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CHAPTER 1 

Introduction 

Our goal•~ to unde~land a collechon of ideas concerning the nonpararnetnc 
estimation of bias. nriancc and more general meaSUfC$ of c:nor. Hi~torically 
the :s-ubject bc:glns with the O~nouillc-Tukcy jackknife. wbich i:s. wberc we will 
begin also. In fact it v.-ould br more logital to begin with the boot~tr:ap. which 

most clearly exposes •he simple idea undcrlyinJ aU or IMw methods. ~And in 
hltt underlies many common parametric mcthodi!> :n well, sud! as Fi~het's 
information theory for asstgning a slandard error to a muimum likelihood 

estimate.} GouJ 'implc ideas. of which lhe jackknife is a prime example. arc 
()Uf most precious intellectual tommodil~-. ~o !here i~ no need to apolo3W: for 
tbc easy mathematicallc•·el_ The i!>l'l'til.tical ideas run deep, sometimes over our 

head at the current level of undcrstandint£. Chapter 10, on nonparamctrlt:: 

oonfidt:ncc intcrval:s., is particubnly speculative in nature. 
Some material ha' been deliberately omitted for these n01es. This inc:lude~ 

mn~l of the detailed work on the: Jilc.-kknik, especially the M)'mptotlc tlleon·. 
Miller l.l974a) gh"C!i an c:;~;ccllent rc..-icw of the subject. 

What arc the jackknife and the bootstrap? It i~ easln' to ghe a qvitk aMwer 
in terms of a problem where neither is neceuary, that of estimating the standard 
dc"·iation or a sample a"l;eragc. The data set consists of an independent and 
identieally distributed li.i.d.> sample of size " from an unknown probability 

distribution F on the real line. 

11.11 
.... 

x1. x •. ---. x. -F. 

Havinjl observed value§ X,=_\",, X2 ., • 2• ···,X."' .r •• we compulle the umple 
IVcragc i = t~. 1 ~,/If, for llSC as an estimate of the expectalion of F. 

An interesting fact. and a crucial one for litati!itic:al applicatiom., is that the 
data Kl provide5 more than lhe estimate i. II abo Jive~> an estimate of the 

~«~~racy of .i, namely. 

[ \ • ]L: .;. .. --- r 4x,-il1 
: 

IIIII -11.-1 

6 is the estimated standard deviation of ~. the r001 mean square error of 
estim: .. ion. 

TM trouble with formula (1.21 is that It doesn't, tn any obvious way, ntend 

to estimators other lhan X, f(lf e11ample the sample median. The jackknife and 
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th.r sampl.r average of the data set deleting the ith point. Also. let i, , "' 

t:., s.,,/11, 1he averaJe or these delc:ted averages.. Actually i,, =i, but we 

n«d lhe dot notation below. The: jackknife estimate of ~tandard deviation is 

(1.4) 

The reader can verify that this i~ the same as ( 1.3). The advantaac of (1,4) is 

that it can be generalized to any estimator 8 = BIX,, X~,· · ·,X,.). The: only 

chan"" is to substitutll! ill, .. ~(X,, X:.'''. X, "x .. l •• ''. X.) for iuo and i, I 
fori,.,. 

The bootMrap pneralius t\.3) in an apparently difterent way. Let F be the 

empirical probability distribution of the data, p~ing probability mllSfo I {" 011 

each .r_ and let Xt X!.··· ,X! be an i.i.d. sample from F. 

x~.xt ... · .x: ~f. 

In other words, the X~ arc a random !iample drawn with rrplau~"' rrom the 

observed values r,. s: •...• x •. Then x• = r. X~ /II hu variaaa 

(1.6) 
- t " • 

Var * x• "'~ f. (r, - iY. .. ~-' 

Var. indH:atinJ variance u!Kkr ~amplin, $Cbeme II .S ). The bootstrap ellim.&c 

of ~tandard de~ialion for an estimator icx" X 1• · · • • X.) is 

0.7) u•om = (Var • it X~. X~.···. X! 1)112
• 

Comparing 11.7) with tl.2i. we see that UBOOT = [111 -1)/n ]1rlcr for i • X. 
We could make oi!O(J(n' uactly equal to a, for i = .f. simply by adjusting definition 

0.7) with the factor !11/ \II - I ) )' t:, but there turns out to be no advan--. in 

doina so. A Jimple aiJDrilhm dncribed in Chapter 4 allows the statistician to 

c:omputc a..aor no matter how romplicated i may be. 
Many other Jencraliutions of H.3) have been put forth. All such methods 

tum out 10 be c:h:m:ly related in theory, but not necessarily in their numerical 

c:oMequences for a lpecltk data set. We shall be: investipting the thcorctiQIJ 

and practicalasperts of this collection of mcthocb. Other measures of sutislical 

error besides standard deviation arc also considered: biu, predlcti011 error and 

conncJenee interval$. 
from a traditional point of view, all of the method$ di~Cl~Hed here are 

prodiJious computational spendthrifts. We blithely atlt the reader to consider 

techniques wbic:h require the usll&l 1tatiltical cala&lations to be multiplied a 

thousand times ower. None of t1U1 wot.ild hawe been feuible twenty.fiw yon 
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