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ABSTRACT 

Domenico. P.A., 1987. An analytical model for multidimensional transport of a deeaying contami· 
nant species. J. Hydrol., 91: 49-58. 

A mathematical model is developed for a finite source that incorporates one-dimensional 
groundwater velocity, longitudinal and transverse dispersion. and some form of decay for either 
radionuclides or biodegradable organics_ The model is employed in a calibration procedure that 
permits the determination of up to seven parameters from a known spatial distribution of con
centrations. The determined parameters include the velocity of the contaminant, source size and 
concentration. and up to three dispersivities for a three dimensional problem. For a biodegradable 
organic, a combined parameter incorporates the ratio of velocity to a degradation half-life and is 
readily determined from the field data. 

INTRODUCTION 

The difficulty in obtaining physically-based parameters from data provided 
by contamination histories lies in the preponderance of unknowns. In the most 
simple case for common inorganics, up to eight parameters have to be deter
mined to understand and model the transport. These include the source dimen
sions for a finite source, the source concentration, the velocity of the ground
water, which requires further information on effective porosity, the time since 
the contaminant first entered the groundwater, and up to three dispersivities 
for a three-dimensional problem. This simple scenario assumes that no chemi
cal reactions are taking place. In the presence of reactions. the problem is 
magnified in that both dispersion and reaction tend to decrease the prevailing 
concentrations and it is difficult to separate the influence of each. When 
dealing with organics, additional problems arise. Chemical attenuation, bio
degradation, and dispersion al1 act to lower the concentrations_ The mapped 
chemical enclave will reflect these processes but wil1 not reveal the absolute or 
even relative influence of each. Inverse methods are of some help here but 
sometimes are misleading in that values must be assigned to some of the 
parameters in order to determine the others_ If errors are involved in the 
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assignment of values, then errors will be incorporated in the "calibrated" 
parameters. The solution, then, is non-unique and often without physical basis. 

A transport model recently published by Domenico and Robbins (1985) 
purportedly offered some techniques by which at least some of these problems 
may be removed. This model allows for a calibration procedure whereby all of 
the relevant unknowns are determined directly in an independent fashion from 
a mapped chemical enclave. The model has since been applied to determine the 
regional dispersivity of selected basalt flows at the Hanford site, Washington 
(LaVenue and Domenico, 1986), the Babylon plume in Long Island, N.Y. 
(Kelley, 1985), and a chloride plume at the Idaho National Engineering Lab- 
oratory (Fryar, 1986). Recently, the model was independently checked against 
a three-dimensional finite element code with rather good results (Fig. 1). The 
correspondence between these two models is in agreement with comparisons 
against other models as reported in the original manuscript. 

In this paper, the model will be modified to account for a decaying species. 
As expected, this will require some alterations of the calibration procedure. 
The decaying species may be a radionuclide or a biodegradable organic, 
provided the biodegradation follows similar laws as established for radioactive 
decay. 
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Fig. 1. Comparison of finite element result with analytical model: (a) along plume axis; (b) at 1070m 
from source; and (c) at 1680m from source (after Collette, 1985). 
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THE EXTENDED PULSE MODEL FOR TRANSPORT WITH DECAY 

The or iginal  t r anspor t  model described above was refer red  to as an "exten-  
ded pulse"  type model in tha t  it was derived by an infinite spatial  extens ion of 
a well known ins t an taneous  finite source  pulse model. Cer ta in  modifications,  
more heur is t ic  t han  r igorous,  were then  incorpora ted  to ar r ive  at the final 
workable  form. Any modif icat ion of this resul t  must  also take  on heur is t ic  
over tones  in tha t  an exact  solut ion to this problem canno t  avoid some form of 
numer ica l  in tegra t ion ,  which negates  a ca l ibra t ion  procedure  where  several  
var iables  are involved (e.g., Domenico and Robbins, 1985). For tuna te ly ,  an 
approximate  solut ion may be ar r ived at purely  on the basis of physical  argu- 
ments  per ta in ing  to the t ranspor t  process. F igure  2 will help in developing the 
pe r t inen t  physical  ideas. 

F igure  2a demons t ra tes  the famil iar  plug flow model void of all longi tudinal  
and lateral  mixing. The source  mater ia l  enters  the flow tube at a source  
concen t r a t i on  C O and immiscibly displaces the original  fluid in the tube. The 
d isplacement  or advect ive  f ront  has progressed to the posi t ion x :- vt where  v 
is the veloci ty  of the displacing fluid and t is the t ime since the process started.  
The concen t ra t ions  are at s teady s ta te  and this s teady s ta te  is everywhere  
equal to the source  concen t ra t ion  Co in tha t  ne i ther  la teral  nor  longi tudinal  
dispersion has been permitted.  This, of course, is not  a real is t ic  field or labora- 
to ry  model, but  it is the s ta r t ing  place to describe var ious  dispersion models. 

F igure  2b i l lus t ra tes  a plug flow model with longi tudinal  dispersion. Here  
the mater ia l  enters  the flow tube and, in the absence of la teral  dispersion, mixes 
with and displaces the or iginal  fluids in the x d i rec t ion s t r ic t ly  wi thin  the flow 
tube. It is noted  now tha t  the concen t ra t ion  at x = vt is less than  the or iginal  
concen t r a t i on  Co in tha t  longi tudinal  dispersion causes some of the mater ia l  to 
move ahead of the advect ive  f ront  (vt) at  the expense of mater ia l  behind the 
advect ive  front.  However ,  at  some dis tance behind the advect ive  front,  the 
concen t r a t i on  takes  on a s teady-state  value  equal  to the source  concen t ra t ion  
Cu and the rea f t e r  possesses all the charac te r i s t ics  of the plug flow model. This, 
again,  is a non-real is t ic  field condit ion,  but  one tha t  has been observed in the 
l abora to ry  in one-dimensional  (axial dispersion) tests. The  s i tua t ion  depicted 
in Fig. 2b is described complete ly  by the so called Oga ta -Banks  equat ion  (1961) 
which, in abbrevia ted  form, is expressed as: 

Cx - (C,)/2)[erfc(x - vt)/2(~xvt) 1i2] (1) 

where  C~ is the concen t ra t ion  at any dis tance x, Co is the source  concen t ra t ion ,  
v is the veloci ty  of the const i tuent ,  commonly t aken  as the veloci ty  of water,  
t is the t ime since the exper iment  began, and ax is the longi tudinal  (axial) 
dispersivity.  

F igure  2c is ye t  a th i rd  case which can be refer red  to as plug flow with 
t ransverse  spreading ( lateral  dispersion). Three  things are  no tewor thy  here. 
First,  in the absence of longi tudinal  dispersion, no mater ia l  t ravels  beyond the 
advect ive  front.  Second, with t ransverse  spreading, the mater ia l  for the first 
t ime is not  res t r ic ted  to a single flow tube but  can spread in a d i rec t ion  



52 

t ransverse  to the flow. This condi t ion accounts  for the third feature  of trans- 
verse spreading models where the concen t ra t ions  are everywhere  at a s teady 
state and the s teady state  is everywhere  less than  the source concent ra t ion ,  
except of course, at  the source where x - 0. Concen t ra t ions  less than  Co are 
readily achieved in tha t  the mass is equally distr ibuted t h r o u g h o u t  the chemi- 
cal enclave, but  the volume which occupies the mass increases  with increas ing  
dis tance from the source. Near  the source, the mass within a given vert ical  
plane is more concent ra ted  in tha t  it occupies a smaller area (or volume). At 
some dis tance x far from the source an equal amount  of mass in a given plane 
occupies a large area (or volume). As concen t ra t ion  is mass/volume, the con- 
cen t ra t ion  decreases with dis tance from the source. 

Domenico and Pa lc iauskas  (1982) provide a solut ion to the t ransverse  
spreading s i tua t ion of Fig. 2c. Their  model is formulated as a boundary  value 
problem tha t  approximates  the spreading of a con t aminan t  plume in both the 

(a) (b) 

(c) (d) 

] Steady state maintained 
at source concentration Co 

Steady state maintained 
at concentrations less than 
source concentration Co 

-] Dispers,on zone in 
front of vt 

Mass depletion zone 
~n back of vt 

Fig. 2. Idealization of the dispersion process showing: (a) plug flow; (b) longitudinal dispersion; (c) 
transverse dispersion; and (d) longitudinal and transverse dispersion. 
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hor izon ta l  (y) and  ver t i ca l  (z) d i rec t ions  pe rpend icu la r  to the p reva i l ing  flow 
pa th  in x. The  so lu t ion  is: 

C(x, y, z) - (C0/4) {erf [(y + Y/2)/2(~yx) 1'2] 

erf  [(y Y/2)/2(~yX)l~'2]} {erf [(z + Z/2)/2(~zx) 112] (2) 

- e r f  (z - Z/2)/2(~zx)l/'2]} 

where  Y and Z are  the source  dimensions.  If  sp read ing  in z can  be ignored,  the  
four  becomes  a two and the e r ro r  func t ion  t e rms  in z a re  ignored.  I f  sp read ing  
t akes  place  in only  one d i rec t ion  in z, say ver t i ca l ly  downward ,  Z/2 is rep laced  
by Z. This  is l ikely  the  mos t  common spread ing  geomet ry  and cor responds  to 
a finite source  a t  the wa t e r  table  in a very  th ick  aquifer .  The m a x i m u m  
c o n c e n t r a t i o n  occurs  a long  the  cen te r l ine  (y  - z = 0) and is g iven as: 

C(x, 0, 0) = Co erf  [Y/4(~yx) ~12] er f  [Z/4(~zx) ~/2] (3) 

Note  t ha t  at  x = 0, C = Co. Equa t ion  (3) is cu r r en t ly  in use by the  U.S. 
E n v i r o n m e n t a l  P ro t ec t ion  Agency  to eva lua t e  del is t ing pe t i t ions  to exclude 
ce r ta in  was tes  f rom the hazardous  was te  list (Federal  Regis ter ,  1985). 

Final ly ,  Fig. 2d demons t r a t e s  a more  rea l is t ic  chemica l  enclaw~ as migh t  be 
expected  in a field s i tuat ion.  Because  of an assumed one-d imens ional  veloci ty,  
this  may  be refer red  to as a plug flow model  wi th  bo th  longi tudina l  and 
t r a n s v e r s e  sp read ing  (dispersion).  Note  t ha t  this  enc lave  has  fea tu res  common  
to bo th  the  long i tud ina l  d ispers ion  model  (Fig. 2b) and  the t r ansve r se  spread- 
ing model  (Fig. 2c). There  is a f ron ta l  d ispers ion zone beyond  the  advec t ive  
f ront  caused  exc lus ive ly  by longi tud ina l  dispersion,  and  a resu l t ing  mass  
deple t ion  zone behind  the  advec t ive  front,  this  l a t t e r  zone provid ing  the  mass  
in the f ron ta l  por t ions  of the  plume. At some dis tance  behind the  advec t ive  
front ,  depending  la rge ly  on the va lue  of the  longi tud ina l  dispers ivi ty ,  the  
enc lave  is in a s teady  state.  The s teady-s ta te  concen t r a t i ons  are  eve rywhe re  
less t h a n  the  source  concen t r a t i on  because  of t r a n s v e r s e  spreading,  except  of 
course  at  x - 0. 

The essent ia l  f ea tu res  of  this enc lave  can  be cap tu red  by combin ing  the 
long i tud ina l  d ispers ion  and t r ansve r se  spread ing  models  given in eqns. (1) and  
(2), or: 

C(x, y, z, t) - (C0/8) erfc [(x - vt)/2(~xVt) 1/2] 

{erf [(y + Y/2)/2(~.x)  1/2] - erf  [(y Y/2)/2(%x)lJ2]} (4) 

{erf [(z + Z/2)/2(~zx) ~/2] - erf  [(z - Z/2)/2(~zx)~/2]} 

Equa t ion  (4) is the  extended pulse model  of Domenico  and  Robbins  (1985), 
developed here  on the basis  of  phys ica l  a r g u m e n t s  as opposed to m a t h e m a t i c a l  
a r g u m e n t s  employed in the  or ig ina l  development .  Note  t ha t  for x less t h a n  vt 
such tha t  the  a r g u m e n t  of the  c o m p l e m e n t a r y  e r ro r  func t ion  app roaches  nega- 
t ive two, the  s teady-s ta te  t r ansve r se  sp read ing  model  is recovered,  eqn. (2). At 
the source  bounda ry  x - y - z - 0, the p roduc t  of  the e r ro r  func t ions  equals  
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four  and, for t imes g rea te r  than  zero, the a rgumen t  of the complementa ry  e r ro r  
funct ion  rapidly  approaches  negat ive  two, so tha t  the source  concen t ra t ion  at 
the source  boundary  is main ta ined  at  or nea r  Co for t imes grea te r  than  zero. For  
different  spreading geometries,  the a rguments  regard ing  the t ransverse  spread- 
ing model apply here  as well. 

Similar  physical ly  based a rguments  can now be provided to ascer ta in  the 
mann e r  in which decay may be incorpora ted  in this re la t ive ly  simple result .  
The essent ial  fea tures  of such an enclave  can be cap tured  if the longi tudinal  
dispersion described in Fig. 2b and eqn. (1) can be expressed in terms of both  
dispersion and con t inuous  decay, and then  combined with the t ransverse  
spreading component  described in eqn. (2). Given such a result ,  the con- 
s t i tuents  residing in each ver t ica l  plane of the enclave  will be charac te r ized  by 
the same amount  of decay, with those closest  to the source  being affected the 
least, and those fur thes t  from the source being affected the most. The plug flow 
model with both longi tudinal  dispersion and con t inuous  decay has been de- 
scribed by Bear  (1979): 

C(x, t) - (C0/2) exp {x/2~x[1 - (1 + 4~/v)1:'~]} 

erfc { [ x -  vt(1 + 4).~x/V)l/2]/2(~xvt)L'21 (5) 

where  ). is the decay cons tan t  or 0.693 divided by the half-life. Note  tha t  if the 
decay cons tan t  is zero, the Oga t a -Banks  (1961) express ion is recovered.  The 
extended pulse approximat ion  for a decaying  species then  becomes: 

C(x, y, z, t) = (C0/8) exp {x/2~x[1 (1 + 4)~/v)1/2]} 

erfc {[x - vt(1 + 4)~a~/v)~/2l/2(~xVt) ~/2} 
(6) 

{erf [(y + Y/2) /2(a ,x)  ~/2] - erf  [(y Y/2)/2(ayx)I/2]} 

{erf [(z + Z/2)/2(c(zx) ~/2] - erf  [(z Z/2)/2(a~x)~/2]} 

The center l ine  concen t r a t i on  is expressed as: 

C(x, O, 0, t) = (C0/2) exp {x/2~x[1 - (1 + 4).~x/V)l/2]} 

{erfc [x - vt(1 + 4).~x/v)l/2l/2(~xVt) 1/2} (7) 

{erf [Y/4(ayx) 1/2] - erf  [Z/4(avx)~"2]} 

When the a rgumen t  of the complementa ry  e r ro r  funct ion  approaches  nega- 
t ive two, the s teady s ta te  is achieved 

C(x, y, z) (C0/4) exp {x/2~x[1 - (1 + 4)~/v)1/2]} 

{erf [(y + Y / 2 ) / 2 ( ~ x )  '/2] - erf  [(y - Y/2)/2(~vx)l/21} 

{erf [(z + Z/2)/2(ot~x) 1/2] - erf  [(z - Z/2)/2(oczx)l12]} 

(8) 

Equa t ion  (8) reduces  to the or iginal  vers ion of the s teady s ta te  when the decay 
cons tan t  is zero. Al though there  appears  to be a con t rad ic t ion  of  terms when 
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a s teady  s ta te  can  be ach ieved  for a decay ing  species,  the  condi t ion  can  be 
real ized if the  source  is con t inua l ly  renewed  by new mate r ia l .  

Final ly ,  the  s teady-s ta te  c o n c e n t r a t i o n  a long  the cen te r l ine  is expressed as: 

C(x, O, O) = Co exp {x/2~x[1 (1 + 4)~/v)1/2]} 

× er f  [Y/4(~).x) ~/'~] erf  [Z/4(~x)  ~/2] (9) 

A CALIBRATION PROCEDURE 

In this sec t ion  a ca l ib ra t ion  p rocedure  for de te rmin ing  the  pe r t i nen t  coef- 
ficients and  p a r a m e t e r s  f rom field da ta  is discussed. For  simplici ty,  sp read ing  
in the  z d i rec t ion  will be ignored  a l though  inco rpora t ing  this  pa r t i cu l a r  f ea tu re  
is r e la t ive ly  s t r a igh t fo rward .  Because  the express ions  for e r ro r  funct ions ,  
exponents ,  and c o m p l e m e n t a r y  e r ror  func t ions  are  long and cumbersome,  we 
will use the  fol lowing abbrev ia t ions :  

erf  (Yi) - er f  [(Yi + Y/2)/2(~xi)] erf  [(y~ Y/2)/2(~yxi) 1/2] 

exp fli - exp ( x i / 2 ~ x { 1  - [1 ÷ (4A~x)/V]~iel) (10) 

erfc x i -- erfc [xi - vt[1 + (4)~ax)/v]l/2}/2(O~xVt) 1/2 

where  the i des igna tes  a specified point  in the  field. 
The  first p rob lem is to de te rmine  the t r a n s v e r s e  d ispers iv i ty  ay and the 

source  size Y. The  ra t io  of two field concen t r a t i ons  a t  the same x d i s tance  f rom 
the source  but  a t  di f ferent  y coord ina tes  may  be expressed f rom eqn. (6) in te rms  
of the no t a t i on  above: 

C(Xl, Yl, t l) /C(xl ,  Y2, tl) = e r f  (y~)/erf  (Y2) (11) 

This  resul t  can be i t e ra ted  immedia te ly  for the source  size Y and the  dispers- 
iv i ty  ~y. A second i t e ra t ion  at  two different  points  wi th  a common  x d is tance  
f rom the source  will p rovide  for un ique  va lues  of % and Y. This  is demons t r a t ed  
in Fig. 3 f rom the resu l t s  of  th ree  concen t r a t i on  ra t ios  wi th  d is tances  from the 
source  of 4000 cm, 6000 cm, and 8000 cm. The  unique  va lues  are  % = 10 cm and 
Y - 1000 cm. The  p rocedure  is ident ica l  to t ha t  descr ibed for a non-decaying  
species (Domenico and Robbins,  1985). Examples  of  this p rocedure  can  be found 
in Domenico  and  Robbins  (1985), Kel ley  (1985), LaVenue  and Domenico  (1986), 
and F r y a r  (1986). 

The nex t  step in the ca l ib ra t ion  p rocedure  requires  t h a t  two points  be 
selected in the  nea r  field where  it is r e a sonab ly  ce r t a in  t h a t  s teady  s ta te  has  
been achieved.  The  points  are  a t  two different  d i s tances  x f rom the source.  The 
c o n c e n t r a t i o n  ra t io  for the  s ta ted  s teady-s ta te  c o n c e n t r a t i o n  expressed in eqn. 
(8) is: 

C(xl, yl ,  t~)/C(x2, Y2, t~) = exp ]~1 erf  (y l ) /exp  f12 erf  (Y2) (12) 

This  can  be fu r the r  expressed as: 

(C~/C~) e r f ( y 2 ) / e r f ( y l )  - N = exp fll/exp f12. (13) 
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Fig. 3. Plot of: (a) transverse dispersivity versus the source dimension Y; and (b) the transverse 
dispersivity versus the source dimension Z (after Domenico and Robbins, 1985). 

where  N is some known  number .  Normal ly ,  N will be close to one or possibly 
one or two orders  of  magn i tude  smal le r  t han  one. Subs t i t u t ing  for the  exponen t  
t e rms  in eqn. (10), eqn. (13) m a y  be expressed as: 

~x[ln N / ( x l  - x2)] 2 - In N / ( x  I - x 2 )  = ) . / v  (14) 

In t ha t  the  first b r acke t ed  quan t i t y  is a very  small  n u m b e r  cons iderab ly  less 
t h a n  one, it is seen t ha t  this  r e l a t ionsh ip  (and the exponen t ia l  t e rms  in the  
solut ion)  are  insens i t ive  to ~x. This  is not  to ta l ly  unexpec ted  in t ha t  s teady- 
s t a te  concen t r a t i ons  have  been observed  to be independen t  of  long i tud ina l  
d ispers iv i ty  (Prakash ,  1982). This  is fu r the r  demons t r a t ed  with  the fol lowing 
example .  At  a d i s tance  o f l 6 0 0 m  for).  = 0.057 and v = 2 5 0 m y r  1, the  exponen t  
t e rm is 0.6966 when  ~x = 2m, and 0.7019 when  at = 100m, for a difference of 
0.76%. At a d i s tance  of 100m for the same fixed p a r a m e t e r s  the  exponen t  t e rm 
is 0.9777 and 0.9781, respect ive ly ,  for a difference of 0.04%. Ignor ing  the  t e rm 
invo lv ing  ~x, eqn. (14) is expressed:  

v / ) .  = ( x 2  - Xl)/ln N (15) 

where  v is the  ve loc i ty  of  the  con taminan t ,  and  will be equal  to the ve loc i ty  of 
the g r o u n d w a t e r  only  for u n r e t a r d e d  con taminan t s ,  and N is g iven in eqn. (13). 
For  a r ad ioac t ive  species,  )~ is known  and the  ve loc i ty  may  be ca lcu la ted  
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direct ly.  Fo r  a b iodegradab le  o rgan ic  where  A is unknown ,  only  the  combined  
p a r a m e t e r  v/). is de te rmined  here,  and o the r  methods  are  requi red  to ob ta in  the  
indiv idual  pa rame te r s .  

Given  the  i n fo rma t ion  above,  the  source  c o n c e n t r a t i o n  Co may  be deter- 
mined wi th  the  s teady-s ta te  eqn. (8) where  eve ry th ing  is now k n o w n  except  for 
~x. However ,  any  r easonab le  va lue  of ~x can  be placed in the exponen t ia l  t e rms  
(say ~x = three  or four  t imes ~y) and the  exponen t ia l  t e rms  will be insens i t ive  
to t h a t  value.  

Wi th  the p rocedures  given above,  the  fol lowing may  be determined:  (1) the  
source  d imens ion  Y; (2) the  la te ra l  d ispers iv i ty  ~y; (3) the  ve loc i ty  of  the  
c o n t a m i n a n t  v for a rad ionuc l ide  (or ;t/v for a b iodegradab le  organic);  and (4) 
the source  c o n c e n t r a t i o n  Co. The  r e m a i n i n g  p a r a m e t e r s  include t ime and 
long i tud ina l  d ispers ivi ty .  I t  is conven ien t  now to express  a c o n c e n t r a t i o n  ra t io  
for c o n c e n t r a t i o n s  a long  the cen te r l ine  (x, 0, 0), where  the  ra t io  is expressed as 
the ac tua l  concen t ra t ion ,  eqn. (7), to the  m a x i m u m  concen t ra t ion ,  eqn. (9). This  
gives: 

= 1 erfc {[x - vt (1 + 4;t~x/V)l/2]/2(~xvt) 1/2} (16) C/Cmax ,~ 

For  any  C/Cmax less t h a n  one, the  enc lave  is in the uns t eady  state,  and the 
long i tud ina l  d ispers iv i ty  is readi ly  de te rmined  if the  t ime t is known.  A more  
s imple a p p r o a c h  is to de te rmine  the  d i s tance  x where  C/Cmax equals  0.5 so that :  

x vt(1 + 4).~x/v) 1/2 (17) 

where  all p a r a m e t e r s  are  known  except  for ~ .  

CONCLUSIONS 

The me thodo logy  p resen ted  in this  pape r  may  be useful  in the  ana lys i s  of 
rad ionuc l ide  c o n t a m i n a t i o n  or o rgan ic  t r a n s p o r t  wi th  b iodegrada t ion ,  where  
)4 is the b iodeg rada t ion  ~'half-life" value.  The  ca l cu la t ions  are  s t r a i gh t fo rwa rd  
and easi ly  p r o g r a m m e d  for m i c r o c o m p u t e r  analys is ,  and  the  model  can  be 
m a n i p u l a t e d  to a ccoun t  for severa l  sp read ing  geometr ies .  Mos t  impor tan t ly ,  
i n fo rma t ion  on mos t  of  the  r e l evan t  p a r a m e t e r s  can  be ob ta ined  f rom the 
c o n c e n t r a t i o n  dis t r ibut ion.  As all the  in fo rma t ion  is t a k e n  d i rec t ly  off the  
plume, the  me thod  can  be appl ied to a chemica l ly  r e t a rded  species w i thou t  any  
regard  to r e t a r d a t i o n  coefficients. Given  da ta  a t  dif ferent  points  in t ime, field 
r e t a r d a t i o n  coefficients can  be ascer ta ined .  
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