0.0 DY Transverse dispersion coefficient in y-direction.
41 - 50 F10.0 DZ Transverse dispersion coefficient in z-direction.
51 - 60 F10.0 DX First-order solute-decay coefficient.
5 1-~-10 F10.0 W Aquifer width (agquifer extends from y = 0 to y = W).
11 - 20 F10.0 B Aquifer thickness (aquifer extends from 2z = 0 to z = H).
21 - 30 F10.0 Yi Y-coordinate of lower limit of patch solute source.
31 - 40 F10.0 Y2 Y-coordinate of upper limit of patch solute source.
41 - 50 F10.0 zZ1 Z-coordinate of lower limit of patch solute source.
51 - 60 F10.0 zZ2 Z-coordinate of upper limit of patch solute source.
6 1- 80 8F10.0 X(I) X-:]:;or;iinates at which solution will be evaluated (eight values per
ne).
7 1 - 80 8F10.0 ¥Y(I) Y-i:orc)iinat.es at which solution will be evaluated (eight values per
ne).
8 1-80 8F10.0 Z(I) Z-igor?inates at which solution will be evaluated (eight values per
ne).
g 1 - 80 8F10.0 T(I) Tinf:nge)alues at which solution will be evaluated (eight values per
110 1-10 F10.0 XSCLP Scaling factor by which x-coordinate values are divided to convert them
to plotter inches.
11 - 20 F10.0 YSCLP Scaling factor used to convert y-coordinates into plotter inches.
21 - 30 F10.0 DELTA Contour increment for plot of normalized concentration (must be between

0.0 and 1.0).

1Data line is needed only if IPLT (in data set 2) is greater than 0.
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Sample problem 10

In sample problem 10, migration of chloride ion
from a landfill, created by filling in a gravel pit
excavated in a valley-fill aquifer, is simulated. Model
variables are

Aquifer width (W) =3,000 ft
Aquifer height (H) =100 ft
Y-coordinate of lower limit of

source (Y;) =400 ft
Y-coordinate of upper limit of

source (Y,) =2,000 ft
Z-coordinate of lower limit of

source (Z,) =50 ft
Z-coordinate of upper limit of

source (Zs) =100 ft
Source concentration (C,) =1,000 mg/L
Ground-water velocity (V) =1 ft/d
Dispersion in x-direction (D,) =200 ft%d
Dispersion in y-direction (D,) =60 ft%/d
Dispersion in z-direction (D,) =10 ft%/d.

Concentrations are calculated at 150-ft intervals
along the x-axis for 3,900 ft, and at 100-ft intervals
along the y-axis for 3,000 ft. Chloride concentration
distributions after 3,000 days for z-coordinates of 50
and 75 ft (z=0 is at the base of the aquifer) are
simulated.

The input data set for sample problem 10 is shown in
figure 20A; computer-generated contour plots of nor-
malized concentration (C/C,) in x-y planes defined by
the two z-coordinates are shown in figure 20B. The
plot of concentrations along the centerline of the
plume (at z=75 ft) can be compared with figure 13B to
show the effect of vertical dispersion on both the
shape of the chloride plume and simulated concentra-
tions. This demonstrates the type of errors that can be
introduced by using a two-dimensional solution when a
three-dimensional solution is required.

Program output for sample problem 10 is presented
in attachment 4. The sample problem required 7 min
and 50 s of CPU time on a Prime model 9955 Mod II.

Aquifer of infinite width and height
with finite-width and finite-height
solute source

Governing equation

Three-dimensional solute-transport equation:

aC__3°C, PC _#C _aC
——— —+ —_—t D ——V——
at Dxaxz Dyay2 D. oz” Vax G (18)
Boundary conditions:
c=C,, x=0and Y,<y<Y,
and Z,<z<Z, (116a)
C=0, x=0 and y<Y, or y>Y,
and z<Z,; or z>Z, (116b)
aC_ -
C, 8y_0’ y=*w (117
aC_ _
G, aZ—O, Z=%0 (118)
aC_ _
C, aX—O, X=0 (119)

where
V =velocity in x-direction,
Y, =y-coordinate of lower limit of solute source,
Y, =y-coordinate of upper limit of solute source,
Z, =z-coordinate of lower limit of solute source, and
Z, =z-coordinate of upper limit of solute source at
x=0.

Initial condition:

C=0, 0<x<w, —o<y<+om, and —wo<z<+w at t=0 (120)

Assumptions:

1. Fluid is of constant density and viscosity.

2. Solute may be subject to first-order chemical trans-
formation (for a conservative solute, A=0).

3. Flow is in x-direction only, and velocity is constant.

4. The coefficients of longitudinal dispersion (D,) and
transverse dispersion (D,, D,), from equation 7,
are constant.

Analytical solution

Sagar (1982, p. 49) presents a solution to the anal-
ogous problem of vertical leaching of a conservative
solute from a patch source in the x-y plane. The
following analytical solution was derived by the author
using Fourier transforms (detailed derivation pre-
sented in attachment 1) for a patch source in the y-z
plane with solute subject to decay:
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Vx
‘ C, X exp [ZD ]
C(X,y,Z,t)‘_‘—_—_—i
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8v/7wD,
S ]
LT “eXP "\, "4

. '(Yl—y)]_ [(Yz_Y)]}
{erfc_2 \/D—yﬂr erfe 5 VE;

d J@-2] @2
{erfc_2 \/D—ZJ erfc[2 VDZT]}dT' (121a)

where 7 is a dummy variable of integration for the
time integral.

To improve the accuracy of the numerical integra-
tion, a variable substitution can be made where r=2*,
yielding

C, x exp {2‘3(]

2v/wD,

14 \72I )r4 xZ }
L z3e"p[ (4Dx”‘ 2.7
. Y,-y) ]_ [ (Yo-y) ]]
{erfc[zz2 \/I—)—y erfe 272 \/D_y

(Z,—z) (Zy—12)
-{erfc[zzz1 \/D—Z]—erfc[zzz2 \/D—Z]}dz. (121b)

C(x,y,z,t)=

Comments:

The integral in equation 121b cannot be simplified
further and must be evaluated numerically. A Gauss-
Legendre numerical integration technique was used in
the computer program written to evaluate the analyt-
ical solution and is described later. Round-off errors
may still ocecur when evaluating the solution for very
small values of x at late times.

Linear equilibrium adsorption and ion exchange can
be simulated by dividing the coefficients Dy, Dy, D,,
and V by the retardation factor, R (eq. 15). Temporal
variations in solute concentration and odd-shaped
source configurations can be simulated through the
principle of superposition. A solution where the patch
source is located in the x-y plane at z=0 and velocity is
in the x-direction can be found in Sagar (1982, p. 51).

Description of program PATCHI

The program PATCHI computes the analytical
solution to the three-dimensional solute-transport
equation for an aquifer of infinite width and height
with a finite-width and finite-height solute source at
the inflow boundary. It consists of a main program and
the subroutine CNRMLI. The functions of the main
program and the subroutine are outlined below; the
program code listing is presented in attachment 2.

The program also calls subroutines EXERFC and
GLQPTS and the output subroutines TITLE, OFILE,
and PLOT3D, which are common to most programs
described in this report. These subroutines are
described in detail later.

Main program

The main program reads and prints all input data
needed to specify model variables. The required input
data and the format used in preparing a data file are
shown in table 10.

The program next executes a set of four nested
loops. The innermost loop calls subroutine CNRMLI
to calculate the concentration at all specified y-
coordinate values for a particular x-coordinate value,
z-coordinate value, and time. The second loop cycles
through all x-coordinate values. The third loop cycles
through all z-coordinate values and prints a table of
concentration in relation to x and y for each z value.
The outer loop cycles through all specified time val-
ues. Model output can also be plotted as a series of
maps showing lines of equal solute concentration in
the horizontal (x-y) plane at each point along the
z-axis.

Subroutine CNRMLI

Subroutine CNRMLI calculates the normalized con-
centration (C/C,) for a particular time value and
distance. The integral in equation 121b is evaluated
through a Gauss-Legendre numerical integration
technique. The normalized roots of the Legendre
polynomial and the corresponding weighting coeffi-
cients are passed by subroutine GLQPTS and scaled in
the subroutine to account for the non-normalized
limits of integration (from 0 to t* rather than from —1
to +1).

The number of terms summed in the numerical
integration (equivalent to the order of the polynomial)
is specified by the user. Roots of the Legendre poly-
nomial of order 4, 20, 60, 104, and 256 are provided in
data file GLQ.PTS. In general, the more terms used in
the integration, the more accurate the approximation;
however, this must be weighed against the corre-
sponding increase in computational effort and time.
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Table 10.—Input data format for the program PATCHI

Data Variable .

set Columms  Format name Description

1 1~ 60 A60 TITLE Data to be printed in a title box on the first page of program output.
Last line in data set must have an "=" in columm 1. First four lines
are also used as titles for plot.

2 1- & I4 X Number of x-coordinates at which solution will be evaluated.
5- 8 14 NY Numbexr of y-coordinates at which solution will be evaluated.
9 - 12 T4 NZ Number of z-coordinates at which solution will be evaluated.
13 - 16 I4 NT Number of time values at which solution will be evaluated.
17 - 20 TI4 NMAX Number of terms to be used in numerical integration technique (must be
equal to 4, 20, 60, 104, or 256).
21 - 246 14 IPLT Plot control variable. Contours of normalized concentration will be
plotted if IPLT is greatsr than O.
3 l1-10 Al CUNITS Character variable used as label for units of concentration in program
output.
11 - 20 Al0 VUNITS Units of ground-water velocity.
21 - 30 Al0 DUNITS Units of dispersion coefficient.
31 - 40 Al0 KUNITS Units of solute-decay coefficient.
41 - 50 Al0 LUNITS Units of length.
51 - 60 Al0 TUNITS Units of time.
4 1- 10 F10.0 co Solute concentration at inflow boundary.
11 - 20 F10.0 X Ground-water velocity in x-direction.
21 - 30 F10.0 DX Longitudinal dispersion coefficient.
31 - 40 F10.0 DY Transverse dispersion coefficient in y-direction.
41 - 50 F10.0 DZ Transverse dispersion coefficient in z-direction.
51 - 60 F10.0 DK First-order solute-decay coefficient.
5 1-10 Flo0.0 Y1 Y~-coordinate of lower limit of finite width and height solute source.
11 - 20 F10.0 Y2 Y-coordinate of upper limit of finite width and height solute source.
21 - 30 Flo0.0 Z1 Z-coordinate of lower limit of finite width and height solute source.
31 - 40 F10.0 z2 Z2-coordinate of upper limit of finite width and height solute source.
6 1 - 80 8F10.0 X(I) X-ﬂorc)iinates at which solution will be evaluated (eight values pet““
ne)j.
7 1 - 80 8F10.0 Y(I) Y-;gorc)linates at which solution will be evaluated (eight values per .
ne).
8 1 - 80 8F10.0 Z(I) Z-igorgiuates at which solution will be evaluated (eight values per
nej.
9 1 - 80 8F10.0 T(I) Tix{: v;lues at which solution will be evaluated (eight values per
ne).
110 1-10 F10.0 XSCLP Scaling factor by which to divide x-coordinate values are divided to
convert them to plotter inches.
11 - 20 F10.0 YSCLP Scaling factor used to convert y-coordinates into plotter inches.
21 - 30 Fl0.0 DELTA Contour increment for plot of normalized concentration (must be between

0.0 and 1.0).

1pata line is needed only if IPLT (in data set 2) is greater than 0.
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Additional discussions of the numerical integration
technique are presented in a later section describing
subroutine GLQPTS.

Sample problem 11

In sample problem 11, a contaminant plume contain-
ing *Sr (strontium-90) from a deep radioactive-waste
storage facility migrates through a thick, confined
aquifer. Model variables are

Source width (W) =1,200 ft
Source height (H,) = 300 ft
Y-coordinate of lower limit of source (Y,) = 900 ft

Y-coordinate of upper limit of source (Y,)=2,100 ft
Z-coordinate of lower limit of source (Z,) =1,350 ft
Z-coordinate of upper limit of source (Z;) =1,650 ft

Ground-water velocity (V) =1ft/d
Longitudinal dispersivity (o) =100 ft
Transverse dispersivity (o) = 20 ft
Source concentration (C,) =100 mg/L
Half-life of *°Sr =28 years.

From these values, the terms obtained are

Coefficient of longitudinal

dispersion (D,) =100 ft?/d
Coefficients of transverse
dispersion (D, and D,) = 20 ft¥/d

First-order solute-decay

coefficient (\) =6.78x107° per day.

Concentrations are calculated at 150-ft intervals
along the x-axis for 3,900 ft, and at 100-ft intervals
along the y-axis for 2,600 ft. The **Sr concentration
distribution after 10 years (3,652.5 days) for z-
coordinates of 1,650, 1,700, and 1,750 ft (z=0 at the
base of the aquifer and z=1,650 at the top of the
storage facility) is simulated.

The input data set for sample problem 11 is shown in
figure 21A; computer-generated contour plots of the
normalized concentration (C/C,) in x-y planes defined
by the three z-coordinates are shown in figure 215.
Program output for this sample problem is presented
in attachment 4. Sample problem 11 required 3 min 20
s of CPU time on a Prime model 9955 Mod II.

Description of Subroutines

The subroutines described in this section are com-
mon to most of the programs developed to evaluate
the analytical solutions. Subroutines EXERFC and
GLQPTS are used in evaluating terms in the analyti-
cal solutions, OFILE and TITLE are used in program

input and output, and PLOT1D, PLOT2D, PLOTS3D,
and CNTOUR are used to graphically display pro-
gram results. Subroutine listings are presented in
attachment 3.

Mathematical subroutines

Subroutines EXERFC and GLQPTS

Subroutine EXERFC is called to evaluate the prod-
uct of an exponential and eomplementary error func-
tion (explx]+ erfe[y]), where the error function, erf(y),
is defined as

erf(y)=-\% joyexp[—ez]de, (122)

and the complementary error function, erfe(y), is
defined as

erfe(y)=1.0—erf(y). (123)

Often, the values of x and y are such that erfe(y) is
very small (less than 1x107'% for y=5), whereas
exp(x) is very large. To accurately calculate the prod-
uct of the two functions, a high degree of accuracy is
needed in the calculation of erfe(y). Subroutine
EXERFC uses a rational Chebyshev approximation
(Cody, 1969), accurate to between 10 and 13 signifi-
cant figures, to calculate erf(y) or erfe(y). The two
variables x and y are passed to the subroutine. To
calculate only erfe(y), the routine EXERFC can be
called with the value of x set to zero.

For absolute values of y less than 0.469, the rational
Chebyshev approximation is given by

(124)

erf(y)=yiP1iy2 i/zn:Qliyzi,
iz0 i=0

where P1 and Q1 are the coefficients of the rational
approximation given by Cody (1969) for n=5. For
negative values of y, the symmetry condition that
erf(-y)=—erf(y) (Abramowitz and Stegun, 1964) is
used. Erfe(y) is then given by equation 123.

For absolute values of y between 0.469 and 4.0, a
rational approximation for erfe(y) is used, given by

erfc(y)=exp[—y2]ZP2iyi/z Q2y', (125)

i=0 i=0

where P2 and Q2 are the coefficients given by Cody
(1969) for n=8. For negative values of y, the identity
that erfe(—y)=2—erfe(y) is used.

For absolute values of y greater than 4.0, a second
rational approximation for erfe(y) is used, given by
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exp[—yz]{ 1 1< _ai N —21]
rfe(y)= —+ g P3; /§ 3y 3, A
erfe(y) v VAL Y i=OQ y (126)

where P3 and Q3 are coefficients given by Cody (1969)
for n=5. When a product of exp(x) and erfe(y) is
calculated, the arguments for the exponential in equa-
tions 125 and 126 are changed to (x-y%).

Subroutine GLQPTS is called to numerically evalu-
ate the time integral found in several of the analytical
solutions. The Gauss integration formula used is given
by Abramowitz and Stegun (1964) as

n
1
f lf(x)dx=2wif(zi), 127
- i=1
where
z; =roots of Legendre polynomial for a particular
value of n, and

w; =corresponding weighting functions.

Positive roots of the Legendre polynomials for n=4,
20, 60, 104, and 256 and their weighting functions, as
given in Cleary and Ungs (1978), have been tabulated
and are read from a data file called GLQ.PTS. Sub-
routine GLQPTS calculates the negative roots and
their weighting coefficients. These values are passed
to the other subroutines through an array in common.
A listing of file GLQ.PTS is presented in attachment
3.

As stated earlier, the accuracy of the numerical
integration is increased if the user selects a larger
value for n. However, computational effort is also
increased. Checks can be made to determine whether
a smaller value for n produces reasonable results by
comparing the solution for a particular n with that
obtained using the next higher value. Roots and
weighting coefficients for additional values of n can be
found in Abramowitz and Stegun (1964, p. 916-919).

The subroutine is set up to read data file GLQ.PTS
on logical unit 77 on the Prime system. For systems
other than Prime, this routine should be modified to
include the correct system-dependent file opening
statements. Also, file-naming conventions for the par-
ticular system must be observed, and the data file
renamed appropriately.

Input/Output subroutines

Subroutines OFILE and TITLE

Subroutine OFILE is used to open disk files for
program input and output on the Prime computer
system. It assigns logical unit 15 to the input data file
and logical unit 16 to the file for program output. The
user is queried at the terminal (logical unit 1) for the
name of the appropriate disk files, and any file name
up to 50 characters in length can be entered. For

output to be sent directly to the terminal, the user
should type an asterisk (*) in column 1 when asked for
the output file name.

For systems other than the Prime, this routine
should be modified to include the correct system-
dependent file opening statements. Also, the logical
units (1, 15, and 16) should be changed if they are not
appropriate for the particular system.

Subroutine TITLE is called by all programs to print
a title box on the first page of model output. Titles are
supplied as the first lines of the input data set. Titles
are automatically centered, and the routine closes the
title box when it encounters an equal sign (=) in
column 1 of a data line. The routine also prints the
date and time the program execution began. The first
four title lines are used as titles for plots.

Subroutine TITLE calls the Prime-supplied func-
tions TIME$A and DATES$A found in the library
VAPPLB. For non-Prime systems, these calls should
be modified or, if similar functions are not available,
deleted.

Graphics subroutines

Four subroutines, PLOT1D, PLOT2D, PLOT3D,
and CNTOUR, were developed to graphically display
selected output from the programs described in this
report. These subroutines contain calls for DISSPLA
graphics software (Integrated Software Systems Cor-
poration, 1981), and the DISSPLA library must be
loaded when compiling the programs. Users who do
not have access to DISSPLA software can easily
modify the DISSPLA software calls to those appro-
priate to their own graphics software.

Subroutines PLOT1D, PLOT2D, and PLOT3D con-
tain a call to COMPRS, which creates a META file
that can be output, at a later time, to a wide variety of
plotter devices through the DISSPLA postprocessor.
This call can be replaced with a call to directly
nominate a plotter device (such as a graphics terminal)
so that plots can be drawn as the programs execute.
The user should consult the DISSPLA users manual
(Integrated Software Systems Corporation, 1981) for
more information.

Subroutines PLOT1D, PLOT2D, PLOT3D, and
CNTOUR

Subroutine PLOT1D is called by the programs
FINITE and SEMINF to create plots of the normal-
ized concentration C/C, in relation to distance for each
of the time values specified in the input data. An
example of typical plotter output is shown in figure
4B. DISSPLA software calls are used to draw the
axes and to plot the data points. The height of the plot
is 12.5 in. The width is controlled by the difference
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between the minimum and maximum x-coordinate
value and by the scale factor XSCLP specified in data
set 4 (tables 1, 2). If no plotter is available, the user
can either specify a value of 0 for IPLT in data set 2
(tables 1, 2) or delete the call to PLOTI1D in the main
programs of FINITE and SEMINF.

Subroutine PLOT2D is called by the programs
POINTZ2, STRIPF, STRIPI, and GAUSS to initialize
a plot of lines of equal normalized concentration (C/C,)
in the x-y plane for each of the specified time values.
A typical example is shown in figure 13B.

The size of each subplot depends on the difference
between the maximum and minimum x- and y-
coordinate values and the plot scaling factors XSCLP
and YSCLP specified by the user in data set 9 (tables
3-5). The overall length of the plot is determined by
the number of time values specified. The contour
increment DELTA (a value between 0.0 and 1.0) is
specified by the user in data set 9.

Subroutine PLOT2D defines the plot and subplot
sizes, draws and labels the axes, and then calls sub-
routine CNTOUR, which draws and labels the con-
tours. If no plotter is available, IPLT in data set 2
(tables 3-6) can be set to 0, or the call to PLOT2D in
the main programs STRIPF, STRIPI, and GAUSS
can be deleted.

Subroutine PLOT3D is called by the programs
POINTS, PATCHF, and PATCHI to initialize a plot
of lines of equal normalized concentration (C/C,) in the
x-y plane for each of the z-coordinates and time values
specified in the input data. An example of plotter
output from this subroutine is shown in figure 20B.

The size of each subplot depends on the difference
between the maximum and minimum x- and y-
coordinates and the plot scaling factors XSCLP and
YSCLP specified by the user in data set 10 (tables
8-10). The overall length of the plot is determined by
the number of z-values specified. Separate plots are
drawn for each specified time value. The contour
inecrement DELTA (a value between 0.0 and 1.0) can
also be specified by the user, in data set 10.

Subroutine PLOT3D defines the plot and subplot
sizes, draws and labels the axes, and then calls sub-
routine CNTOUR, which draws and labels the con-
tours. If no plotter is available, IPLT in data set 2
(tables 8-10) can be set to zero, or the call to PLOT3D
in the main programs of POINT3, PATCHF, and
PATCHI can be deleted.

Subroutine CNTOUR is called to produce simplified
plots of lines of equal normalized concentration (C/C,)
in the x-y plane for each of the time values or
z-coordinates specified in the input data. Although
there are many software packages that contour grid-
ded data, such as concentration in relation to x and y,
some of these require the grid to be equally spaced

and others, such as that contained in DISSPLA, can
interpolate scattered data onto regular grids, but at
the cost of considerable computational effort and time.

The subroutine first creates a rectangular grid
based on the x- and y-coordinates supplied in the input
data. Each rectangular block in the grid is then
subdivided into two triangles defined by a diagonal
drawn across the block. Next, contour segments are
drawn by connecting points of equal concentration
determined by linear interpolation along the axes of
each triangular element.

The number of contours drawn is determined by the
difference between the maximum and minimum nor-
malized concentration values and the contour incre-
ment, DELTA. The subroutine uses a relatively com-
plex algorithm to connect the contour segments
defining a contour line and to determine whether a
contour line has exited the grid or formed a closed
loop. Contour lines are labeled after all NUM contour
segments are drawn. NUM is set to 40 in the code, but
this can be changed by the user. The routine requires
three work arrays—XPC, YPC, and IFLAG-to
store contouring data. IFLAG must be dimensioned to
twice the number of rectangular blocks. XPC and
YPC are dimensioned by 50 in the subroutine and in
common block PDAT in the main programs. This
number must be changed if the user increases the
value of NUM to greater than 50.

Running the programs

Array dimensions

Dimensions of arrays used by the programs are set
by a PARAMETER statement, as follows:

PARAMETER (MAXX=100, MAXY=50, MAXZ
=30, MAXT=20, MAXXY=5000, MAXXY2=10000,
MAXRT=1000)

where
MAXX =maximum number of x-coordinates,
MAXY =maximum number of y-coordinates,
MAXZ =maximum number of z-coordinates,
MAXT =maximum number of time values,
MAXXY =product of MAXX and MAXY,
MAXXY2 =twice MAXXY, and
MAXRT =maximum number of roots used in series
summation in program FINITE.

The user can modify the PARAMETER statement to
increase or decrease these limits.

Compiling and loading

The following describes the procedure for compiling
and running the programs on the Prime system. For
convenience, the user should first create a single file
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called SUBS.F77 that contains the following subrou-
tines: EXERFC, GLQPTS, OFILE, TITLE,
PLOT1D, PLOT2D, PLOT3D, AND CNTOUR. The
user should then type

F77 PROGRAM.F77 -BIG -SILENT
F77 SUBS.F77 -BIG -SILENT

SEG -LOAD

LOAD PROGRAM

LOAD SUBS

LIBRARY DISSPLA

LIBRARY VAPPLB

LI

SAVE

QUIT

where PROGRAM indicates the name of the main
program (for example, STRIPF or GAUSS). After the
message “LOAD COMPLETE” is received at the
terminal, the user can run the program by typing

SEG PROGRAM
The following message will appear
“TYPE IN INPUT FILE NAME”

The user can respond with the name of the file
containing the data set (see description of subroutine
OFILE). The following will then appear:

“TYPE IN OUTPUT FILE NAME”

The user can respond with the name of the output file
name or an asterisk (*) to cause output to come to the
terminal.

These programs can be run on other computer
systems, although some device-dependent subroutine
calls may have to be modified. These statements are
identified in the previous section.

Summary

The physical, chemical, and biological processes
that govern transport of solutes in ground water can
be described quantitatively by the advective-
dispersive solute-transport equation. Analytical solu-
tions, which are exact mathematical solutions for this
partial differential equation, have been derived for
many combinations of aquifer geometry, solute-source
configurations, and boundary and initial conditions.
These solutions can be used to mathematically model
the movement of solutes in homogeneous aquifers
having simple flow systems in which the chemical and
biological processes can be described by linear rela-
tions.

This report presents analytical solutions for solute
transport in one-, two-, and three-dimensional sys-
tems having uniform flow. The solutions were com-
piled from those published in various journals and
reports or were derived by the author. The solutions
for one-dimensional solute transport are for (1) a
finite-length system with a first-type boundary condi-
tion at the inflow end, (2) a finite-length system with
a third-type boundary condition at the inflow end, (3)
a semi-infinite system with a first-type boundary
condition at the inflow end, and (4) a semi-infinite
system with a third-type boundary condition at the
inflow end. Solutions for the finite-length system
assume a second-type boundary condition at the out-
flow end.

Solutions for two-dimensional solute transport were
presented for (1) an aquifer of infinite areal extent
with a continuous point source at which fluid is
injected at a constant rate and concentration, (2) a
semi-infinite aquifer of finite width with a strip source
along the inflow boundary, (3) a semi-infinite aquifer
of infinite width with a strip source along the inflow
boundary, and (4) a semi-infinite aquifer of infinite
width with a solute source having a gaussian concen-
tration distribution. Solutions for three-dimensional
solute transport were presented for (1) an aquifer of
infinite extent with a continuous point source, (2) a
semi-infinite aquifer of finite height and width with a
patch source along the inflow boundary, and (3) a
semi-infinite aquifer of infinite width and height with
a patch source along the inflow boundary. All the
solutions presented can account for first-order solute
decay due to chemical or biological processes and
linear equilibrium adsorption.

A set of computer programs was written to evaluate
these solutions and to produce tables and graphs of
solute concentration as a function of time and distance
from the solute source. Documentation of these pro-
grams includes instruction on their use, description of
input data format, sample problems, and sample data
sets. Source codes for the programs and output for the
sample problems are presented in attachments to the
report.
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